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[ABSTRACT] 


The results of the investigation in the area of the 
hydrofoil theory are systematized in this monograph. A 
great deal of attention is given to the mechanical-mathe- 
matical aspects of the hydrofoil theory and to the develop- 
ment of the effective methods for solving the basic equa- 
tions in the hydrofoil theory. 


Thb book considers the theory of steady motion of a 
wing with an arbitrary profile in a plane-parallel flow; 
the linear theory of thin hydrofoils in the two-dimensional 
and three-dimensional flows; the theory of a hydrofoil in 
an unsteady flow; problems of the interaction of hydrofoils 
and motion of hydrofoils near the interface of fluids with 
different densities. 


The monograph 12 tended for scientists and engineer- 
ing personnel at scientific research and design organiza- 
tions specializing in the area of hydrodynamics of the 
submerged hydrofoil, aerodynamics, and aerohydrodynamics. 


Chief Editor: Corresponding Member of the Ukr.S.S.R. 
Academy of Sciences N. A. Kil'chevskiy. 


PREFACE 


One of the most important problems in the area of 
transportation, set by the Program of the Communist Party 
of the Soviet Union, is to increase considerably the speed 
of the railroad, sea, and river transports. 


At the present time the problem of building high-speed 
ships is being successfully solved through the extensive 
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use of hydrofoils. As a result, an intensive development 
of yet another area of hydrodynamics, the hydrodynamics of 
the hydrofoil, is being pursued. It uses widely the me- 
thods of the wave and aerodynamic theories. 


The general state of studies in the area of hydrody- 
namics of the hydrofoil makes it possible, as early as now, 
to start using the analytical methods in designing lifting 
systems for high-speed ships. In this respect hydrofoil 
Ships have an advantage over displacement ships. 


In spite of the considerable progress made in the 
general wave and wave drag theories, the transition from 
the general theoretical solutions to the analytical methods 
of determining the wave drag and to the design of ship 
lines still involves considerable difficulties due to the 
complexity of ship forms, large relative thicknesses, maxi- 
mum errors in the linear wave theory for the speed range 
used and the viscosity considerations. The hydrofoils are 
easier to analyze because they are submerged under a free 
surface and are of relatively small thickness. On the 
other hand, the analytical methods of the hydrodynamics of 
the submerged hydrofoil are, by far, more complicated than 
the aerodynamic methods and more time-consuming. For ex- 
ample, in order to obtain the information on the lifting 
force and induced drag on an airplane wing, it is suffi- 
cient to solve one integral-differential equation for one 
set of initial data. The corresponding information for 
the hydrofoil requires 20-30 sets of data describing the 
various types of motion. Naturally, these computations 
can be performed only with the extensive use of computers. 


In the monograph, the questions which by now have re- 
ceived considerable attention and which describe basically 
the subject of hydrodynamics of the hydrofoil are analyzed 
in sequence. Analysis of motion of submerged bodies with 
circulation under a free surface began almost simultaneously 
with the wave theory studies. The first major theoretical 
investigations of the hydrofoil submerged under the surface 
of a heavy fluid were presented by N. Ye. Kochin [56], 

M. V. Keldysh and M. A. Lavrent'yev [41]. 


In 1937, N. Ye. Kochin [56] offered a general solution 
of the two-dimensional problem of motion of a hydrofoil 
with an arbitrary profile submerged under a free surface 
of a heavy fluid. The method, developed by him, played an 
important part in further studies of the two-dimensional 
problems and is being widely used at present. In his 
Study, N. Ye. Kochin, for the first time, introduces the 
function H(i), which subsequently is used by him and others 
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in studying the hydrodynamic grid theory, the motion of 
bodies near an interface, and the wing motion in shallow 
water. 


M. V. Keldysh and M. A. Lavrent'yev [41] present a 
solution of the linear problem of motion for a thin hydro- 
foil. They obtained a general integral equation and gave 
an approximate solution for the case of the deeply sub- 
merged hydrofoil. 


In 1958, the solution of the problem of the deeply 
Submerged hydrofoil was offered by T. Nishiyama [209]. For 
the special case of thin hydrofoils, his results agreed 
with those obtained by M. V. Keldysh and M. A. Iavrent'yev. 


The generalization of the N. Ye. Kochin solution for 
the case of fluids of finite depth was presented by M. D. 
Khaskind [156], while that of the M. V. Keldysh and M. A. 
Lavrent'yev solution was done by A. I. Tikhonov [147]. 


On the basis of the theoretical results obtained by 
M. V. Keldysh and M. A. Lavrent'yev, a practical design 
method for dee 34 submerged hydrofoils was offered by A. 
N. Vladimirov [14]. After World War II, along with the 
development of high-speed ships, an intensive theoretical 
and experimental research was conducted on shallowly sub- 
merged hydrofoils, which served as the basis for our 
country's wing configurations. 


The experimental methods for determining the wing 
lifting force near a free surface were developed by S. D. 
Chudinov [167], M. G. Kulayev [11], and V. T. Sokolov. 


The theoretical studies of the hydrodynamics of the 


wing of finite span were initiated in 1956 by M. D. Khaskind 


[155]. The problems of motion of the submerged hydrofoil 

in the three-dimensional fluid flow of infinite depth were 

also investigated by T. Nishiyama [213-216], Vu [196], 

G. A. Goshev [21, 22]. The study of this problem in the 

PLUME fluid of finite depth was carried out by Breslin 
233 |. 


The questions of the hydrodynamic interaction of thin 
wings were analyzed by Isay [193, 194]. The problem of 
the unsteady motion of the hydrofoil in the two-dimensional 
flow was considered in a number of studies by I. T. Yegorov 
[29-30] and A. N. Shebalov [170-172]. 


A number of other problems of the hydrodynamics of 
the hydrofoil have been solved by T. Nishiyama, A. B. 
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Lukashevich, L. A. Epshteyn, M. B. Maseyev, G. V. 
Logvinovich, V. S. Voytsenya and others. The problem of 
motion of the vortex under a free fluid surface of finite 
depth with nonlinear boundary conditions on such surface 
was considered by N. N. Moiseyev, A. M. Ter-Krikorov, 

I. G. Filippov [88-90, 151, 152]. 


In these studies particular attention was paid to the 
existence of the bifurcation points when the Froude numbers 
are close to unity. 


In spite of a large number of studies available on 
the hydrodynamics of the submerged hydrofoil, no study was 
ever published in which the basic questions are treated 
systematically and fully. 


This monograph is the first attempt to fill this gap. 
The problems treated in the monograph are, in one way or 
another, related to those studies by the author. A number 
of topics such as the study of finite- -epan wings, of un- 
Steady motion, and the theory of the wing near an inter- 
face, are being published for the first time. 


This monograph also includes information which was 
obtained by the author in cooperation with A. I. Yukhimenko, 
S. V. Koval'chuk, A. V. Miodushevskaya, I. P. Tkachenko, 

P. I. Zinchuk and V. A. Stepanov (see Ch. VIII). 


The author expresses deep gratitude to the Correspond- 
ing Member of the Ukr.S.S.R. Academy of Sciences N. A. 
Kil'chevskiy; Corresponding Member of the Ukr.S.S.R. Aca- 
demy of Sciences P. F. Fil'chakov; Dr. of Tech. Sciences 
I. T. Yegorov; Dr. of Tech. Sciences M. Ya. Alfer'yev; 
Candidates of Phys. and Math. Sciences M. M. Sidlyar and 
V. I. Merkulov; Candidates of Tech. Sciences A. V. Vasil'yev, 
M. G. Starostin, V. I. Putyata; as well as to A. I. 
Yukhimenko, S. V. Koval'chuk, D. V. Rode, A. V. Miodushevskaya, 
I. P. Tkachenko, A. G. Gubish and V. M. Roman for the dis- 
cussion of the results obtained. 


INTRODUCTION [? 


During the motion of a hydrofoil under a free surface 
of a heavy fluid, the surface of the fluid undergoes de- 
formations, producing a system of waves which propagate 
behind the wing. The existence of the free fluid surface 
changes the nature of the flow around the hydrofoil, 
which results in the change of the lift, the induced drag 
and the generation of the wave drag. 
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Let us examine the potential flow of an ideal fluid 
caused by the motion of a submerged hydrofoil by introduc- 
ing the following two systems of coordinates: a system, 
moving together with the wing (x, y, z) and a stationary 
system (x, > yi» Z,), which coincides with the axes of co- 


ordinates x, y, z at time t = 0. The free surface of the 
fluid at rest is perpendicular to the Oz axis and lies in 
the Oxy plane. 


For the potential flow the velocity vector is equal 
to 


^ 
H = V9 


and for the incompressible fluid the continuity equation 


div v= 0 leads to the Laplace equation for the velocity po- 
tential 


Ag, = 0. (1) 
To determine the velocity potentials q4(x, y, Z, t) 
let us write the boundary conditions. 


On the surface of the wing s we have the following 
Streamline condition 


Pia 0, (Q, t) (2) 


where Q - a point on the surface 8; 
Vn - the normal velocity component of point Q. 


The normal component is directed into the fluid. The 
second boundary condition is obtained from the dynamic and 
kinematic conditions on the free surface of the fluid. 

The dynamic boundary condition is obtained by applying the 
Cauchy-Lagrange integral to the points on the free surface. 


By assuming that the pressure on the free surface is 
constant we obtain the following equationi: 


l 
mt Put 5 (ve) = 0. (3) 
The kinematic relationship will be as follows: 
Bill, + Bull, + T, — Pier (4) 


Here N(x, y, Z, t) denotes the elevation of the free sur- 
face. 
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The problem cf determining the potential from rela- 
tions (3) and (4) is nonlinear and these relations are sa- 
tisfied at the boundary unknown beforehand. The lineari- 
zation of the boundary conditions on the free surface re- 
sults in the corresponding linear conditions being satis- 
fied at the kmown boundary (at the unperturbed level). In 
this case the statement of the problem corresponds to the 
classical statement of the problem in the theory of poten- 
tial flow. Only a few solutions to the nonlinear problems 
in the wave and the hydrofoil theories exist in literature. 
Most fully treated are the methods dealing with the theory 
of small waves. At the present time, they are practically 
the only methods which permit the study of the important 
practical problems in the submerged hydrofoil theory. 


The ship wave theory shows, in a number of cases 
(large values of f and Fry), the inadequacy of linear ap- 


proximations within the boundary conditions on the free 

surface. The hydrodynamics of the hydrofoil may, however, 

give more accurate results in the linear consideration, 
because the profiles used in practice have small relative 
is (5-6%) and are submerged below the free sur- 
ace. 


The linear wave theory considers the infinitely small 
movements of the fluid with respect to the equilibrium 
position. In this case, the deviation of particles from 
the equilibrium position and the velocities produced will 
be small (of the first order of magnitude). Then, by dis- 
regarding the insignificantly small quantities of the sec- 
ond order, let us, in the first approximation, replace the 
total derivatives with respect to time by partial deriva- 
tives to obtain linear conditions on the free surface by 
satisfying the conditions at the undisturbed level. 


The systematic derivation of linear boundary condi- 
tions on the free surface can be made by expanding, in 
terms of the small parameter, the solution of equation (1) 
into series and taking conditions (3) and (4) into account. 
For a submerged hydrofoil, this approach leads to the 
evaluation of the approximation resulting from the linear 
conditions obtained for various Froude numbers [113]. 


Let us consider the steady motion of a submerged 
hydrofoil with a velocity vo. Equations (3) and (4), ex- 


pressed in the dimensionless form, will be 
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arin et o. (5) 


2 
ss + y +7, = 9, (6) 
where Fr, = - 2. 

b Vs 
$ - the velocity potential in the movable coordinate 


System; 
b - the chord of the wing. 


By writing ņn and Q as the power series in terms of 
the small parameter € we have the following: 


= eM + em + e'n, +... (7) 
Q = ep, + 6%, + eG, +... (8) 


Substitution of expressions (7) and (8) into equa- 
tions (5) and (6) produces a series of boundary conditions 


for determining 9 however, depending on the order of 





magnitude of * 2" these conditions will be different. 
b 


Depending on the order of magnitude of the quantity 
— the following three modes of motion can be selectedi 
b 


Is EE - low velocíties. 
Fo 

II. TI - transitional mode. 
b 
l 

III. 77 - high velocities. 


Let us analyze all three cases. 


I. 
l L^ ' 
EE. l 
Lo oss DH 
l. men 0 
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II. 


| - _. 
atl. — 0 
A+ 2. =F pte Fat ROT Ri = 0 


ai 
GAS ea“ he ELS. (9) 


SLL Tepe Ou, 


at Wanter Patt, o 9, sagi. 1 T 


+ -— c 9v eei 9 


(10) 


d = CH 


l Nes = Pn: + Gau 
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III. 
~~ g^ 
FL 
lL 9,70 


= 0o. cee 
2.— Pa + z (v$)f = 0 X 


al Bue tM =O L (11) 


s. w= u . 


n. d = Paz + o. 


By determining 9, in succession, using the linear bound- 


ary conditions (9-10), it is possible to obtain an asymp- 
totic solution, in the form of the series (8), for the 
hydrofoil with nonlinear boundary conditions on the free 
surface. However, this method does not make it possible 

to obtain the general solution, for any Froude number and 
higher degrees of approximations, because even in the first 
approximation, the boundary conditions for determining po- 


tentials ¢ are different for different types of motion. 


From relations (9) it follows that, for low velocities, 
the boundary conditions on the free surface are as follows: 


Fn «Ys 4-90, Re. (12) 


hrt., 


with the dropped terms being of the order of & 


In the transitional mode, the first approximation 
gives us the classical linear boundary condition 


l - -= II x 
Fr 9-9 =p (Fol). (13) 


At high velocities the boundary conditions in the 
first approximation are: 


1 = * = 
Fr, > Fes Q, 2:0, 7, = 9, (14) 
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The dropped terms are always of the Ef order. 


J. Stoker derived the boundary conditions in the di- [12 
mensional form without evaluati the order of magnitude 
of terms in equations (13-14) [182]. Specifically, he as- 
sumed that the value q@ in the expression (3) can be ex- 


panded into the following series: 
Py = ED, d- €, Lem, +... 


The boundary conditions of the type given in (9-11) 
can also be obtained, without any major complications, for 
the unsteady motion. Considering the unsteady motion of 
the hydrofoil with a finite constant velocity and infinitely 
small variations of this velocity, we obtain the same ap- 
proximations which were derived for the steady motion. 


The boundary conditions (12) and (14) and their core- 
sponding solutions can be obtained in the form of limiting 
conditions from equation (13). The linear problem, there- 
fore, will be formulated using the general terms of (13). 
For the arbitrary motion of the hydrofoil the linear con- 
ditions on the free surface can be combined into one ex- 
pression and can be written as follows: 


Pie + EPa = H. (15) 


Conditions (2) and (15) are not the only solutions 
of equation (1). The unique solution of the problem can 
be obtained by considering a series of additional condi- 
tions which describe the type of flow at infinity and near 
the edges of the wing. The condition for the absence of 
perturbations at infinity can be satisfied by considering 
the following: 


v9?-0 at x- oco, Z= ke (16) 


Condition (16) excludes from computations the appear- 
ance of the free waves that satisfy equation (1). This 
can also be accomplished by the introduction into the equa- 
tion of small dissipating forces which are proportional to 
the velocity of fluid particles.  Designating these forces 
by the formula 


ES ; 
P=—pVq, 


where u is the positive coefficient, which in the final 
solution should tend to zero, one can again assume the 


existence of the velocity potential. In this case the 
boundary conditions (15) will take a more general form: 


gue - Dën + Pi = O.. (17) 


The problem of the hydrofoil motion can be formulated, 
similarly to the aerodynamic problem for the wing moving in 
the three-dimensional flow, as the problem of motion of 
lifting surfaces. During the motion of a lifting surface 
in a fluid, a velocity discontinuity surface is produced 
on which certain boundary conditions must also be satis- 
fied. Let s be the given pressure and velocity disconti- 
nuity surface and Let Z be the semi-infinite velocity dis- 
continuity surface which extends beyond the surface s and 
adjoins this surface along line L. 


On surface s the impermeability condition is satis- 
fied while on surface Z the following two conditions have 
to be met [126]: 

a) pressure continuity in the transitional zone of 2; 

b) coincidence of normal velocities of points on the 
surface with the corresponding velocities of the surround- 
ing fluid. 

During the motion of a lifting surface through a fluid 
at rest these conditions will be expressed in the following 
form: 


s(x, y, Z, t) SS 0, $i + VqiVs = 0; (18 ) 
S(x,y, ë sch, XZ, +vpv?ž=0, p= p. (19) 


Let us introduce a surface Selz, Yı 2, t), which 


moves in a given manner, without perturbing the fluid. 
According to equation (18) on this surface 


> 
$5 — 9 VS; = 9, (19') 


where Y is the velocity of points on the surface in the 
fixed system of coordinates. 


If the perturbations caused by the moving surface s 
are small, then surface s can be described as follows: 


where sz, is infinitely small. 
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It follows that if the small values of the higher 
order are neglected, the expression (18) can be written 
as follows: 


Gë, päfe D —s + 9 Vs, + vys, = 0. (21) 


By dropping in the expression (19) the terms that de- 
pend on the induced velocities, the condition on the sur- 
face 2j can be rewritten in the following form: 


Ger ET (22) 


From relationship (22) it becomes evident that, in 
the linear theory, the shape of surface % is independent 
of the velocities induced. 


Based on equation (22) the conditions on surface 2 
can be written as follows: 
Z(x.%24H=0, (ye,—vy9 )vZ =0, 


p, — p_= 0. (23) 


The flow pressure will be determined by the Lagrange- 
Cauchy integral 


p-—09,— lebt FO. 


Neglecting the small values of the second order as 
well as value F(t), which is independent of coordinates, 
we get 


p-eq£ (25) 


The boundary conditions on surfaces sp and X can then 
be set by the following relations: 


o 
s,=0, — 9,[vs,] — — ys, + Syr (25) 
25 0, Pat = ?.— Pict E qu: (26 ) 


It is necessary to add to these conditions, the conditions 
which determine the nature of the flow around the edges of 
the surface s. 


The flow conditions around edge L can be determined 
from the N. Ye. Zhukovskiy-S. A. Chaplygin postulate. The 
conditions of the postulate are satisfied if ve is finite 
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at L. 
For the leading edge of the wing let us assume the 


following conditioni ~ = a« 1, where ô is the distance 
to the leading edge. Let us examine a lifting surface 
and surface Sp» which is in the Oxy plane, both moving in 


the positive direction of the x axis at a velocity vg. 
In this case the boundary conditions (25) and (26) will 
simplify and take the following form: 
ch — 9,—5,— 9t» (27) 
x= 0, P24 = 9... (9, — 0,9). 77 (Pi — OPa) (28) 


Now, a combination boundary problem for the Laplace 
equation can be formulated. To formulate this problem, 
which is the basic prcblem in the hydrodynamics of the 
hydrofoil, is to find a solution to the following equation 


5o — 0 (29) 


for a region confined between the horizontal plane Oxy and 
surface S +X with the following boundary conditions: 


€, — Zb, -F 0$9,, Lë, e D at z 0, (30) 
Q,4 = Su Dit, On s, (31) 
=P 
um (P, — 9,9), = (P, — VP) on Z (32) 
and conditions 
v?» 0at. xo, z++o, (33) 


V is finite at the trailing edge of surface s, (34) 


vx. a<i at the leading edge of surface s. (35) 


Here sy, is the initial distance from a point on the lift- 
ing surface to the x,y,0 plane. 
If the coefficient of the dissipating forces is in- 


troduced, conditions (30) and (33) are substituted by a 
single expression 


xiii 


Pu — 20,9,, + 6$9,, + HO, — 0219, + gP, = 0. (36) 


Other generalizations of the formulated problem will 
be given below. 
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PART ONE [15 
THE THEORY OF THE SUBMERGED 
HYDROFOIL IN A PLANE-PARALLEL FLOW 


CHAPTER I. LINEAR THEORY OF A THIN [17 
HYDROFOIL IN A PLANE-PARALLEL FLOW 


1.1. Integral Equations for a Thin Hydrofoil 


For the steady wing motion in a plane-parallel flow, 
conditions (32) change into conditions which are satisfied 


at all points in the flow (9, =0; 9.4 =; Ẹz4 = 9, .), and the 


formulated problem is greatly simplified. The solution of 
this problem can be obtained by using the effective methods 
used in the theory of analytical functions [25, 91]. 


Let us examine the complex potential for the given 
flow: 


W (2) = — voz + V (z); 
V (2) = p(x, y) + ip (x, y). 
Here W(z), p(x, y) and Y(x, y) are the complex potential, 


the velocity potential, and the stream function of the in- 
duced velocities, respectively. 


For the W(z) function conditions (30) and (33) can be 
written in the following form: 


(m (Wa (z) — vW: (2) = 0, ` (y= 0), (1.1) 
where v - mi 
v 
O 
lim W, (2) = 0. (I.2) 
Rc» 
Expression (I.1) can also be written as follows: 
Im (iW, (2) — vW il 0. (1.23) 


Let C be the given velocity discontinuity line. Then the 
boundary condition (31) on line C will be expressed in the 
following formi: 


Py = — we) = FU). — 


Let us introduce here function 8(z): 
a(z) = iW,(z). 


Then expressions (I.4) will become the boundary conditions 
for the Dirichlet function Sisi: 


Re 5, (x) = Re (x) = F (x). (I. 5) 


where F(x) is the given function for C that satisfies the 
Gelder condition [15]. 


The solution of equation (I.5) will be sought in the 
following form: 


O(2) = UE phe 2 as (1.6) 


where k(s, z) is an analytical function in the lower half- 
plane. 


From the Yu. Sokhotsky formula for the limiting values 


of integral (I.6) we have the following: 


Ooty ea [ves - L6, als 


(1.7) 


o- wm — pve +a f vof; y tt 2) | as 





from which, using expression (I.5), the following integral 
equation is derived: 


uj Y Wës A Gs. qe ds = a dei 


(1.8) 
G(s, x) = Ret (s. Ge, 
The complex potential W(z) will be in the form 
velo gj rin e s am (I.9) 


with ki(s, z) = kg(s, 2). 


[18 


If the function k4(s, z) satisfies the conditions 


(I.1) and (I.2), then the expression (I.9) satisfies all 
the conditions of the problem and is the only expression 
which satisfies these conditions. The proof of this is 
given by M. V. Keldysh and M. A. Lavrent'yev [41 ] 


The problem examined can be generalized for the case 
of a wing with the discontinuity of normal velocity. For 
this problem the complex potential can be expressed in the 
following form: 


W (2) = sc) (y (s) {In (2 — $) + k (s. 2)] + ig(s) tin (z —5) + 
' + ka (s, 2)}) ds, (I.10) 


where g(s)=0,_(s)—v, ,G is the discontinuity of the normal 
velocities. 


1.2. Source and Vortex Flow 


A convenient method for solving the W(z) function by 
using condition (I.3) belongs to M.V. Keldysh [40]. 


If the imaginary term of a certain function (Q(z) is 
equal to zero on the OX axis, then by using the Schwartz's 
symmetry principle, it can be determined in the following 
manner : 


Q (z) V: (z) + v (2). (I.11) 
ImQ(z) «0. (y=0), 


where V.(z) is the given function of point z in the half- 
plane s. 


M. V. Keldysh introduces a function Q(z) which can 
be determined from the following combination: 


Q (2) = iW, (2) — vW (2). (I.12) 


According to conditions (I.3), function A(z) satisfies 
the given conditions and consequently it can be constructed 


on the basis of formula (I.11). 


For the moving vortex under a free surface, the func- 
tion V.(z) will have the following form: 


[19 





v- 6 = x; | 


and the relations (I.11) and (I.12) will result in the 
ordinary differential equation of the first order with 
respect to function W(z) as follows: 


—ving—0)] (1.13) 





Lë TER GZ eu) (1.14) 


By integrating this equation and solving for the ar- 
bitrary constant in equation (I.2), we receive the follow- 
ing: 


—¢. Sa e" 
V | joie 9 — " 
(z) = s (n x Gëft if 2) (1.15) 


For the source the differential equation will have 
the following form: 





OW (2) — 97 (2) = ee — -*me-0e-O). (Gei 


the solution of which is given by the following formula: 


(I.17) 


W (2) =£ fe [(z — $) (2 — $) — 26^ '* f P 





+ 


The solution of the two-dimensional problems with the 
condition (I.3) taken into account can be also obtained by 
the Fourier method. The Fourier method will be applied to 
a number of problems below. 


Let us introduce some additional formulas to describe 


forces due to the moving source and vortex under the free 
surface: 


Pa= + QT | Ve — aa + "Le MEn =), 


(I.18) 
Q, = ovi'e pe 
Q1 e —2vh ] 
Pa = — > | a — 2ve7™ Ea (2vh) 
221 2h | (1.19) 
Q, = eQ[Qve "EH 


4 


[20 


Here Ej1(x) = ReE4(x); 
Ei(x) - the integral exponential function [181]; 


h - the distance from the undisturbed free sur- 
face; 
Pa» Q4, - lift and drag of the disturbance. 


From condition (13) follows the equation for the shape 


of the free surface: 
n= eI RWG (=O), (1.20) 


The remainder computation gives the following: 


4 





Z7 m 
| = — dt = 2xie €. 


vq 


Using this expression we obtain, for large negative 
values of x, an asymptotic formula for the wave surface 
with the moving vortex as follows: 


n (I.21) 


With the source in motion, the shape of the free sur- 
face at a large distance behind it will be determined by 
the following formula: 


qecé cos v (x — E (I.22) 


Formulas (1.21) and (I.22) indicate that at large 
distances beyond the disturbance, the free surface has a 
sinusoidal shape. 


Solutions (1.15) and (I.17) determine the following 
functions k4(s, z) and ko2(s, z): 


: vit [ 
k, (s, 2) = — In (2 — $ — 2ih) + 267" ( 


t —s—2ih 
, + : (I.23) 
- " — 12 d e" 
k, (S, 2) = In(z—s — 2ih) —2e | = 
fe, ‘ 


[21 


from which it follows that ke(s, z) = -ki(s, zZ). 


1.3. Formulas for Forces Acting on a Thin Hydrofoil. 
Deeply Submerged Hydrofoils. 


The lifting force of a thin wing is determined from 
the expression 


ta 
Be) (p.. — p.) ds, 


however, for a steady motion the flow pressure will be de- 
termined by the following formula: 


p = SI? 
Then +s l 
P= (P — P) ds, 
~a a 
however 9,-—9,,7 Y (2), 


and the formula for the lifting force will acquire the 
following form: 


--a 
= ev, | v(9 ds. (I.2H) 


a 


The moment of the hydrodynamic forces relative to 
the center of a thin hydrofoil is determined in the same 
manner. It is considered to be positive if it is directed 
clockwise: 


M = qo, | eg (s) ds, (1.25) 


where a is the half-chord of the wing. 


The asymptotic expression for the large negative val- 
ues of x for the shape of the wave profile has the follow- 
ing form: 


+a 
n= Ree | le (s) +iy (5)] e ^* ds. (I.26) 


[22 


To calculate the wave drag, one may utilize the well- 
known formula which describes it by means of the plane 
wave amplitude as follows [47, 139]. 


= 4 ego. (1.27) 


In accordance with expressions (1.26) and (1.27) 


+a 
a= He || uos ngie"al. (1.28) 


Expressing formulas (1.25), (I.25) and (I.28) in the 
dimensionless form, we have the following: 


4 .- 
P = qat |. 3 (3) ds, (1.29) 
-j 
Ho. 
M = ga% | sy (sds — . (1.30) 
veel ' 
e | 2 
Q = ogtate™*| f [g' (s) + iv Gje! *F$ sas. (1.31) 
el 


M. V. Keldysh and M. A. Lavrent'yev have derived 
formulas which can determine the lift P and the moment M 
to the second degree of accuracy [41]. 


Equation (I.28) can be written as 











+! 
se |p traa ia o. (1.32) 
where A E. 
I. ] -ta {t at 
‘== 3 : ) tas dt. (I.33) 
h 
and h - 2a' 


Equation (I.32) is singular with the main expression 
containing the regular part. 


The theory of singular equations is very well pre- 
sented in the monograph by N. I. Muskhelishvili [91 ]. 


[23 


The singular equation does not contain only one solu- 
tion, and the singularity of the solution is determined by 
the additional conditions at both ends of the interval. 

In our problem, the singularity of the solution will be 
determined by the conditions postulated by N. Ye. Zhukovskiy 
and S. A. Chaplygin, which require that the solution be 
restricted to point x - -1. Consequently, we will seek a 
solution to equation (I.32) in the class of functions li- 
mited at point x = -1. 


If the regular part of the main expression is absent, 

then the solution of equation (1.32) is a closed one and is 

iven by the Cauchy's integral transformation formulas 

15, 91]. The presence of the regular part in the main 
expression complicates the equation considerably. To 
solve the equation a number of various approximation meth- 
ods are used [41, 112]. One approximate solution to equa- 
tion (I.32) was offered by M. V. Keldysh and M. A. 
Lavrent'yev [52]. They seek the solution in terms of a 


power series 1/h, which converges for deeply submerged hy- 
drofoils and, therefore, determines the characteristics of 
the latter. Let us cite certain points in this solution. 


Assuming that the solution to equation (1.32) exists 
and represents the regular function of the submerged wing 
h, let us seek this solution in the following form: 


YG- wG-- z 36 86... (1.34) 


The function (1.323) can be expanded as follows: 


RG) == Y heu (1.35) 


gesi 


Relations (1.35) and (1.35) produce a system of re- 
current equations 


+o 
[397 = — e 


—| 
+1 = +1 manej 
Ya (s) ds ee x 
To Y. kn (4 — S) vu ua (8) ds, (mz1,22.... (1.36) 
oi — meo 


The problem of evaluating each function yn(x) reduces, 
therefore, to the solution of the singular equation 


the solution of which, limited at point x - -1, is de- 
scribed by the Cauchy's integral transformation formulas 


-—3 l+x l —s V (s) 
ed V SV Sr, ds. (1.37) 


The formulas which describe forces acting on a thin 
foil and which were derived by this method, have the fol- 
lowing formi 





l 
Pm amaria + nf + (ou + së): (nin + 057] Fat (1.28) 


l l 
M nmi got mugs (memi); | (I.39) 


l 
Q = = sange | att g, E + Ing tiag En 2 ie 


. 1 B : 
+ (eat + Ba le ' (I.40) 


where Mf is the moment with respect to the point located 
at a distance la from the leading edge of the wing: 


- ap, 
Mf = M + SP; 
n 


p, = S Lon -y —À 4- Mea el ; 


Pa = el + 24 — 2)9e7* En OI 


Bu  —[z- db + 24 + ou 2ME; (A) e — 2294672 | 


[24 


À 
Ba = eck + 24+ 3M — Me En el 


Ma = — ppl + 2 De En (AY [25 


thom 
My C k + 24 + DM MEn (A) | 
mg = — ay THC 


d 
> 


g, = — we, 


] M : 
8 = 7g | +A +g — AEn (A) v- 62130672; 


g 


2 A8 
Ba 5 | + 2h — = — 9Me-E, 2] d 
1 | 
23 7 98 
mech 
gu ër BrMMe7 34 6A + A — GARE, el 
aech 1 ; | | 
Ban = "elt eme) 
CA a-a +a, 
where ay - the edge angle of attack; 
ao - the angle of zero lift. 
The asymptotic equations for the hydrodynamic charac- 


teristics of the foil for large Froude numbers are obtained 
in the following form: 


. 1 ot. 
P: "eie! — lem -z*]: (1.51) 
M, = i LL. (I.42) 

^ 32A? 


The problem of a moving, deeply submerged hydrofoil 
was analyzed by T. Nishiyama [210, 213]. In particular, 
for large Froude numbers accurate to the terms of the first 
order, the formula obtained by him agrees with that ob- 
tained by M. V. Keldysh and M. A. Lavrent'yev (1.41). 


10 


1.4.  Hydrofoils Submerged to An Arbitrary Depth.  Expan- 


sion in Terms of Parameter T 


If a certain parameter is introduced which satisfies 
the condition T « 1 throughout the entire lower side of 
the half-plane and which is related to the submergence of 
the hydrofoil, then one may attempt to seek a solution to 
equation (I. 32) in the form of a series in terms of this 
parameter. 


Let us analyze the function reflecting the shape of 
a cylinder of radius R onto the shape of a thin plate and 
establish the relationship among points located on the im- 
aginary axis of the cylinder and plate planes. We have 
the following: 


I)e: m. Zo = (LÉI: i& e (8 — T )- 


H 
Assuming — H - h 
H eg: dee? 
then a = - I.^ 
B d -H— ae = Vale +1 — 28. (1.43) 


It is clear that parameter 1/H satisfies the pre- 
scribed ——— and, for large values of h, is of the 


order of Evi Vë: Let us look for the solution of equation 


(I.32) in the form of a series using the even powers of 
the parameter T =V4ht+1—2h: 


Y (s) = Yo(S) Lo Yi) + TYS) +... (1.44) 


The expansion of the regular part of the function 
nucleus will be written as follows: 


k (x) — E, (1.55) 
Ami ; 


Then equation (I.32) breaks down into the following 
system of recurrence equations: 


cl. — 
IEN 
+i n 


377] 2^ G- 3, ,. ds, (mm 12. (1.46) 
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[26 


the solution of which is also determined by formula (1.37). 


The expansion of the regular nucleus k(x) in terms of 
powers of parameter T is formed without any difficulties: 


E (X) = ae P cos T EE (ny 
4S4 i (I.4?) 
o 7 
| (XY = a ÇO (a— 1 — k)... (RI (— 17 pint 
iem 5 


x Jangen, i (z)]:. i 





Here F,(\) is a function which is determined by the fol- 
lowing formula: 


l A M | 
OM ét LC Mée 


eh 
.. — M 0) — in]. (I.48) 


The integral form of the function is as follows: 


"ongf 


Wen 


It is not difficult to establish the recurrence rela- 
tionships for ReFQ(1) and ImFQ(A) as follows: 


Bet, Di = È [1 + ReF,_, Wh 
Re Fy = —Ae* En (A); 
im F,Q) =Š mF, Dh 


12 


[27 


With X > 0, F(A) > O, and with X > >, FA(A) > -1. 
The values of the first six functions F,(A) are listed in 
Table 1, while Figures 1 and 2 show curves plotted using 


these values. 


Table 1 
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Table 1 (cont.) [29 





0,0000 0,0000 0,0000 0,0000 0.0000 0,6000 0.0000 
0,0000 . 0,0025 0,0000 . 0,0020 0,0000 0,0017 (040 
0,0000 0,0050 0,0000 . 0,0040 0,0000 0,0033 0,0UUU 
0,0000 0,0076 0,0000 0,0060 0,0000 0,0050 0.0000 
0,0000 0,0101 0,0000 0,0081 0,0000 0,0067 0,0000 
0,0000 0,0127 0,0000 0,0101 0,0000 0.0084 0,0000 
0,0000 0,0153 0,0000 0,0122 0,0000 0,0102 0,0000 
0,0000 0,0179 0,0000 0,0143 0,0000 | 0/118 0,0000 
0,0000 ,0206 0,0000 0,0163 0,0000 0,0136 0,0000 
0,0000 0,0232 0,0000 0,0184 0,0000 0,0153 0,0000 
0,0000 0,0259 0,0000 0, 0,0000 0,0170 0,0000 
0,0007 0,0537 0,0000 0,0421 0,0000 0,0347 0,0000 
0,0031 ,0840 0,0002 l 0,0000 0,0533 0,0000 
0,0090 0,1170 0,0009 0,0894 0,0001 0,0726 0,0000 
0,0199 0,1533 0,0025 0,1133 0,0003 ,0929 0,0000 
0,0372 0,1930 0,0056 0.1416 0,0007 0,1142 0,0000 
0,0624 0,2364 0,0092 * 06,1731 0,0013 0,1369 0,0001 
0,0964 0,2835 0,0193 0,2054 0,0031 0.1607 0,0004 
0,1397 0,3340 0,0329 0.2401 0,0059 0,1802 0.0009 
0,1926 0,3876 0,0482 0,2775 0,0096 0,2129 0.0016 
0,3270 0,5021 0,0981 0,3605 0,0235 0,2721 0,0047 
0,4960 0,6216 0,1736 0,4540 0,0486 0,3393 0.0113 
0,6928 0,7390 0,2771 0, 0,0887 0,4151 0,0238 
0,9086 0,8473 0,4089 0, 0,1472 0,4 0,0442 
1,1338 0,9393 0 0,7757 0,22 0,5919 0,0756 
1,3591 0,9174 0,7475 0,8437 0,3289 0,6760 0, 
1,5759 1,0517 0,9456 0,9848 0,4539 0,7939 0.1815 
1,7772 (,0637 [.(552 1,0731 0,6007 i 0,2603 
1,9571 1,0485 1,3700 1,1472 0,7672 ; 0,3580 
2,1115 09925 . 1, 1,1955 0,9502 1,0978 0.4751 
2,2380 0,9101 1,7904 1,2275 1,1459 1,1853 0,6111 
2,3381 0,7981 1,9848 2227 1,3497 1,2595 0,7648 
2.4030 0,6811 2,1627 1,1960 1,5571 1,3176 0,9343 
2,4424 0,5020 2,3202 1,1415 1,7634 1,3563 1.1168 
2,4550 0,3263 2,4550 1,0610 1,9640 1,3740 1,3091 
2,4432 0,1363 2,5653 0,9545 2,1549 1,3681 1,5084 
2,4094 —0,0616 2,6503 0,8258 2, 1,7104 
2 —0,2662 2,7099 0,6757 2,4931 1,2843 1.9114 
2,2870 —0,4 2,7444 0,5088 2,6346 1,2071 2.1077 
—0,6719 2,7606 0,3281 2,7605 1,1068 2.3004 
1,6820 21. 2,5231 —0,8292 3,0277 0,1708 3,0277 
1,1465 — 2,1253 2, —2,5754 8088 —0,6712 3.2769 
0,8252 — 2,3674 1,6523 —2,1878 2,6137 — 1,5837 3,5249 
0,4243 —2, 0,9548 —2,5190 1,7184 — 2.2786 2,5775 
02377 — 2,2742 0,5943 —2,5483 1,1885 — 2,906 1,9808 
0.1280 —2,1317 0,3520 — 2,4898 0,7744 ~2.7312 1,4198 
0.0653 —! 0,1968 — 2,3856 0.4700 GE ——— Dou 
du e —~1,9154 0,1099 — 2,1199 0,2359 --24 CIE 
0,0169 —1,7242 0,0594 —2,0278 0.1662 — iu IN 
0.0083 —1,6782 0,0309 —1.9176 (MH? —-A ^ SUUS 
0,0000 — —1,0000 — 0,0000 — —1,0000 | 6,0000 --1,000 ` dat" 
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If function f'(x) is given in the polynomial form, 
the computations become quite simple. 
are dealt with in computations, are r 
determining them in a closed form [147]; 


15 


e integrals, which 
educed to three «yPes, 


[30 


[31 


]—x x" 
T, e de lge 
-l 
, , 1-3-5... (25 — 1) , 
= — zm rT) = 26: 
Ta Ta 2 BI ZE 0 a 
Ta = Ta, m LS OR To =: 


Let us examine the motion of a thin hydrofoil section 
with a central angle B. In this case f'(x) =a - Bx. 


After performing simple but cumbersome computations 
we obtain: 


$8 = 210 + 8 BEIM 5 i 

EECH 
i, oh Ee GA 
rorem [Poet — 6x + | 
(et) ate [e reno 
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(I.59) 


The hydromechanical characteristics of the submerged [33 
hydrofoil are determined by the strength of the vortex 
layer y(s) from formulas (1.29), (I.30) and (I.31). Spe- 
cifically, the following expression was obtained for the 


Pn . 
P. function: 
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where ag - lg is the angle of zero lift. 


For ay - O, the formula will have the following form: 


rei [Ebene (n Jn «| i285 (n II, 
SEET M— 
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Of interest is the submerged hydrofoil motion at high 
speeds (w = 0). In this case formulas for yo, vu and ys 


will be in the form 








"(9-20 HM 1 | 
" [MS X wq l+x 
y (x) = —2| (+ +8) E -i) -i| y i 
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(1.52) 


Accordingly, formula (1.50) will change into the fol- 
lowing formula 





LEE ; 
3 “13a, . \ 
lecht (1.53) 
which, for ay = 0, may be written as 
yol— at + Qi) (I. 54) 
Formula (1.54) produces results which agree closely [35 


with those obtained experimentally. By way of example, 
Figure 3 shows three curves: 1 - obtained from formula 
(I.54); 2 - the experimental curve obtained by S. D. 
Chudinov [167]: 3 - curve plotted from the results derived 
by M. V. Keldysh and M. A. Lavrent'yev. 
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It should be noted that the angle of the zero lifting 
force for the hydrofoil section depends on the relative 
submergence of the hydrofoil, with ag - ag. This fact was 


originally noted by A. B. Lukashevich. The experiments 
carried out by him comfirmed this dependence. The exper- 
imental methods offered b . T. Sokolov and S. D. Chudinov 
[167], and M. T. Kulayev 10], missed this point and, 
strictly speaking, these methods are wrong. However, con- 
sidering the motion of actual hydrofoils with small edge 
angles of attack (when ay is exactly zero), we obtain for- 


mula (I.55), which, in respect to the assumptions made, is 
similar to the experimental formulas obtained by the above 
authors. It is not difficult to demonstrate that the dif- 
ference between the results obtained by these methods and 
formulas and those obtained by the methods based on the 
consideration of the above factor will be negligible for 
small edge angles of attack, while the amount of effort 
required for computations is lower when using the former 
approach. Based on these considerations a theoretical 
method of analyzing hydrofoils is given in [101, 102, 107 
and 109]. It is easy to isolate terms in formulas (I.50) 
and (I.53) which determine the effect of a free surface 

on the zero lift angle of the hydrofoil section. 


By writing function y in the form of 





— Nü, 
E (1.55) 


we obtain 
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Function x determines the effect of the free surface 
on ag. For a thin plate Y = y. With w= 0 functions y 
and are determined by the following formulas 


TEE EE (1.58) 


l l3, 5 (1.59) 
wes KEES ets 
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Graphs of Y and x plotted from formulas (1.58) and 
(1.59) are shown in Fig. 4. 


Fig. 4 





The solution of this problem is given in [113] in the 
form of a power series of parameter n =V 2a +1—V7Ā. 


With W -»0 the formula for y of a thin hydrofoil section 
is obtained in [113] in the form of 


= EN TI do 2 l 21 49 Qo ; 
val ;(! POM 11* (&- myig)" (1.61) 


With the submersion to a considerable depth the T and 
Tı parameters will be determined by the asymptotic formulas 


l 


By retaining in formulas (I.58) and (I.60) the first 
terms only, for a deep submersion we obtain the formula 





E which agrees with an accuracy to the first 
b 


order terms with the asymptotic formula (I.41) obtained by 
M. V. Keldysh and M. A. Lavrent'yev. 


1.5. Regularization of the Singular Integral Equation. 
Solution of the Regular Integral Equation 


By regularizing the singular integral equation (I.32) 


22 


[38 


it becomes possible to analyze and solve the new regular 
equation by means of the Fredholm equation methods.  Equa- 
tion (I.32) can be reduced to a regular form most easily 
by using I. N. Vekua's method [91 ]. 


Let us examine the equation 


+i 
D 
xj 

=I 


where G(x - s) is the regular function along the line of 
intersection. Let us write the equation in the form of 


T vi e 
| 22,6 - 2s - F (9 — z | 1006-38]. 


zl 





ja--re. 


The solution of this equation, limited at a point, is 
given by formula (I.37): 
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Since ae ME Iss. [o — WD is the solution of the 
X l—x Liss 


equation for a thin hydrofoil in an infinite flow, the re- 
gular equation may be written as 


vil Yl) z y/ pt [e dE 
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(1.62) 
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+1 


q (x) = Fo (x) — e (p) k (p. x) dp (I.63) 


A 2 n ty 1—s G(s—p) 
-- p D —— ——— 
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Evidently, if G(s - p) is assigned by the expansion 
(I.47) and a finite number of terms is retained, then the 


cred k(X, p) will be singular and, in solving equation 
(I.63), we may treat it as an equation with a singular 


nucleus. 
Let us write the G(s - p) function in the form of 


8 = & 
G(s —p)= $ G, (p) Y, (S. 
nad 


Then 
k(p, n= V 452 Vasen 
(1.64) 
: 1—s v, G) 
Pa (#) vas) s—x an 


and equation (1.63) will be equivalent to a system of al- 
gebraic equations 


dt | Ch MEA j=0,1... k; (1.65) 
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while the function will be determined by the formula 


k 
A DALA (I. 66) 


fien 
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Equation (1.63) may also be solved by the iteration (40 
method. 


Let us examine equation 
p (x) = Po (x) + ARQ, (I. 67) 


L1 
where kp = ( p (s) k (x, $jds is the Fredholm's operator. 
i 


By introducing a resolvent, let us write the solution 
of the equation in the form 


l 
P(x) = pols) - T T S, A) Po (s) ds, 
- 


Pie, s Me Y Anc, A 


mal 


where k„(X, 5) is the iterated nucleus [82]. 
Let us determine y(x) in the formulas for forces (I.29) 


and (1.30) from equation (I.61). After transformations 
the formulas for P and M will be written as 


um 


+1 - 
P = Qa? | Ivo (x) — y (x) No (x) dx, (1.69) 
=l 
t 
Mz — cates f Les (9 — v (9 Ms CO] ds (I.70) 
es) 
where +! — 
N e--i|y Trgoe-34 
" a l+o 
=i 
^ 
Mo (x) = +7 V T— E G (0 — x) do. 
| 


Formulas (I.69) and (1.70) have an advantage over 
those given in (1.29) and (I.30) because in the approximate 
determination of y(s) they make the values of P and M more 
accurate by one additional approximation step. 


However, if the value of y(x) is found in terms of 


the resolvent, then for determining forces one may obtain 
the following expressions: 
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+ - 
M=] n | Sn eco mas (I.72) 
es) 


where functions N,(s) and M,(s) are determined by the re- 
currence formulas 


Kick SPA seco] y TEF er Tac di (1.73) 
M, (2) = sy ——— tt 8 a (1.74) 


Thus, if there is a resolvent of the equation (I.67), 
then the quantities in the problem which present the eat- 


est interest will be determined from formulas (I.69)-(1.73). 


Let us write G(o - s) in the form of a series 
G (c — s) = Eq, (0 —5) +b, (0, — s) + £9, (0, — 3) +..., (I.75) 
where § is a certain small parameter. 
In representing G(g - s) in the form of a series of 


functions with small parameters, G(o - s) may also be pre- 
sented in the form of (1.75) 


G (o — s) = §,9, (6 —3 tee 8) + $0,(0; s) +.... 
With Ek &~&, zs ER 
P, (0 — s) = k P, (a; s), k= = » k=l, 


As a result, the function is presented in the form of 
series (1.75). 


Let us find the solution with an accuracy of up to £P. 
Then 


Na (s) = Epa (8) + Eb, (s) +... t EMH, ·. . 
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It is seen that the given ordered iteration for the 
function in the form of (I.75) shortened computations con- 
siderably as compared with the direct computation of the 
resolvent with the aid of the iterated nuclei. It may be 
shown that the method discussed is, to some extent, equi- 
valent to the small parameter method (p. 11). 


Let us examine a case in which function GEET S) is 
given in the form of a polynomial in s: 
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Then 
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Thus, when function pi(c, s) is given in the form of 
(I.80) the problem is reduced to the determination of co- 
efficients Cnmp and Comp from formulas (I.80)-(1I.85). 


The method discussed may be extended to other types 
of nuclei k(x, s) as well. In Chapter VI it will be used 
for studying the unsteady motion of a submerged hydrofoil. 


Let us examine a special case of motion of a thin 
plate under the surface of a fluid. In the preceding sec- 
tion the expansion of the regular part of the nucleus was 
used in the form of expression (I.47). The expansion of 
the same function may be written in the form 


R@= Y v YQ (1.86) 
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for odd n and p 
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By calculating function yam, we obtain [45 


v = | — tCoio — T? E — — Cm — 


— # [Can — Ciao + Coo — T + So + S| - (1.87) 


— +! | Cow — Cia + Cuo ~ Coo — en EW + Con + 


After determining the coefficients from formulas (1.80) 
and (1.81), formula (1.87) may be written in the following 
formt: 


db | — TQ — T (Qa — Qi) — y Joër Get, I 88 ) 
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~ H (F u+ 29,4 01, 30,0, —20,:730,0,—01 | + 
T... 


Qi = 21m Fo À); Qaa = 1 + 2 Re F (A); 
Qs, 5 = — 21m F À); Qua = —[1 +2 Re F, (À)]. 


With Frp so equation (I.83) gives the first three 
terms in formula (1.58). 


Here 


Curves [formula (1.88)] in Fig. 5 illustrate the ef- 
fect of the Fr, number on the Y function. 


y 
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CHAPTER II. THE THEORY OF THE SUBMERGED HYDROFOIL [46 
OF AN ARBITRARY PROFILE IN A PLANE-PARALLEL FLOW 


2.1. Basic Relationships. Formulas for Determining Forces 


The two-dimensional problem dealing with the steady 
motion of a submerged hydrofoil may also be solved for the 
case of a solid profile using the boundary conditions [2]. 
The method of solving this problem was suggested by N. Ye. 
Kochin [56]. This is a general method which may be used 
for solving a number of problems in the hydrodynamics of 
the submerged hydrofoil. 


Let us examine a two-dimensional 
profile of an arbitrary shape, submerged 
to a depth h under a free surface and 
moving at a constant velocity Vg. 


Let us consider a point z in the 
lower half-plane and draw two contours 
C, and C, so that the point z would be 


located outside of the C4 but within 
the C5 contour (Fig. 6). The Co contour 


Fig. 6 can be changed in such a way that it 
will fully envelop the lower half-plane. 





Let us introduce a complex velocity of the flow being 
considered which is calculated as follows: 


v (2) =V, (2 = uz — ivy. 


Let us use the Cauchy integral for the two-link area 
obtained in which v(z) will be an analytical function. 


. l1 fv(9gdt lI fud? 
Let us denote ] t) dt [47 
% (2) = a E 
i (II.2) 
v (2) = — ut. 


The v,(z) function is an analytical function on the 
outside of the C4 contour and its magnitude at infinity 
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is of the order of 1/z, while the vo(z) function is analy- 
tical within the Ca contour. 


The (I.1) condition indicates that the single-valued 
function 


Q, (2) = iv, (2) — vo (z) (II.3) 
assumes real values along the Ox axis. According to the 


Schwarz symmetry principle it can be extended into area 
D', which is symmetrical with respect to D. Then $4 (z) 


will be an analytical function within the area confined 
between the C and C' contours, with the latter being sym- 
metrical with respect to the Ox axis. The integral in 
equation (II.3), which converges to zero when x = œ, is 
in the following form: 


2 
u (z) = — ie!" ( eet (z) dz. (II.4) 
Let us examine the function 

z g 

jaa —— (2) dz. 
This function may become a many-valued function if the 
velocity circulation is different from zero. However, the 
ri 
f Flajdz, F(z) = Q,(z) — Q(2) function will be single-valued even 


0 
within the area between the C and C' contours. 


Since, according to the condition, the v(z) and v4(z) 
functions are limited in modulus in the lower half-plane 


z 
when /z/—o, it is clear that when /z/ —o the 1 F(2)dz 
0 
function cannot increase in modulus at a greater rate than 
k/2/ does, where k is a constant. This means that f F(adz 
0 


may have a pole only of the first order when z = œ and, 
therefore, the F(z) andQ,(z) functions are regular func- 


tions at the point z ze, Moreover, at this point they 
vanish, since otherwise it would follow from equation 
(II.3) that when y = 0 and x +œ, v,(z) tends to a 
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certain limit which is different from zero and, therefore, 
v(z) increases in modulus without limits. The v4(z) func- 


tion consists of terms of type Er (where B is a complex [ 48 


constant and $Å is a point in the lower half-plane). How- 
ever, for the singularity of such type the U(z) function, 
which satisfies the condition (I.1), may be determined 
from formulas (1I.15) and (I.17): 


dE 2ivBe- pe Zait (II.5) 


But assuming B= x v(t dt, we will arrive at the follow- 
ing formula 





` z. r 
LOO p ifs l ` giye ( Zi a lat. 6 
v'()— aer Gë fol 2ive- Pc a (II. ) 
If the contour of integration with respect to t is 
assumed to be located entirely in the lower half-plane, 
then the v'(z) function will be analytical in the region 
located between the C4 contour and the OX axis, limited in 


the lower half-plane when /z/ = œ, and will tend to zero 
when X — + œ. In such a case the function v'(z) - v(z) 
will become analytical in the entire lower half-plane, 
will satisfy the boundary condition (I.1), be limited in 
the lower half-plane when /z/ — æ, and will tend to zero 
when X -» + oo. 


Then, by using formula (II.4), in which function 
St, (z) Should be assumed to equal zero because it has no 


Singularities in the entire plane of the complex variable 
and is vanishing when z = oe we will obtain an identity 


v'(z) - v(z) = 


Thus, we have obtained another representation for the 
function v5(z): 


w= EE dd (11.7) 
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Formula (II.7) may be reduced to the form 





04 (2) = zr [ay jecit imn (11.8) 


In order to determine the flow forces acting on a mov- 
ing contour we will use the first formula derived by S. A. 
Chaplygin: 


P— EE v? (z) dz, 
where = uy (z) = — Up + v, (2) + 0, (2). 
Calculating the force, we obtain [49 
P — iQ = quel — e | v (2) va (2) dz, (11.9) 


where [ = fo (z)dz is circulation along the contour which in- 
c 
cludes the contour C'. 
Let us introduce N. Ye. Kochin's function H(A): 


H () = (e? v @) dz. (II.10) 
c 


Then, the expression (I1.8) will look as follows 


v: (2) = 5 leng gp, dà + ive- H (v). (II.11) 


Determining V5(z) in formula (II.9) by using formula 
(II.11) we obtain: 





p= cor — (iH arr =~ dh + ges, (II.12) 
0 


where gos is the archimedean lifting force; 
Q = vel H (IT, (11.13) 


In determining the v5(z) function from formula (II.7) 


N. Ye. Kochin obtained another formula for the lifting 
force [56]: 
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! 
P= er $ a eae (II.14) 


which, after simple transformations, may be written in the 
form of (11.12). 


In applying formula (II.7) the following integral re- 
presentation is utilized 


= i lear da, (II.15) 





if the z and € points are in the lower half-plane. 


We will determine the hydrodynamic moment from the 
second formula by S. A. Chaplygin: 


M = Re > | zvidz, 
Cc’ 


which, after transformations, will become 


M = — Qua Re zv (2) dz + g Bel zo (2) o, (2) dz. 
c e 





(II;16) 
; : dH , 
Taking into account that wd iid c we obtain 
the following formula for the total moment: 
M, = — we Re[iH’ (0)] — o Re} =" Cr yay htt an 
1 = — Wo Re[iH" (0)) — o Re sc) (A) H (9)  —, d^ + 
tr oTo re (II.17) 


where ggsx, is the moment which maintains the archimedean 
lifting forces. 


Formula (II.17) may be transformed into a form given 
by N. Ye. Kochin: 


M, = — qv, Re (iH' (0)) — o Re lac ) H' (k) H (A) dA+ 
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| ! 
t f e AFER e wr Ren (II.18) 


—90 


The integrals in formulas (II.12) and (II.17), and 
the second integrals in formulas (II.1^) and (II.18) are 
determined as the main Cauchy values. Let us determine 
the shape of the free surface. The profile of the waves 
will be determined from formula (II.20). 


We have 
lim o, (2) = 0. 
|zZi->eo 


From formula (II.7) ` limo, (x) = 0, 
toe. Sak 
lm (v, (x) + iv IM e~is etit) = 0, 


hence it is seen that waves are not formed in front of a 
moving body and that the sinusoidal waves are formed far 
behind that body: 


n= im Te. (II.19) 
The amplitude of the waves formed is 
a=] H (vy (II. 20) 
9 


Thus, all the unknown values of the problem are de- 


termined through the H(A) function. Since the e-^*v(2 func- 
tion is analytical within the C4 contour, then the contour 


integral containing this function will be equal to zero. 
The H(A) function will be determined by the complex velo- 
city v4(z) only: 


Ore pres (II.21) 


Let us examine a problem of motion of a circular cy- 
linder with a radius R, a depth h and a circulation velo- 


city along the contour P, Let us determine the H(A) func- 
tion in the first approximation by the complex velocity of 


the moving cylinder in an infinite fluid. 
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H(A) = e^ (T + 2n9,A R1). (II.22) 


From formula (II.13) we derive the expression for the 
wave drag of the cylinder: 


deal Lé — (II.23) 


From equation (II.12) the expression for the lifting 
force is in the form [56 


P = out — inRei (37) + Lob v gp ave E s) - 


Lg [ay xe E, (vh) | — (II. 24) 
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— Qu E (F ) t iis — Ava RME n Gil + ageR?. 





The formula for the cylinder moment will be 


M = — vH (v) H' (9), 


Since 
H (A) = — AH (A)+ 21v, R*e-^, 
then | 
M = hQ— 25go R?ve-^* H (v). (11.25) 
2.2. The Effect of the Free Surface on Circulation of [52 


the Submerged Hydrofoil 


Function Pl, which appears in formulas (II.12), (11.13), 
(II.17) and (II.18), determines both explicitly and impli- 
citly the value of circulation along the contour through 
the function H(A). The value of circulation l is deter- 
mined from the N. Ye. Zhukovskiy and S. A. Chaplygin pos- 
tulate and, naturally, the free surface causing changes in 
velocities of fluid particles, leads to changes in the 
circulation value along the hydrofoil contour. Let us ex- 
amine the problem of determining the effect of the free 
surface on circulation along the hydrofoil contour. Let 
us represent conformally the shape of the contour C on the 
circle with radius R in the plane of the complex variable 
So that the infinitely distant point in the z plane would 
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show as an infinitely distant point in the u plane and 


Function v,(z) at the infinitely distant point may 
be expanded as follows: 


r 
EE EG E EE 


In the u plane, the v4(z) function will be analytical 


outside the circle with radius R and will be determined, 
in this entire area, by the expansion 


ides has... 


Since the relative velocity has the same direction as 
that of the contour element, the boundary condition along 
the C contour [56] may be written in the form 


Im (v, (2) + va (z) — vo] dz = 0 xa C, (II.26) 


For the entire area, |u| » R Ë may be expressed by the ex- 
pansion 


dz, A 
"m us ui 


since the expansion of z is in the form 
zmutyt bth +... 


The function vo(z) is a single-valued analytic func- 
tion of z in the entire lower half-plane. As a function 
of u, it will be single-valued and analytical at least in 
the area of a circle with R < u < Ry. The function 
Fu) = [04 (2) — o Zw will also be single-valued and analytical 
in a certain circle, while the function gu) osa u will be 


analytical outside the circle /u/ - R and can be expanded 
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into a series 


In the plane u, in which the C contour corresponds to 
the circle k, conditions along k will be 


u=Rel®, du = ire'?d0 — iud8, 


and the boundary condition (II.22) may be written in the 
following form: 
Rev (2) 42.0 = — Re [ty (2) — vol Se on k. (II.27) 


The condition (II.27) is a boundary condition of the 
problem of determining the function which is analytical 
outside the circle in terms of its real part in the circle. 


N. Ye. Kochin solves then the problem by considering 
the Yu. V. Sokhotskiy formulas for the limit values of the 
Cauchy type integral. 


Let us present a solution with the aid of the Schwarz 
formula. This method was used by N. Ye. Kochin in study- 
hydrodynamic grids [61]. According to Schwarz's formula 
which determines the analytical function F(u) outside the 
circle in terms of its real part k in the circle 


— m 
F (u) = 3r | nero z tran + Ci 
-f ] 


we obtain 
dz 1 ` 
DC EE e | mong a + bal — v0] Sc 


utado... 
Mga ot 


Let us transform this expression: 


[s erano (to ool ES de + 
& k 


-+ I (2) — vol dz = 2u | anza de; 
& a 
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— | —— d 9 — 
Jm (2) — el Fei et e x -fī (2 — — > 


- fi E j nA Ato = 


= — 2? , > (0, @) — vj dz = — 2 = ora 





g —— 


: u 
Then 
pf A (aa E is aus t tae Cr (II.29) 
J — — 


k 
By expressing vo(z) through functions H(A) and (II.11) 


and introducing functions G(A, u) 
ihz 
G0. w) = | ate (II.30) 
k 
we obtain the following from formula (II.25) [114]: 


— +e — (egen, u)- 


du 
n 0) = dz drot 








xs 
-ÑH «e(l. (II.31) 


Kochin obtained the fol- 


Baal, 0,5) Peas A d [Fme u) — 


For the v(z) function N. Ye. 
lowing expression: 


r | du 
SES an at 





tag (en zr. a) AO) + 
. 
| Ride R? 
+ gra do (^ roa [55 
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+ iv le" + e Do (v. d H(v) — 


Eo (% =) Hc} — 


—5x ue dz = 


2f. a —— 


i 
— — | [e + mar eae JE (v — Av) + 
E TT ma (11.32) 


Formula (II.31) contains an arbitrary, purely imagi- 
nary constant Ci, which is determined from the condition 
at the trailing edge. 


Let us assume that point u,= Rei corresponds to the 


angular point of contour C. The finite velocity require- 
ments at this point may be satisfied by the condition 


vis — 0. (11.33) 


Moreover, let us consider that oz at this point also 
vanishes. The arbitrary constant C is not equal to the 
value of circulation f along the contour, since the inte- 
gral terms in formula (II.31) may be expanded into Laurent 
Series and these expansions will contain terms with the 
first power of u. Therefore, it is not necessary to deter- 
mine the values of the purely imaginary quantity Ci, but 


one should isolate the terms containing ul in the expres- 
sion (II.31) and determine the value of the new constant 
To, For this reason it is not yet possible to apply con- 


dition (II.33) to the expression (II.31). In order to use 
this condition formula (II.31) should be presented in the 
form of the expansion 


n = SC mutut4t (11.34) 


A further study of the problem may be performed only 
for a certain type of transforming function, since for ob- 
taining the expansion (II.34) it is necessary to find the 
G(A, ul function. For determining the GU, ul function 
the transforming function must be assigned. 
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2.3. Motion of a Thin Hydrofoil 


Let us consider motion of a hydrofoil as obtained with 


the aid of the N. Ye. Zhukovskiy transforming function 


m 


ZecHt e, 


We obtain the following expression for functions 
G(A, u) and d zl 


G (^, u) = e 
|u| eR 


Let us use the following identity 


€ EM qs 
Gu u(t—u e ut 


Then SS 
—-M 
— (ey 4 (1-B) + as sn | 


—u RETO 
Jules Ai 


from which dz m R 


-a (t+?) i (II.35) 


BO, u) = e^ V ——. 4 


jaimeR 


Here, in determining the G(A, u) function an integral 


representation of the Bessel functions was used in the 
following formi: 


atl 


hi (QR) = n | ° B. (II.37) 


Ale R 
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After determining function G(A, ul from formulas [57 
(II.35) and (II.36) the formula for v4(z) may be written 
in the form 


TE SA + Ta a — 





v 


+ vie ^J, (2vR)H J + hi + 








+ a |n" D 280) S B (^. le mire 














dat ut AE A 
H 
ve-*^ e R* du Rm 
+ On p TOEF Tq Bv z)^ d (II.38) 
u 
Let us assume that the condition (II.33) is satisfied 
at a point ug = -R; then, from formula (II.38), we obtain 
[114] 
1 oe « A 
T= 4xR Im] o, + Selena GT 
-uen ae ael. (II.39) 


To determine the H(A) function let us write a function- 
al equation. Let us multiply both parts of the equation 


(II.34) by elu? and integrate along the G4 contour. Then 
the functional equation will acquire the form 


H (p) = e^ frs (2u R) — 4inR Im [e + 


D ve \ eH (A) 44 QXR) 
0 


A+ v 
T 
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— ive], (2vR) H dë (2u R) + 








T ^ (E 0) No(s p) + H 0) N MS 





where Nos p) = e f erf, u) dz; 


NO. p) = siia LE c x) ác 


By comparing expressions (3.39) and (3.40) [sic] we 
determine that the co-factor at J4(24R) is exactly equal 


to f. Taking this into consideration, let us rewrite equa- 
tion (II.40) in the form 


H (p) = e^ [n^ (2uR) — iJ, QuR)I- 





[s | 
* ar | 02 No(s p) + H 0) MO MILI 


+ ga (9) ele MH (9) Mi (0. BI} (11.44) 





Function H(u) may be determined, in the first approxi- 
mation, by the first two terms only: 


H (p) = eT Heu — iJ, Ou (IT.42) 


Then, the value of circulation Ff will be determined from 
equation (II.39): 


"— e 
— æ , 
| + m [emn J, att t'a AxRye-? ^J, e (II. 93) 








Here Lie the circulation of a hydrofoil in an infinite 
flow. 
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However, N. Ye. Kochin [56] showed that one may ob- [ 59 
tain a satisfactory approximation if, instead of the com- 
plex velocity v,(z), a complex velocity corresponding to 
the motion of a hydrofoil in an infinite flow is used in 
determining the H(i) function. Calculations show that the 
H(A) function determined in such a way will, at high velo- 
cities, provide results which are closer to the experimental 
results than those calculated by formula (II.42). The 
H(A) and P functions, which correspond to this approxima- 
tion, will be determined with the aid of the following 
formulas i: 


H (A) = eT SJ. (24R) — iJ, (2XR)]; (II. 44) 
P= Sn | 1 — 2R Je. (2R) J, eni da tecti | (II.l5) 


Let us consider the following functions: 


Anm = R (67999, (2) EI d 
i (11.46) 


i l 
Bon = f g- 0-99], (2v (1 — X) RI Jn Iv (1 RI, 


After transformations, the expressions for P and fF 
may be written in terms of functions AnmBnm: 





P, = qo — £8 (Am Dei Au —$ Ba) | (II.47) 
AO a | 

in 1 +2 (Au — Ba) mec (5) ' (II. 48) 

rr —2(4n— $ Bu) — troe de E (II.49) 


where w= dat, 


For hydrofoil motion with large Pr numbers, formulas 
(II.47)-(II.49) will be in the form 


| D 
Py = qo — 5 (Aoo + Au); (II. 50) 
Po 
das sy nt (II. 51) 
T IS (1 — 24). (II.52) 
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For hydrofoil motion with small Fry numbers, the terms [60 
containing Ag, functions in formulas (II.50)-(II.52) will 


reverse their signs. This follows directly from the type 
of boundary conditions for which Fr - O (the hydrofoil is 
near a solid wall). It will be formally shown by consider- 


@ 
2 
The Ago, ÀÁg4 and A411 functions may be expressed di- 


rectly through the Legendre functions of the second kind. 


ing the extreme values of the A,,— > Ban combination. 


From the general formula [8] 


[eu (et) J, (ct) dt -. — en "He 
; | «V ec 6c 


it follows A ei Q 10 Lt 8h), Au ss 2: Qi (1 + 852). 
2 D | 


By using the relation J§(t) = J4(t) and integrating 


by parts, we have | 
l 4h e 
EECH + SE | 
For Re(n + 1) > 0 and any arbitrary n, with the ex- 
ception of negative integers in the region /z/ > 1 and 
arg z/ < mn, the expansion given below is valid 
V xl nat I 1 l : 3 l 
Ge EE Zor Mr. sl 


E ⸗ 


In our case /z/ = 1 + 8h? > 1 and, therefore, the ex- 
pansion is valid in the entire lower half-plane: 


ees 
H (2) SE 4V2 (8h3 1)? Ld 


LI: 


l J A 3 5 l | 
L-Fua: oq 5 umi -F(i: m: Siunmc— 
where F, Edi 4 Qe m) and Ze a 73 ? 


d (she + 1j 


are the hypergeometrical functions whose values may be de- 
a by the expansion into a hypergeometrical series 
73 
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| I) .. 
F (a, D, Y, Zl = l +b 4 EET + 
4, tat)... (ac n— DREH.. -Baia 


dos aly(y+1)-..(y+a—1) 


The final expressions for the Ago, Ag, and A44 func- 
tions may be written in the form 


EA | sl 
4 V2 Vasm 1 E 
l 


l 
A, = — — 
"7 8y3 (is 4 17927 * ) 


Taking into account expressions (II.53), let us re- 
write formula (II.48) in the form 


(II. 53) 





rriv] (II. 54) 


The results obtained from formula (II.54) are close 
to those produced by the linear theory of a thin hydrofoil 
and experimentally; in the limit, when h > 0, they provide 
the circulation values for a gliding plate. 


It follows from formula (II.50) that its second term, 


containing rê, gives a value of a of the second order of 


smallness. The main effect of a free surface on the lift- 
ing force is determined by the variation of circulation 
along the contour and, in the linear approximation, the 
lifting force will be calculated from Zhukovskiy's formula 


P = wr. (II. 55) 


The Bn function cannot be expressed through hyper- 


geometrical functions. However, they can be expressed ef- 
fectively by an expansion with respect to T-parameter. 
These expansions are more effective than the hypergeomet- 
ric series and, therefore, it is practical to determine 
Anm also in the same way [113]. 


The function f(x) = J,(x); J,(x) may be represented 
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by a convergent series [23] 


: \ (— l)n (m + n + 2s) tat 
Liette EESE SEELE E . 
Ss 


After performing the computations for the combination 


Anm ^ Pa we obtain 


(XY (= y2st (s ny 
2 z Bw A VE (a — s) Z+ A 


na 


dl à 2 ReFats( 36) | | 


Ay — 5 Bio [62 

a Cat- Bs + D+ n+ IPs + Die n+ [1 +2Re eee) Re Feed; 

e de L . sisi(s + It (s+ 1)! (a — s)! — . ssisa Ditert Di(n—s022202 —— ( II.56) 
Au — 5 Bu — 


= (— ly(2s + 2) (s +n + zit? Re Sand (z SI 
= pte y E 
| sl (s + 1)t (s + 1)! (s + 2)! (a — s)! SS 


rte) S0 I 








where Fp (à) is a function introduced in Chapter I. 


With X > 0, ReF, => 0, and with \ > œ, Fu -»-e It 
follows then that the combination Apm - 2 Bnm in limiting 
cases changes signs: 


e D 
lim | Anm — Bo = Anm: 
H D 
lim | Aum — Bu] = — Aan 
Let us write another expression for the function Anm 
and combination Ao, - 9Boi: retaining several terms in each 


of the (II.56) expansions: 
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8 128 
ETE 9 2 
Ao — 4 "mer tight gee " * 3989 — joa +: . (II.57) 
l 3 15 
A= SC? + 35* "seet T. 


Au — 2 Bu T li aren (g eet [i+2Ren(2)~ 


ime Bn 


1+ 2ReFa(s )] tms [1*2 Reel g ls (II.58) 


-—— — — 


4 


If only the first term is retained in the expansion 


Agi» then from formula (II.52) we obtain ET which 


agrees with the equation (I.54) in the linear theory of a 
thin hydrofoil. 

To evaluate the obtained expansions quantitatively, 
calculations of the function Pi were carried out by using 


20 terms in the hypergeometric series and taking into ac- 
count the results of calculation of the Apm function, based 


on three terms in the expansion (II.57). Calculations 
with an accuracy to the fifth digit after the period pro- 
duced very close results. 


One may write two new formulas for the Fy, and Fo func- 


tions which, in terms of convergence, have an advantage 
Over the hypergeometric series [112]: 


qq T 2 
2* SC 
— Sta) L—Irëdis/ h)! II. 
sech 5-1 errr —— 
9 
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(— 1) (2s + 2) (s-- a+ 2 


l lil. 2n4-2 ' 


N. Ye. Kochin determines the App and B,, functions in 
the form of a series in ascending powers of 2E 


—— x 1 
Án = Va 54 Ps | 


an" 
2m-H2 m 
yere 1)! (=) iw j 
Au = SS mem rra ne 5 
gents / Elte. Dln —RM(m —&)! 
Ko = 
l 
Cat I)" (2m + zl: [64 
Au = N parea) 
sl 


m 
l 


* Äre: 1) (m — &) (m — k + Im 
(=De 
Boo = 
nr gim ER Fam Skill k! = (m — &)l ' - 


` y (—1 € 1 yam | 

B = — LI 

© hg OH a) kunft M emzegoen 
— Asset) 


oa = 
(— 1) EI tongs n x 














Buc ) Jen 2 
Pis 
X Y l — — — 
Kl (kh + )! (m — EN (m — k + Di 
km0 
= vh, (II.60) 


A 
where Fn (À) = e> len 2 
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Function fg(x) is related to ReF,(\) as follows: 
Re Fa(h) = — 21,09. 
n] 


In deriving the functional equation for the H(A) func- 
tion and determining circulation f, N. Ye. Kochin assumed 
the purely imaginary constant Ci - fi, did not isolate 
terms of the 1/u type from the integral terms in the ex- 
pression (1.32), and obtained different results concerning 
the effect of a free surface on the circulation of a hydro- 
foil. In particular, the formula for F obtained by him 
may be written, in the linear approximation when Fry > eo, 
in the form 


— (II.61) 


This formula produces considerably lower results than those 
obtained experimentally and by means of formulas (II.51) 
and (II.52). 


The wave drag of the hydrofoil can be determined eas- 
ily with the aid of the RO) 


For a thin hydrofoil we determine the wave drag from the 
formula 


Q = 16 R'og droe Dh US (2vR) + Ji (2YR) L (II.62) 


Let us introduce coefficient Cxp ? 





TS e 
Cxe AVR 
Then 
Br? 2 3 
— DURS mV (13 (2vR) + J2(2vR)], (II. 63) 
0 
or o ya 
ta = t5 oe 8818 ($)  2(2)] 
By determining function Jg(x), for small values of Y, 
using asymptotic formulas 
2 
AG) -1—5: 40-5. 
we obtain 
c : qi , of 
— — — 
Cu = -5 voee 1 EH (II.64) 
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function using formula (II.13). 
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and for Nei 


c 
Ca = -F oye me, 


2.4. The Approximate Method of Solving Problems of Motion 
of a Hydrofoil with an Arbitrary Profile 


The results, which are close to those obtained in the 
first approximation by N. Ye. Kochin's method,may be ob- 
tained more easily by using a method based on the intro- 
duction of the first approximation assumptions directly 
into the formulation of the problem [113]. 


Let us first note one point related to the N. Ye. 
Kochin function. If the function H(A) is determined from 
formula (II.10) 


H (A) = (ee (z) dz, 
C 


then the value of the function remains the same for the 
complex velocity of the absolute and the relative motions, 


because jemet de as D For practical purposes it is convenient 
C 
to determine the H(A) function using another formula. 


By introducing a function z - f(u), which maps con- 
formally the plane of a cylinder (u) on the plane of a 
hydrofoil (z), we obtain 


dw (2) _ dwif (u), du 
dz due dz 


= v (z)dz = v (u) du. 


Then, for the hydrofoil function H(A) we obtain 


H (A) = (e Mg (u) du. (II.65) 
č 


This expression makes it possible to simplify the problem 
of determining the function, since the complex velocity of 
the cylinder's motion is represented by the Laurent series 


and finding the expansion of e-ik(U) into the series does 
not present any difficulties. The H(A) function, deter- 

mined from formula (11.65), is different for the complex 

velocity of the absolute and relative motions of the cyl- 
inder. This follows from the condition that 


52 


[66 


| e H0 du 0, 

C 
since the transforming function f(u) for the hydrofoil of 
an arbitrary profile may be represented by the expansion 


9d 
F(u) e GA S +a +... 


Substitution into expression (II.65) of the complex 
velocity of the relative motion of a cylinder in the first 
approximation resulted in formula (II.44). For the complex 
velocity of the absolute motion the result is different: 


H (A) = e- "^U, (24) + 2nRve-V, (AR). (II.66) 


Let us assume that the unknown density of the layer 
v(t) in the integral expressions v4(2) and vo(z) is equal 


to the density of the layer during motion in an infinite 
flow. Then 


TR el ER dt = Bet 
pn (II.67) 
sto be ic [sf eau oh a amne (11.68) 
By S — using the formula by S. A. 
Chaplygin we obtain 


P—Q qwe ej oe (2) 03 (2) dz. (II. 69) 


We then obtain formulas for the lifting force and wave 
drag. Let us determine the H(A) function, which is part 
of the formula for the lifting force, in terms of the com- 
plex velocity of the absolute motion: 


P = qua — Be [ier La ges 
Q = vel H Il. — 


Let us examine the motion of a thin hydrofoil. 


In this case function H4 (à) will be determined by 
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formula (II.66) and the formula for P will be as follows: 


P = DE an — e~™ 7772 (QAR) + 4RJo (AR) J, (AR) + 


* 
E 
AAR (2AR)) d + ges. (II.71) 


The third term in brackets is determined by the mutual 
effect of dipoles. The moment of the cylinder's dipole 
with the axis directed along the Ox axis may be written in 
the form 

M = mie, 


where Aé is an infinitely small distance between the source 
and the run-off which, in combination, produce a dipole. 

In the conformal representation the value of AE will change 
and will be equal to Ay, while the power of the source and 
of the run-off will not change. Then the moment of the 
hydrofoil dipole will be 


Ay 
M = mE 


Let us determine the ratio AE in terms of finite 
values: 


Ax 8 _ 43, e 
aR B v 


where 64 is the thickness of the profile above the chord. 


Consequently, the third term for a thin hydrofoil is 
assumed to be equal to zero, while for a hydrofoil with a 
solid profile we will multiply it by 6. The above reason- 
ing is not rigid. However, the formulas obtained in this 
way provide results close to those obtained experimentally. 
Particularly good congruence was observed for large Froude 
numbers [102]. 


Let us determine the final results for certain types 
of hydrofoils. 














Thin plate: 
P, sin a, l COs d. f 4h 
P. V2 V+ — ? VIVE A m 


54 


[68 


This formula up to the terms of the first order agrees 
with formula (II. sh). 


Thin hydrofoii sections 








sin (a, + a.) cosa, 4h 
Ilres teste |! II. 
V 2V 8h? + 1cosa, 1 Trl V2V SEI d ( 73) 


Ihe N. Ye. Zhukovskiy hydrofoili: 





ET. NE LL M 
= yy BA? Lee, 20082 a | 

4h | Kô 
-ayar l ma arg OL 


K - the ratio of the curvature of the suction wall 
to the total thickness of the profile; 
6 - relative thickness of the profile. 


Hydrofoil consisting of two intersecting circular arcs: 


— sin (as + ax) = COS dx 
= —— SS 3 — } 
VaV EE ]/ 2+ 2 cas 2 zE 
4hF Kä 
| WEE E E 8 (II.75) 
V3V si + 1 )- 4V 2 (BÀ. + aHa) * 


ß 


where x= 2 — —; 
A 


B - angle between the tangentials to the circular 
arcs at the extreme points of the hydrofoil. 


If we consider the effect of the free surface as both 

the change in the angular coefficient in the expression 

P = f(a) and as the variation in the zero lift angle, as 

was done in Chapter I, then for the Zhukovskiy hydrofoil [69 
functions Áag and V will be determined by formulas 

i a 
pn re | I 
y 2V 8h? + 1 cosa, #603 20g 


oma 
ViVer+i |j 
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A E» ee CAE e 6 
^ S GV 28K Ee are 
These formulas can be expanded in r= V 4h? + 1—2h: 
(1 + js)? cos a, 
p= 1 —sin (do + ox) t + 3L T 
Age AE (II.77) 


2 v 


For the arbitrary Froude numbers the formula for Ba, 
was obtained in the following form: 


à, 7 | e—3 we 3E (7.2)] (II.78) 


The computed results with the use of formulas (II.76) 
and (II.77) agree well with the experimental data*. 


*Some of the material in this section was published 
in other studies by the author [102, 104-108, 113, 114] in 
which the practical problems were also examined. 


2.5. Solution of a Two-Dimensional Problem with the Aid 
of Integral Equations 


N. Ye. Kochin also suggested a method for solving a 
two-dimensional problem with the aid of integral equations. 
Below are given some results of his studies. 


Let us assume that a contour C vas formed bya simple 
contour which envelops some region : and which has a con- 
tinuous curvature. Let us place a vortex of intensity F 
at some point Co in region s. Let us distribute the 


sources with a density y(c) along contour C, where c is 
the length of contour C between a fixed point and a vari- 
able point on the contour. Accordingly, let us attempt to 
represent function W(z) in the following way 


r l 
W (2) = g4p In — kal + sq | vn (e — de + F (2), (II.79) 
C 
where F(z) is the regular function of z in the lower half- 


plane. Function F(z) is selected from conditions (II.1) 
and (II.2). 
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It is easy to show that functions 





An [m (z — ġo) — In (z — tj) + 207%" | : Ce cl 
-+0 


2n z—t 


satisfy both the conditions on the free surface as well as 
the conditions at infinity. 


Let us seek W(z) in the form 


m xL (a—0 + In(z — t) — 2e7'* | zr 
dT 


W (2) paz [net — Ine — A. Zeche E 4 


+55 ( v0 [in @—O+ ng—H—2e™ | = e 
eo 


C 
" 4 


(II.80) 


Let us assign t-£&-ig Las bat fw and isolate the real 


part in (s, u): | 
-flae ‘(E — bo) sin v(f—x)— (y—no) cos v(t—2x) 
ven Bra [tetigit itta 


Lx x Ivo (inz + Inr’ — 
C 
= Cu 2) cosv(¢— x) + (y + 1) sin v (f — x) 
2 Y EE — ol (11.81) 
where 


E Y — No , — y — "lo. 
9 arc tei À arc (ge 


e MEET HEET 


The boundary values of Gr from the outside at a point 
on the contour are determined by formula 





l ! 
Pa = y V(S) + y | rt) Ko odo + TI? (II.82) 
A ` 


where [71 


K Io, s) = L cos (n.r) — =, ens (n. r)— 


5? 


£ 


= (ek EEN 


mJ, . 
Kee 
n =V t— P+ y — n. (II.83) 


Vectors r Sna r' are directed from points E + in and 
t - in to point x + iy, while vector ry is directed from 


. . . . N~ . 
point 0i - in to point t - iy, with (rz; n) measured in the 
positive direction from the direction of the perpendicular 
to vector r+: 


h (sS) = — * sin (fot) — e sin (r3) — 


— 9 [e Gera, (II.84) 
t. 


and vectors ro and rg are directed from points (9 + ino 
and Cor ing to point x + iy, while vector Tto is a vector 
going from point Go - img to point t - iy. 


Thus, for determining function y(c) we obtain the in- 
tegral equation 


Y() = — È K (s, o) v (0) ds + g (5). (11.85) 
C 


It is easy to show that I'M Leide =0 and Chat 
under such conditions icis 


With both large and small values of the parameter v 
the solution of equation (II.85) may be obtained by the 
method of iteration. Let us examine the more general in- 
tegral equation 


Y) =A | (0) K (os) da + g(s). (II.86) 
C 


The nucleus of the equation depends on parameter v, 
and therefore the characteristic values A of this equation 
will also depend on this parameter. With the large values 
of the parameter v the characteristic values will differ 
little from those in the equation with a nucleus K,(c, s). 
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With v = œ the nucleus is determined by the formula 


Ka (9,8) = SSE), eor) (II.87) 


mv 


With v — oo the integral equation may be written in 
the form 


y(s)=A | 19902. ———— da + g (s), (II.88) 
Cc 


where C' is a contour which is symmetrical with C with re- 
Spect to the OX axis. 


The characteristic values in equation (II.88) are all 
real, simple, and with respect to the modulus are not less 
than unity. In this case À = -1 is not a characteristic 
value of the equation, while À = 1 is a characteristic 
quantity in this equation. For à = 1, v(o) is the only 
independent solution for the conjugate homogeneous integral 


equation. Under the condition of Jats) ds = 0 , the solution 


y(s) is a meromorphic function of à, with A = 1 not a pole 
of this function. 


For the nucleus K(c, s) it can be asserted that with 
Sufficiently large values of parameter v a circle for which 


À/ < R and R > 1 will contain only one characteristic 
Value. For the conjugate homogeneous integral equation 


TOSA TORG o) do, (II.89) 
\=1isa — — value with its respective solu- 
tion being v(o) = 


A necessary and sufficient condition for solving equa- 
tion (II.86) when A = 1 is 


legée- 0, (II.90) 


which in this case is satisfied. Therefore, the solution 
v(s) of the equation (II.86) is a meromorphic function of 
à, for which A = 1 is not a pole and the solution of the 
equation may be obtained by the method of iteration: 


¥ (s) = g(s) + H MY, (s), 
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nal 
Ya (8) = (v (0) K (0,8) do. (II.91) 
c 


Since the radius of convergence of this series with 
sufficiently large values of tho parameter y is larger 
than 1, we may assume the value of A = -1. Function H()) 
is expressed simply through the intensity of sources. We 


have 
m r |l | C y(o)da 
H (A) = GP (zu — sl pra ) de, 


and simple calculations give us 


HD e Deh + i Jveye tas. (II.92) 


For small values of the v parameter the nucleus of 
equation (II.86) is in the following form: 


Kato, 9 = S em) (11.93) 


V 


and the equation corresponding to this nucleus may be writ- 
ten in the form 


vig. =a [ Y (o) EED ag + g(s), (II.94) 
c+C’ 


if we assume that the values of function y(s) and g(s) at 
the points on the C' contour are different in sign from the 
values of these functions at points on the contour C sym- 
metrical with respect to the OX axis. Repeating these ar- 
guments we again come to the conclusion that series (II.91) 
also provides a solution to the problem when the values of 
v are small. 
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CHAPTER III. THEORY OF THE HYDROFOIL IN A [74 
PLANE-PARALLEL FLOW OF FLUID OF FINITE DEPTH 


In problems investigating motion of a solid body in a 
fluid of finite depth the potential of velocities should 
satisfy an additional boundary condition which equates to 
zero the expression for the velocities perpendicular to 
the surface of the channel. If the fluid has a constant 
depth hg, this condition will be in the form 


9,270 at y=—h. (III.1) 


Let us examine a two-dimensional problem dealing with 
the steady forward motion of an arbitrary-shape hydrofoil 
submerged under a free surface in a channel of finite 
depth. This problem can be formulated mathematically in 
the following way: in an area limited by straight lines 
y = 0 and y = -họ and a contour C} (C, is the contour en- 


veloping hydrofoil profile C) it is necessary to determine 
the analytical function W(z) = ọ + iy which satisfies the 
following conditions: 


1) with 0 » y » -hg in the region occupied by the 
fluid the derivative W,(z) is limited: 


lim W, (z) = 0; (III.2) 
fc |. 


2) on the free surface 
Im (iV, (2) — vW (2)) = 0; (III.3) 
3) on the hydrofoil profile 


P, = v, cos (n, x); (III.4) 
4) on the bottom of the channel 
Im W; (z) =0 (y = — Dal, (III.5) 
3.1. Motion of the Vortex and the Source Under a Free [75 


surface of a Fluid of Finite Depth 


Solution of the problem dealing with the motion of 
the vortex in a fluid of finite depth was given by A. I. 
Tikhonov [157], and of that of the source by M. D. Khaskind 
[156]. Let us examine a problem of the vortex motion in 
a fluid of finite depth more thoroughly. The complex po- 
tential of velocities caused by the motion of a vortex 
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located at point y - -h will be sought in the form 
V (2) = in (z + ih) — Inte + i (2h —h) + EG 6 
D = 57 Ini o » — (111.6) 


where F(z) is an analytical function within the whole band. 


According to condition (III.3), when y = 0 


l F r l 
Re (Fz: + ivF,)— —Re -ermm T Ont [z +1 (he — hF + 
yT vw l 
NICE mnit ux (III.7) 


With y + h > O the following relations are valid: 


l "rt Asbl, 
— m SS 
l M —E 
z+ i(he—h) ch * 
l f [Mz ih) n, 
exu - |^ RN 
0 
i eo 
LLL wn ( ag Ethan 
[z-- i(2h, PR — n | j 


Then condition (III.7) may be written in the form 


Re (Fa — ivF;) = -1 L + v) e- sh (ho — h) sin àxdàÀ. (TII.8) 
D 


Conditions (III.5) and (III.8) define the problem of 
finding the analytical function F(z) according to condi- 
tions for its real part 


Fie + Ey = — ae È + v) esh A (ho — A) sin Adh (III.9) 
D 


Fy=0 (y-—h) (y=0). (III.10) 
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Let us solve this problem by the Fourier method. Let us 
look for a solution in the form 


F, (x, y) = | chà (y + ho) IC, (A) cos x + C, (A) sin dx] dà, 
0 


which satisfies condition (III.10). 
According to condition (III.10) 
C, (A) = 


sh À (Ay — h) 
A(v sh Atg— A chà ho)” 


Then, function F(z) will be determined by the formula 


C(A) — L (v+ Xe 


OE Puta yy, DA (s — 5) sinkzch Mg + fi) 
H 


Let us write function F(z) in the form 


r — an, SÀ (ho — h) sin À (z + iho) dA. (III.12) 
A A À 


GE vsh ahg — Achhiy — 
6 


The integrand function of the expression (III.12) is 
a meromorphic function of à. The poles of the function 
are determined as the real and positive roots of the equa- 
tion 


vsh Aho = Ach Alt. (III.12) 


With vő > gho this equation has only imaginary roots. 


By adding to the solution the terms which determine 
the system of free waves on a free surface we can write 


2 4- ih 
z+ (2h,—h) 


r OR sh À (fto — ft) sin A (z + to) 


W (2) = a In 


Shu Ahi SE 


x 9 


0 
4- A, COS À (2 + iho) + Aasin Ag (2 + bel, (III.14) 


l r l 


r 
ve) = a Fih Sei 2+ ih h) 
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r e—Mesh À (ho — h) cos À (z + iho) 
-xl WEA) vsh Aha — À ch Alt, SE 
0 


— Aj, sino (Z + iho) + AA cos Ao (z + (hal, (III.15) 








Le where An is a root of the transcen- 
Q D 4— 

to O dental equation (III.12). Constants 

l2 i S A, and Ap are determined from condi- 
Fig. 7 tion (III.2). 

Let us examine the sum of two line integrals 


sh A (ft — h) e^t eim 


l e^ sh À (ho — Mie etm 

Ab v LA — ach — ^ (111. 16) 
where contour Lu passes over the special point Ag and con- 
tour L2 passes under that point (Fig. 7). 


By determining the values of integrals along the 
half-circle of small radius é we obtain 


sh A (hy — h} cos À (z + iho) 
me =| (w+ eX CN 9) qx + 
0 


sh Ao(ho—h) sin Alz A iho) III. 
Tm "Feb — eh] 17) 
Let us integrate one of the integrals (III.16) by 


pares Mesh A (fo — Menen 
E "ies o — S 
—J — ahi — 


= [utens z jer ee. 
A 


however, when Q(A) = 0 


A > 
lim f Q (A) cidh = 0, 
Dis ET È 
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A similar result will also be obtained for the second 
integral: 


lim H (z) = 0. (III.18) 
r+- 


By combining expressions (III.15), (III.17) and 
(III.18) we obtain 


Tv shag (ho — A) 


A, = Ao vho — chh oho ` 


A, = 0, 


and the formula for the complex velocity of the vortex 
will be in the form 
AME ES IM ELE 
22x z+ih 2ni z+ i(2h, — h) 
` TvshAo (fig — h) sin ào (2 + iho) ` 
vh, — ch? À oho 





h) cos À (z + iho) da. (III.19) 





T T (v+ AÀ)e-M sh (ho—h 
EI | — vshAh, — A ch Afi, 
0 


Wien vë > gho, there are no free waves which satisfy 
conditions in the problem and there is no third term in 
expression (III.19). The forces of the flow acting on 
the vortex will be determined by the following formula: 


P + iQ = Waral (III.20) 
where 
U D. — qw — T l 
mw o Kä 27d rk). . 
We have 
Paul = et n — SRI TET (111.21) 
ed 


When vő > ghg the wave drag is equal to zero. 


It was established [147] that the integral in expres- 
sion (III.21) has a discontinuity at point vő = ghg. 


The asymptotic expression of the complex velocity 
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W(z) with x >» -æ is in the form 


sh Ae (ho — h 
MeV A. sin Ag (2 + iho). (III.23) 
For the source located at point € = + in, the ex- 


pression for the complex velocity may be obtained in the 
same way as for the case of the vortex. Below is the for- 
mula for the complex velocity of the source v(z) obtained 


by M. D. Khaskind: 


Q Q 
oO) = Re +0) Mle ik) 


Q n AA, Ch À (n + ho) sind (z — $ + the) A 
£x[exxe C dM Kd 7-4 


ch A, (n + ho) cos À (z — $ + ih,). (III.24) 


— QW io — GER 


The asymptotic expression of the complex velocity for 
the source is in the form 


v(2) = — 20v Pret) costg(e—t + iho). (III.25) 


3.2. Motion of a Thin Hydrofoil in a Fluid of Finite Depth 


For a thin hydrofoil, instead of condition (III.4), 
we have a linear condition (I.4). 


Py — — Gel (x). 


The principal general formulas discussed in Chapter I 
remain the same also for the hydrofoil in a fluid of finite 
depth. The complex potential W(z) for the hydrofoil in a 
fluid of finite depth may also be sought in the form (I.9). 


e 
where K(z, s) is an analytical function in the band 0 > 


The integral equation of the problem is also determined 
by formulas (I.8 


* lan, 5+ G0 Jas = F (x); (II.27) 
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F (x) = — vf’ (x), G(s, x) =ReKe(s, x). 


Functions K(s, z) and G(s, z) will be determined by 
the complex potential and complex velocity of the vortex: 


A 
d 


x sh A (A4 —/1) sin À (z+ i (Ata — h) —s)dÀ 
——  vshAA,—ÀAchÀAR, OU 
— sh A (fig — A) 
Ao vho — ch? Adis 


A (s,2) = —Infz—s+ 2i (hy — hy} —— Iu 7M. x 


[80 
cos AS [2 — s +i (ha IL - (III.28) 


l 


G (s, x) = Re| — SH n 


Wi f* (vA) ^ sh A (ho —h) cos A[x—s-+ i (hp—h)} " 
GE: ER SE VT SERGE 
9 
S , Sh Ao (ho — A) sin Adr + i (Ro — A)] 
da AUR LS | (III. 29) 


In a dimensionless form, function G(s, x) is deter- 
mined by the expression 


2p 


G(s, x) = Re 





Æ alp) 





ap fte had —P) cos] E aia 
-7| sh p — op ch p ii 
0 
2B — - |. | 
shio(—f) sino T G— 3 id —b 
+ 4m S a 
h o, Chine — 1 , (III.30) 
where — 
ho’ 
o % = 
aT g o yho 


A. I. Tikhonov [146] solves the integral equation of 
the problem by the method of M. V. Keldysh and M. A. 
Lavrent'yev by solving the problem in the form of a series 
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in the positive powers of Ż. In expanding the regular 


part of the nucleus in the form (1.35) the system of re- 
currence equations for determining yp(s) is also in the 


form (1.36). For a thin plate moving at a small angle of 
attack, A. I. Tikhonov obtained 


= = n ES 


where 
SR e, 


LU A ef B + ap) e™ sh*p (1 8 
re | redis a 


Ihe wave drag of a thin hydrofoil may be determined 
by the amplitude of a plane wave far behind the moving 
hydrofoil from the formula [^7] 





dë? "(1— a5.) (III.32) 


The asymptotic expression for the complex velocity 
far behind the hydrofoil is determined by the formula 


"Fs hg (ho — Main A(z + ity —h 
oia) = — 1v | vi) en a 22) d (III.33) 


Using the formula for raising the free surface we ob- 


tain 
+a 
2uv ch 
"ne Ua I AA pese — h) sin ào (x — s) y (s) ds. 
Thus, sinusoidal waves with a length of AT and an 


amplitude of 


` Zen : 


are also formed in a fluid of finite depth behind a hydro- 
foil. 


Then, the wave drag will be determined from the 
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sh3A, (Ag — E 
formula Q ss Qv ILL —— a 








j ey ds (III. Ab) 


The lift and the moment will be determined by formu- 
las (I.24) and (1.25). For determining forces, A. I. 
Tikhonov obtained the following formulas: 


a^ (r+ 2R, = 
0 


Q=e— at ue CE cu (III.35) 
2 4 
P= qase (R gj RC AR (III.36) 
: 2 
M= — eros (85 28.28 (III.27) 


where 
Ry = —2n0, R, = —4nGi R, = — 226, (36$ — 2G,); 
Ro =2n; Ri —2nGs Rp = 2x (06 — OI 


R=2 Ri e SI R= x(G3—-F 


The curves for the coefficients for a number of values 


of B are illustrated in Figures 8 and 9 [146]: 


2R; 4R; 
GQ= Ry + = + m p= RT ER 


The regular integral equation of the problem will be 
determined from formula (I. 58). By assigning the corre- 
sponding functions QP ilo s) in the form given in (I.75) 


one may determine coefficients Cymp and Genp, These may 


then be used to determine the hydromechanical character- 
istics of the hydrofoil in a fluid of finite depth. Let 














Gp 


—— rq 


| Po "a = 

(NNNJ 
aS ⸗æT 
[HT LE LLLI LL 









IVA AM 
LER 
AA EOT 


Fig. 8 Fig. 9 
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us examine the motion of a hydrofoil with large Fry num- 
In this case the regular part of the nucleus may 








bers. 
be transformed as follows: 
ESEE e [83 
SA vz e +5 j 
Ee 

















l l 
— —- - — + 
Wel Gel (— h ^S 3 ' 
4i t 
x+ 5 
i+ 4i(—h+ 9 r) z—«[ 7 H 


h 


== = 


where /= 4h); 
-- relative distance between the hydrofoil and 


2a =the bottom. 


For the function Be An the expansion in powers of 





the parameter t =|/49+1—2x is in the form 


eo KS : n 
I WM GM (-I—p.. (Q4 1-707 (111. 39) 
Re 7 lix = s H CEET TE Z : ( 3 
Hee? 4 Des 
Then 


Set (Org, 4i — 3, — 2v, — +H) x 
H n«2.4 


n 


2 L 
(n—1—p)...(p+ 1) Cem EE 
Dim Ce SC 


Dest 
t, SV (k+ lit 1 —(& 4- Df. 


H dE —J vir 
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T,= y“ (i+ zl l —2( +47), [84 


pı (0 — 5) =0 

P (0 — s) = (0 — 3) 

(0 —3s) —O 

glo — s) = ka [2 (c — s) — (0 — 3] 

q,(0 — 3) — 0 | 

qs (0 — s) = ke [3 (c — s) — 4 (o—s)*--(o—3)5] 


(III. 414 ) 


For a thin hydrofoil section we obtain after computa- 
tions 




















- 1 ` Ge 
E E 
3 I Qs 1 l| Qo 9 
+|(4-2 zx) +a 2 zs )^ jus 
l 3 Qo l . ge | 1 3 Zo ka | $3 III.42 
[i t) th (mtu) omn 
where 
hu k, = Dr 
Lees dit, (II.4) 
hmû 


In the same way as in Chapter II, by representing y 
in the form 





we obtain [85 


vale tl pt phe + ep (111.44) 


rel 


w= R ll + ele + EE Tht ae GA (III.55) 


N 
AN 
RS 





Fig. 10 


The values of the function $j are given in Table 2. 


Curves for v and X obtained according to formulas (III.40) 
and (III.45) are illustrated in Fig. 10 and their values 
are given in Tables 3 and 4. 


The problem for any arbitrary values of the Fr number 
may be investigated in the same way. 


3.3. Motion of an Arbitrary-Profile Hydrofoil in a Fluid 
of Finite Depth 


The problem of motion of a hydrofoil with an arbitrary 
profile may be solved by generalizing the results discussed 
in Chapter III for a fluid of finite depth. Formulas for 
determining forces acting on a hydrofoil for this problem 
were obtained by M. D. Khaskind [156] using the N. Ye. 
Kochin functions.  Khaskind also examined certain simple 
cases of motion. The formulation of the problem for a 
hydrofoil of an arbitrary profile is given at the begin- 
ning of this chapter. 


As was done in Chapter III, by using the Cauchy for- 
mula for the region between the C4 and C2 contours (contour 
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PFERDE Table 4 [87 
Values of x for hg 
k 
0,05 0,1 02 '| 03 0,4 0.6 
0 —0.7729 —0,1857 — —0,1235 — —0,0905 — --0,1369 
"i — —07943  —0,845 — —0,1938 — —0,1007 — —0,0582 +0.50 
0? 0,789  —04753  —0,2070  —0098|  —0047; 9 40.0146 
"1 — —0,233  .—0,5320 —0,2286 —0,1455 — —0,0598 — +0416 
d 0,8207 — -—0,5287 — —0,2390 — —0,1320 — —0,0704 — --0,0275 
Wh —1048550 ` —0,544] —0,2722 O18 —O0NG ` 40:13 
* —0,8328  —0,577  —0,3795  —0,l314  —0,1236 — —U,0904 
C4 about the hydrofoil profile can be as close to it as [88 


desired, while contour Co may be deformed toward the band 
O>y> -hg) we obtain an expression for the complex velo- 
city of the flow 


v(z) = v4(z) + vo(z), (III. 46) 


where tU D 4 TE 





- function which is analytical out- 
side the contour; 


vo(z) - function which is analytical with- 
in the band O » y » -h. 


Using the expressions (III.19) and (III.24) it is not 
difficult to obtain the expression for the complex velocity 
of the vortex source which is located at point h in the 
lower half-planei 


74 


ü . M Bsin A (z — E + 2i) — Bsink (2 — 0 p) 
If 77 77 SAM AGAM On 
0 
asy a Bees Ao (z — E + 2iho) — B cos Ao (2 — 6) (III.47) 
Vv o — Chê Ad, 


Assuming that B=v(%)dt and integrating along the con- 
tour C4 we can obtain 


I 


z — 0 + 2h, Y 


9, (z) = GE 





f -an sink (z — E + 2ih) y 
eae voh Ai, — X ch Ah, ^ 
a 


— COS Ào (2 — b + 2iho) 
"t vh, — ch! Adio e 


re Me sin A (z — t) 
tup pee» Vs Nig— A Sie 


—C, 


— ZEN 


Cos Ag (2 — 
area (III. 48) 


vho — ch? Aolto 


The expression (III.48) satisfies the conditions in 
our problem. AS was done in Chapter III, one may show that 
this is the only expression which satisfies these condi- 
tions. After simple transformations, function vo(z) may 


be written in terms of N. Ye. Kochin's functions: 


v, (2) = * = {| |n Ver" A 
0 
(v+ A)e~ m (42h) — qp yo iAH) O 
+ ae ag — i He 
— H (A) e^* + H (—4) ena = 


niv H (— A y eth 
~ 2 (vh — ch* Aio) [H (— Alle T 


ET H (Ao) g ^N) H (Ao) HH (— A9) enm. (III.49) 
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Forces acting on the contour are also calculated by 
S. A. Chaplygin's formulas. The lift and wave drag will 


be determined from formula (II.9). Determining jd 


and GEES the real and imaginary parts we obtain 


[156 
P= qu. — -$ case: (v A. e^t x 


x LB He E 
X — aish hh —Achih) | t 


Im [H (he) H (— Aalt 
TUR. — d TRA. t E 


Q ev IH (A9 pete 4 DI ho) pe^ —2 Re(H(H(—39] (III.51) 
"TT c — 


(III.50) 


Vitg — C 3 to 


Formula (III.51) may also be written in the form 


= — JAH (Ao) C li (= Àn) e Mn 
Let us examine the type of free surface far behind [90 


the hydrofoil. The asymptotic expression of the v(z) func- 
tion is in the form 


= Se — —EX 
i 2 (vA — ch? At) LH ( Aal e + 
+ H (Ao) g r2) — H (Ao) e^? — H (Ao) e^". 


From formula n= y Rev(z) we will easily find that when 
X — -æ Sinusoidal waves E in length are formed and their 
amplitude is 


h Adi 
E tog Uf o) eH (— ho) e^. (III.53) 


a = 
It may be determined that the total resistance of the 
hydrofoil is actually the wave drag only. By transforming 
formulas (III.32) and (III.53) we obtain formuia (III. 52). 
Let us determine the moment of hydrodynamic forces from 
formula (II.16). 


The total moment will be determined from the formuia 
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M, = — Wo Re[iT" (0) + @Re| a7 f [c9 —A) e? A. 
ie a 
À E "POR ka g NE — 
i Sebi Ru U GAB (—3) e^ H'(X)H()e ^ — 


—H'(-XH(-3)—H(— NH Mojja) — 


v e LI. ` , rx] 
— "Avi, cinch, (— Ao) H(-—Agle— 2% — H'(«) Heike — 
— H'(— xS H0) gor, (III.54) 
M. D. Khaskind considered special cases dealing with 


the problems of motion of a circular cylinder with circu- 
lation and elliptical cylinder without circulation. 


In the first approximation function H(A) for the cy- 
linder with radius R is determined from formula (II.22). 
Then we obtain 


qf? p ORT EE 
4n — —h)" Bb — AN ` 3(h, — AH 


P (v 4-A)e (T3 + Aneskbiaebh 24 (ho — h) + 
PES, | 
On 


P = Quol — 


+ ARTA ch 24 (ho — h) ! 
sh, —ÀAchÀh, 2 + BOR — (III.55) 


gvl” sh Aale — h) -+ 20A ,Rích Ao (ho — M. 


SS ch? A hio — vita (III. 56) 


The point of intersection of the resultant of the 
flow forces acting on the body with the Oy axis is deter- 
mined by the formula 


M 2x, R? 
wa R i+ PETRA TTO) 


For the elliptic cylinder without circulation M. D. 
Khaskind limited his calculations to determining the wave 
drag 





ch? 2o Ao (ho — R 
Q= Loge tE Diet da, ie Vat — P, (III.59) 
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where a and 8 are semi-axes of the ellipse, which are di- 
rected parallel to axes Ox and Oy. 


An interesting result follows from formula (III.59), 
i.e., for certain values of ho and, therefore, for a cer- 
tain velocity o< V għ, the wave drag is equal to zero. 
This will be the case when 


aVa—pias, k=l, 2, 


Sy - positive roots of the Bessel function J4(s). The 


first root of this function equals 3.832. Then, the first 
velocity at which the wave drag is equal to zero will be 
determined by the formula 


om 051 y EISE, MEI 


3.4. Effect of the Free Surface on Circulation of the 


Hydrofoil in a Fluid of Finite Depth. Motion of a 
Thin Hydrofoil 


As was the case with an infinite depth, the circula- 
tion l in the formulas for determining forces [(III.50), 
(III.51) and (III.54)] is an unknown quantity, the deter- 
mination of which is connected with the solution of a 
boundary problem for the shape of a cylinder and with sa- 
tisfying the N. Ye. Zhukovskiy-S. A. Chaplygin postulate. [92 
Let us present the solution of this problem. 


Generally, it will be analogous to the solution given 
in Chapter II. To determine function V4(z) let us use 
formula (II.29): 


3 l 
Lat, SZ dz = ZA [Raama u)e Me A 


(v -3)e7^ 
— (—A)G (—A, ale äi H (A) GQ, uje i — 


—H (&) G(—4,u) + H(—1)G(., a) |a — 


— Ih — cii.) UN (— ào) G (— Ao, u) ^. 
+ HO) GG — H ADG (— det) Dt Mën, — (11160) 
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d u 
P swat Leen e GAN G LA A] e 


-ua (r )e*- 8e (—. T) " 
E NEN 
X H (MG Lk: Saal A 2) Za? E, (IIT. 61) 


Then from formula (II.29) we obtain 





o (2) = a ae Uo + ET i A T Lam a Í E eng 
(v +à) e - 
+ Steak Mi, — kc e agg ECNO hue [93 


| —8 096. sief — HA)G(—d, u) + H (—3)G (à, ay | + 


ee f [reme( 7) rii S 
«(anani len ae, ZS lé 
— BO) da Ed )- 


y 
n (vh — ch? * 


—-e(. +))\a- 
x [H (— Ag) G (— Ag, u)e ^ ^ H (Ag) G (ng) e)" ^ — HO) G (— Ags) — 


—H (—*9) (wu) t — X 


a ) a 
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x [cioe (1. je eroe (he ) n — 
v RAN ole — Hr ug Kaal (III.62) 


In order to use condition (II.33) it is necessary to 
transform expression (III.62) for a given type of hydro- 
foil. Let us examine motion of the hydrofoil, obtained by 
means of the transforming function 


zu E. 


Functions G(A, u) and d ~) are determined from 


formulas (II.35) and (II.36). Then, from expression (III. 
62) we obtain 


pi las [7009 [ri mena 


H 
Ae hh - 
S — is ARA (H (— A) e 79 — Hg ^ — HA) ehh 4 


Dr. Mech iv ` Jo(Z.R) 
+ H(—Aje jat T i epi I Ch hn + 


+ H (hq) MF A) M+ RIA e VL + 
+ {+ ue f 1, (24R) i à) e 9n A 
0 


(v-9&^  , - 
+ ys Mi, CET ` Ha ON — 


—H Oe + H(—ajye™)) da — 


. dv  Jol2AR) 3 | = 
A it gg IA ea e 


— H (he) OM HL Age] + Cal {FHA 


=A 
* eui rag @ (73)B(—X uO + 


ENBA ue” — H 0) B(— ud 4- 
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[9^ 


+ H(—3)B(. 272 — o a * 
xIICC Al B (— A, u) e "979 i H (4) BO, u) 97 — 


— H (he) B(—Ag, u) e? + H (— ào) B (Ao u^ + 





dz 
x 
ai 





x £e | [ana -a T) ge A [95 
i 
rei (n Ellen. 


-u MB (a) 





—H MB a2 +H(—a)B Nau e| dh + 
+ iik asia | (798 ( 7h A 4 
+ H (^) B (E emaga (nE e + 


+ Rtl, Ea ndi! (III.63) 


Let us assume that ug = -R corresponds to an angular 


point. Then, at this point, condition (II.33) should be 
satisfied and from expression (III.63) will will find 


l = 4nR Im ka Lies [1t nem 4- 
; i 


(v +A) e | x A 
WË KH 0 C79 ee HQ) go. HOA 


= w J 
+ H(—Aje "las egg UE CH 77 + 
&HOgéh Fe H (-3 €. (III.64) 
With hg +o - ; 


_(v+A) oo Vth. ERE ee 
Tchih(vthAh —À) — och Alio ( vito ) 


ch? Ay, 


— 
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and we obtain formula (II.39) for the circulation value 
during the motion of a hydrofoil in a fluid of infinite 
depth. 


Let us obtain a functional equation for the function 


H(A). Multiplying expression (III.63) by e JD and inte- 
grating along the contour C4 we obtain: 


Hi) = E (IAR — HnRI, [od ze [14 2) x 
0 
X |n (—A) g Me. (v+ A — (H (— À) e c9 I: 


2 (v sh Ji, — A ch Aho) 
—H () e 79 — p () e^ + A(—-ye™| a + 


4 Vito — 8 
R (he) + BL A ea Gabi + 


(ve 


.1 et - 
4 qar | [FNNA n ANHI, q (v —À 
` ; 


x (HB —2) 0e 079 — H0) NO. p) e ^ — 


IR gi o FII gie x 
3 
p - > fa — 
x tani Leij AON Ae, p)e + 


+ H (ho) No De, p) erch — H Del No (— Ao ye? + 


+ H(— Noo, H er * za | |^ (—3) M(— V p) e 79 + 


(v4 g)e m AN. (A uen — 
— H(A) N, (— A, p) ea — H A) N, A, p) e — 


—H 0) M CA. pe + Bt AN, pea + 


ke, —B 1 


v 
+ Gah chikdi Cw NC 
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+ H Del Nr De p) e^ 079 — H Ao) Ni (— ho p) e^ A 
+ F (—39 N, (her B) en. (III.65) 


However, the co-factor yJ4 (20 R) is equal to the value 


of circulation in terms of c. Then, the functional equa- 
tion will be in the form 


H (p) = e [Jo (2HR) OG RU + 


1 f[z (v Aye 
+ tar | 79 Ne(— a, emt I CEA X 
x(H(—3) No(— p) eo 9 H0) NO. ui e — 
— HOI N (73 p) e^ + 
+ HMM We) | aM a x 
x (H (—A9 No (— Ae p) e 79 4. (— Ad No gs p) 79 — 
— H Del No (— Ae p) e^ + 


REM Noho. pe] + zs J| WN (A, p) eS A 


ST 
EL ee 


— H 0) N, A, pe H AN, (—A, p) 2^ + 
+ H(—3)N(C—5, nea + Bs — dE OV AD x 
X [H (— Ae) Ni (—5o p) ee A H (4) Ni De i) P7" — 
—H (he) M (ho p) M  H (73) 67^. (III.66) 


Solution of the functional equation gives the exact 
value of the H(u) function. Let us determine the approxi- 
mate value of function H(u) by using the first two terms 
in equation (III.66). In this case function H(u) will be 
determined in the following way: 


E 
D e CC Er (III.67) 


where 
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Mt —— — 
F = —2R (^mm caf S Ted, ET * 


! . 
x (€ nacn y aah 2a — LO (e 7 A 


A ehem — 


In determining function H(A) by using the complex ve- 
locity of the hydrofoil motion in an infinite flow, circu- 
lation f" will be determined from the formula 


Pe r(l—F) (III.68) 


For further computations, it is convenient to trans- 
form formulas. By taking into consideration the identity 


en i 
E = Z ("^^ M — 


e (III.68a) 


we can write 
| — £T v bMS D (poust 0M D NIS 
| | — 
Zë, a (1 — thae) 


A — Im [H (&) H (—A] 
x etm da rm UNSECH ` (ITI.69) 


For the N. Ye. Zhukovskiy —— 


T. 


P = go. — == ee + Ji anle g M79 A ef 


NET. Me El) cn rime | x 
x e, ei. s(t} di. (III.70) 
RU 


At this stage, computations with the aid of these 
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formulas do not present any difficulties. 


Introducing functions Apm(x) and By,(x) in the form 
of expressions 


Anm (x) = R fe ey, (AR) Ja. (AR) d, 


B, (x) = | effet) T^ 2AR) Ja (23) di (III.71) 
0 


— 
we obtain: 
pa ot — ER [Y [75 (t+ 7) 28] + 
+ Ay |-À + (^ +4) 2 — Agolh + 2 (k + 1 — 
— Anl —h + 2(&-4- 1] H- Aaf + 2khe) — Ao |; +2 (s + zl 3 — 
SE EE 
x Hl 5i 2 (k + 1) Rl + Be [—h + 2k + 2)] + 
+ Bu[— h + 2(& + 2), + Boo (+ h + 26) + By (f + 288.) — 
— Ba |f le e) |- 5a [1 cl * J^) (III.72) 
NO -7+ (4 epe 1) z|- 
— (i445) +afis (+4) nee AR 


^ tl) zk e X [paf-i +e+ 1) z|- 
T 


-a,|-5 
( 


SBa E + , m \|- 28, Jl A Ai 2B, |a + »4|- 


(e+ 2) | + Bu i 2:9 — [100 
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` ` lh 


—A uh) heh) 
— dai 2 D p eM, 


(III.73) 


Functions Agg(x) may be represented by the expansions 
in powers of the parameter: 


= 8 OO (— 1)'2sl (s +a)! 
A = 2n--1 
E A H st st si sl (n —3s) 2°" ’ 


(III.74) 


y= Mex Yi s+ tat in 
ei ` epi Ge ING + D a e gr 22? 


a= ery (-)'Gs)G-a-2 
Ze. : sl (s + 1)! (s + 1)! (s + 2)! (n—3)! 27^ 


These expansions converge rapidly and for practical 
purposes it is sufficient to use a few terms only (no more 
than three): 


Functions Bng(x) may be represented in the form 


Ban "een ern ee arenas 





(m + s)! (n+ gl ms) (ks)! 27t” 
Aal 
where - 
ran oo 
= me. a ua + 1) , 
à 8 13 th ua du; 
7 u 
0 2 

a = 2r, (A, +h), 0, = - e 
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Let us examine a motion at the supercritical velocity. 
Function Fp may be approximately determined by approximat- 


ing th ua within the intervals 0 «0u« 1,5 thua- ua — (ua? + 


Ar bf and Wu — 18 thua=1, We obtain: 
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4 y e (Ys 8) ea (Sy + [102 


+E, LS (m) + A (III.75) 


The series in expression (III.75) converge rapidly 
and, for practical purposes, it is sufficient to retain 
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two terms in each series: 


F = — 2[Ag, (hı) — Agi(h + 24) — Ap: (h) + Ags (2h + hy) + 
+ 24g thy + h) — 2A, [2 (hi + DI + Aoi (35, + 2h) — Ay (34 + 
4h) — Ag (3h --25,) + As ( 4h -35,)] -24,[3(8, 4-8)] AAL EL 
— > (Bor ( + 2h) — Ba (27 + 35.) + Bu Ñ) — By (A + A) — 
Ng 2Bor (hı + h) + 2Ba [2 (Ay + KU + Boi (35 + 4h.) — 
— Ba (4h + 5h.) + Ba (8h + 2h) — Bos (4h + 34) — 
— Dë [3 (s tU + 28,14 + EA. (III. 76) 


For carrying out the approximate computations we may, 
for functions Ag4(x) and Wu assume the following: 





Ay G) e qu e. By @) = pte et + 
i _ 18 L5 W815) _ 
Lë "IW SQ _ |S 
-ghee * Ge * Se a Mm. a Jta |+ 


(III.77) 


By taking into account only two terms of the expres- 
sion for a hydrofoil section, we have, in the first approx- 
imation, with Fr — æ, the following: 


Fab — Tt), 
4h? + 1 — 2h, t; = V 4h; + 1 — Qh. 


(III. 78) 


To illustrate the effect of shallow water on the 
hydrofoil lifting force, Figure 11 shows curves for the 
relationships y = f(hg, h), which were determined from 


formulas (III.68) and (III.76). 


With Fr, => œ, the problem of the hydrofoil motion in 
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Fig. 11 






















a fluid of finite depth may be solved by the approximate 


method discussed in Chapter II. With Fry, > œ», the boundary 


condition on the free surface is simplified and is in the 


form 
Py = 0 (III.79) 
or 9 = const when y = O. 


A function, which has special points in a band O » 
> y > -h and satisfies boundary conditions (III.79), may 
be easily obtained with the aid of specular reflections. 
Let us illustrate this by considering vortex moving with 
a circulation P and located at a point [o = -ih. 


The complex potential of the vortex will be sought in 
the form 


F (z) = 





xq Jn (2 + th) + F (2), 


where F(z) is a function, analytical within the band 0 > 
> y > sch, 


In order to satisfy boundary condition (III.1) it is 
necessary to place a vortex with an intensity -l' ata 
point £ = -i(hg + h4) and, to satisfy the condition (III. 


79), a vortex with an intensity l should be placed at a 
point y - ih. 


In order to satisfy these boundary conditions caused 
by the imaginary vortexes it is necessary to place, at the 
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appropriate points, the imaginary vortexes which are tne 
specular reflections of the former imaginary vortexes. 

In that way function F(z) may be determined as a charac- 
teristic function of an infinite chain of imaginary vor- 
texes. By determining function F(z) in this way we obtain 


F (2 = V gy ine + t+ i + sar (ile — th — ie ge 
kel est) 


+ Inf[z + i (h + 2) + ikt] —In[z —i (n — 2h,) — ikt) — 
— In[z + i (3h + 2h,) + ikt] — In {z — i(3h + 2h.) — (KL 
— In[z + i (3^ + 4h) — ikt) + In [z — i (3^ + rhy) — ikt)}. 


Then, the complex velocity of the vortex in a fluid 
of finite depth may be written in the form 


er oe S V coins 
Pu E E 


Eet 


l 1 
MES EC J RER "——Ó 


— CET IGh T Ih) + ikl] [zt (Gh z 3h) — ike) T 


l 


l 
x z F i GA + 4h) F iR] * [z—— ER EC SESCH (III.80) 


This expression may be written in a simplified form with 
the aid of the hyperbolic functions, using the following 
representation: 


1 E 1. 

chen +e) eae 
v()- zi (e ser") 4 ctt ECH _ 

m niz- iO RUE oth c eG È (III.81) 


The force of the flow may be determined from the for- [105 


p- er (v -yr | ca 7- — euam II 


mula 
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or 
— (III.82) 
th, sin | 


For Fry = æ the expression (III.82) may be transformed 


into the form of (III.21). In the same way, we obtain for 


the source 
1 


-l| ey 
ES CH [27--À -F (E 3-10] —— 


E | 
zh — + ike] 


— [z—i(h + 2h.) — ikt) NEP ee 


— (111.83) 


Determining the complex velocity by the first approx- 
imation we obtain 


` Ge (Ié | ` Ge DÉI 
a0 ar Y iz: 2—C+ ikl WK z—t—iM — 


_ Us. (t) dt B uo (t) dt E 
2—E + Lh + 2h, + k zih + 2h, + Al) 


el Ves (t) dt ENNIO AN 
2—C+i(Qh+ 2 +k) — | 2 Ei (2h + 2h + ki) 


Gan Ié 5 Dea (D dE 
d CET 4- LR + 4h, CH -H ht) " (z—t-i( 4 yr | (III. 84) 


from which, using formula (II. 69), we obtain for the lift- 
ing force [103] 


eo Ee l 
mee] nm den mé 
0 


tuscan (Se M -e« ) |an (111.85) 
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Let us examine the motion of a cylinder with radius 


R and circulation along the contour. Function H(A) will 


be determined from formula (II.66). 


From formula (III.85) we obtain after transformations 


P = guf — Wa a RT ZS (2 7 


ls lb EM ut EMIL m 


sl, Zi (a, Za D (3, — «(s rS). (111.86) 


where f(z, g)= ebe - zeta-Rieman function [23]. Below 








nem 
are the final results for several hydrofoil shapes. 





Thin plate: 
Aou P = mum | -5 2 
he P. ] — 4xsina,A, A;; (111.87) 
l = 
A, 4V In are F,(h MI En 1( 1) + 


Morse 

i RF 
bf. — 
— Fh) + reas ull ) + 


. ah + 2 _ ki 
+d V2V 1 8 + kis J dk 


— 4h, + 2kf (h + LAT BET TTE 
VIVi + 2(2ho+ kt)? ` HAV 142th IYICGAIÁXR 


| (III.88) 





x F(—h + +) — 
(- i. (III.89) 
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In the first approximation, A4 and A2 are determined 
from the following formulas: 


lo I - l : 
A, = ———— eme Pih) tL F 
aye part van] 
(III.90) 


A, = E A gy. F, (h) . 
V2 Vài Vë Vast 


It is not difficult to note that when determining the 


relative circulation using formula (III.68), formulas 
(III.68) and (III.87) yield similar results. 


Thin hydrofoil section: 


is 4n sin (a, + a) A gc ; (III.91) 


Yz cos Gy 


N. Ye. Zhukovskiy's hydrofoil: 


4n sin | l ô 
uui A A AI. 38 


LI Kò e, (—K)ô pa 


CH Ke Em 
* F. h ANC P 
+d [2 (2h + ki + 1 ( ME ) 


— 
(2 (2h, + Af)? + 1 P7? Pal ho + 2 


Kô 3 
GEET {M+ * 
——d-05 -— (— SI 
CC Ea pie a . (111. 93) 


Approximately 


"PE k S (1 —&) 2 
place Eil, (rre 


Using the expansions in powers of parameter T, we ob- 


tain in the first approximation 


3 
Ya = 1 — sin (a, + a) (t + 1) — SEA LE ie — 
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A 
te (?cü-—EW. (III.95) 


where +t, = V 4h? + 1 — 2h). 


In formulas Fe e El Seiren and Fateh = F(Z 


E ear) are the hypergeometric functions. 
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CHAPTER IV. INTERACTION OF HYDROFOILS [109 
IN A PLANE-PARALLEL FLOW 


The problem concerning the interaction of hydrofoils 

is of interest, first of all, from the point of view of 
wave drag, since with the improper arrangement of hydro- 
foils in the system, the system wave drag may become greater 
than the total wave drag of individual hydrofoils in the 
System, while with a proper arrangement it may be consider- 
ably lower. At certain distances between hydrofoils pul- 
ling forces acting on individual hydrofoils may be produced, 
and, as a result, the total wave drag will be minimum. In 
addition, simultaneously with the change in wave drag, the 
lifting force of the system also changes considerably. An 
approximate solution of the problem concerning the inter- 
action of two thin hydrofoils of infinite span is given by 
W. H. Isay [194]. 


In this chapter the general problem of the steady mo- 
tion of a system of hydrofoils with an infinite span and 
arbitrary profile is examined. 


4.1. Lifting Force and Wave Drag of a Hydrofoil System 
in a Fluid of Infinite Depth 


Let us examine the steady-velocity motion (vg) of a 


System consisting of n hydrofoils submerged under a free 
surface. Let us denote the distance between the conformal 
center of gravity of a hydrofoil and the non-disturbed 
free surface by hj and the distance between the conformal 


centers of gravity of the i-th and j-th hydrofoils by L;.:. 
For determining the characteristic function and com- 
plex velocity of the flow we will use boundary conditions 


(I.1) and (2) and the condition describing absence of dis- 
turbances in front of the system (33). 


Let us take a point z in the lower half-plane and 
draw two contours C4, and C2, in such a way that point z 
would be located outside of contour C4, and inside contour (110 
C2;. Contour C2, may be changed into a contour which 


would fully envelop the lower half-plane that does not 
contain any other contours for other hydrofoils in the 
System. Then, for the complex velocity of the flow we as- 
sume the following expression: 


v(z) = v4(z) + v2(z), 
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where v,(z) - the analytical function outside the C4, con- 


tour; 

v2(2) - the analytical function within the C2, con- 

tour. 

Introducing functions vi;(z), which are analytical 
outside contours Ci;, Cij, and v54(2), which are analyti- 
cal in the lower half-plane, one may write the expression 
for the complex velocity in the form 

v (2) = Ga (2) + v, (2) "Pass + v, (2) + Og; (2) + Ug; (2) +... + Oz, (2). (IV.1) 


From the expression for the complex velocity of the 
vortex source under the free surface, which satisfies 
boundary condition (I.1), we will obtain the following 








e, 4 
"6 = sz | oO a (IV .2) 
Cj 
| este T UN E 
sn o gg | Or] tes jy dA — avee | dt. (1V.2) 
i 5 | 
Let us write function Halil as follows 
"de Leeds (IV.&4) 
J 


where 6, = Li — ihi. 


Then, after computations with the aid of (IV.2), (IV.3) 
and (IV.4), we obtain 


(PQ; = qu, — p apy fi H, 02H A) wd) x — ~ d T 


Min HEPC A) H Cx) ol e$ (0H. 


[wi j 


from which, by separating the real and imaginary parts, 
it is easy to obtain the expression for the lifting force 
magnitude and wave drag of the hydrofoil: 





Pow, SH (ur, Hj) ell Hy Oy EN = 


GR 
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A ’ œ Signth,—hy) 
+ ) [Hy N Hp (— 4) — 1,09 H; (914. | — 


udo: ) Mi (v) H, (v) — H, (9) H, Al (IV. 5 ) 


q= ous, (0 H5, (9) + H7 (9) H7, ()] — 


iwl 
— Ke 02 Hy, 0) — He) He ANE an + 


f ES Sign (hh) 
+ y (5,0) H5, (—5) + HA H,(—3)dX, —— (IV.6) 


imj 


where Hji and Hj; are real and imaginary parts of the 
Hij(à) function and the sign ' at the L symbol indicates 
that the summation contains no i = j terms. 

From formulas (IV.5) and (IV.6) it is easy to obtain 
the formulas for P and Q for an isolated hydrofoil moving 
under a free surface. 


The profile of the waves formed during the motion of 
a hydrofoil system we determine from formula (I.20): 


Let us examine the shape of waves far ahead and far 
behind the moving system. 


From formula (IV.2) it follows: 


n A 
lim V ou (x) 220, lim Y ga (x) = 0, 
Së [enl iml 


n R 
lim V ey (x) es —2lv V. H Avje 7o, 
4 a ( ) = = i j 


Then, for the shape of the free surface 


imj 
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or 


voc D inte) + Hz, (v) cos v (x — LA (1.7) 


Condition nz O determines a system during the motion 
of which the free surface remains horizontal at infinity 
ahead and behind the system. The total wave drag of this 
System is equal to zero and such a system is the most ad- 
vantageous system. 


The particular optimum of a system with the change of 
a number of parameters will be determined by the condition 


=O, (IV.8) 


where A - amplitude of the waves formed; 
x; - i-th variable parameter. 


As an example of the application of formulas (IV.5) 
and (IV.6) let us examine the problem of motion of two cyl- 
inders with radii R4 and R2, the depths of submergence h4 


and ho, and circulations ry and l2. 


Using the complex velocity of the cylinder motion in 
an infinite flow determined by formula (IV.^) we obtain 
Hy, (A) = e (T, + 220AR1; 
H A) = e (T, + 2x9 R2); 
H(A) = een (T + 2x6 RH 
Hj DU = ei (T. +. 2x9 R2). (1V.9) 
Let us examine a case when h4 « ho. Then, formulas 
(8) and (9) will acquire the form 


: À 
ned e | (MHA) + Hu Hi’, (A) | E E 





= f H, (—MA,, () ol — vol ,, (9) H; (v). (1V.10) 
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Q, = vel H, (9) + Hy, (9) Hs, (9) J Hay d + 


+e J H AH (—A) da, 


P, = qu I, = * i} 


el Hy, (X) H^, LAM | — veli, Il, (v), 











Q = vot 9) + Ha, (9H; en— 3 | Ha aO yd 


+ oe | Hn) H4(73 d. 


After performing calculations we obtain: 


Ke TA, C2 es TRE En — 482) 
PELA EN 
AmPPRIRHGA DA — 8h) ao 
+ T+ ah — 7—* 
Qu, (L,R? — PR?) (L — a?) 4nQu2R? R1 (3aL? — a’) 
AE — = (La + oe 


Sd v [x een DT, + v (200 jo L Zeta + 
+ 4n2v292R?R2] Re (Cib — i Sib) ent — 
duha (TRE + PR? + 2no, RR] 4ny2R! 2 iL — 4h? | 
7 — 4 (Az, + L?) + — oF ; 
Q, = -Q 4- en, T L ARO hepk T R + DR?) 
etaa At (a 0 
Anqu2R?Ri(LI—12h2L) oF TL 


(L? +- 4&2 On (G+ ` 
Zog, (TR? —T,R))  4nqu2R2R?(L3 — 3a?L) 
(B+ — (Drap 
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(IV.11) 


(IV.12) 


(IV.13) 


(IV.14) 


[113 


[114 


n [- L morr, + 2aveg (IRE + T,RD + AxvjRIRIIX 


x Im (Cib + Sib) e-^t4- DES RO um 


Lengt 
tT EE]. (IV.15) 


P =P. ° ef T f, QU, (D, R$ + PRD (* — AN) 
a t Daap o5 
ee EL 91. d'Ee 


BEAP eA 
gu, (TR? —T RI US. a — 4xqoiRHRI (SaL — a’) 
00 (Drap  — Een — 


+ vQ lene (TP, + 2xvo, (PR? + L,R?) + deit R2] X 
x | 2 sin vL + I Re (Cib — i Sib) erh: 


(L R3 + T RI) + Zeen RIR] Ap, 
— 


An RIR? (L2 — 4h23. x 
ch vars Se fz (IV.16) 
- EI ` 4o, TIRE + TRO 
m— MI) —— (AME 7 
Lagu — Rn. ti | Sae T, RI — TRO 
— — aD t eren t 


4nqu?R?R? (L3 — 
(L? + a3)? 


+ dengt ee [2 2cos vL — È Im (Cib — i Sif) ec |- 


3a?L 
vole CH eck 22vo, (RIT, RAA [115 


EE age, 1 mus 


(ha hin ~ (42, LA? 1 


where Cib and Sib are the integral cosine and sine; b = L + 
+ iZhop; a = hy - ho. 
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As seen from the formulas obtained, an additional cyl- 
inder in the flow causes changes in the lifting force and 
drag. It is easy to note that at long distances between 
the cylinders, forces acting on the front cylinder will 
differ little from those acting on the isolated cylinder, 
while those acting on the rear cylinder will depend con- 
siderably on the value of vL. 


For the total wave drag of the system 


YQ = Den + Dn + 2voe PT T, + 2xvo, (T R + TRA + 
+ Anv% RR? cos vL. (1V.18) 
From formula (1V.18) it is easy to obtain the values 


of practical and impractical distances between the cylin- 
ders. 


With vL = Z and ! the wave drag will be maximum. 


: T. 3 
With ve and 9?" T Q =R io + Ruo 


and with vL=n and 3r, EQ < Qie + Q,. 


For cylinders with equal radii and circulations for- 
mula (IV.18) will acquire the form 


YQ = 20. (1 + cos vL). 


From this formula it follows that with vL = 2n and r, 
Q = 4Q,, and with vL = 7 and Jr, H = 0. 


The P5 values in formulas (IV.5) and (IV.6) depend on 


the submergence and position of the hydrofoil in the sys- 
tem. These values are determined from the condition of 
finiteness of the flow velocity at the trailing edge. 


Let us present an expression for the complex velocity 
v(z) which satisfies the condition of the hydrofoil's con- 
tour. 


Let us map conformally the shape of the contour r} on 


the circle with radius R in such a way that the infinitely 
distant point in plane z would change into an infinitely 


r ü Wi Y l 


distant point in plane u and that vy = 
fu oo 
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Boundary condition (2) may be written in the form [116 


in| 5 CLP) ale: =0 (IV.19) 


iml 


Re e = =— Re Ki (2) + Y Ba (2) — ale 


fas! imt 


or 


From formula of Schwarz, which determines the analyt- 
ical function outside the circle by means of its real part 
on the circle, we obtain the following expression: 


oy (@) Zu =— -«J YY extn + You): 


iml 


dz dz -|u + odo 
aap oy (2). EE ES eo. 


ixi ` ` imi 








which after transformations can be written in the form 





* 0, (2) + Y v 2)— 0 
— imt dz + 
UN" du — 2x o—u 
K 
e Y v (2) + Y; v, (2) —* 
T "mw ke 
k ` u 


Functions v2i(z) may be expressed through functions 
Hi 5(X)1 
v, (2) = 25 (eon, et 2 = dh 4 ive Hy 75. (IV.21) 
0 





Introducing functions e ke u) we obtain: 


(2 dz lagen dÄ — WE 
0 
y 








A g — u 

8 + ivG, (v, u) Har) (IV.22) 

v, 6) - 1 R? EE 

SC | ums) (^ zi [117 
ki u d 
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EU a) Huh (IV.23) 











SEE eo Sign (r-Ag 
Jeans Sté dee (IV. 24) 
R — (hhi) 
v) l 
| u m dz = = | Ha (7) A (IV.25) 
g — = . 
: u 


Then, taking into account expressions (IV.22)-(IV.25), we 
obtain from (IV.20) 


Ci 


du _R 
y= Ze |— Vet Dag +o + 








p ss E) (gioun, u) + HO (^. x) [ie d 


iml 


i n — — IS 
HTD, | | 4799.9. u) + — — — — 


sé lan u) Hi vj — SG, (v zl Hu) | . (IV.26) 


[em] 





This is the n»rincipal expression used in determining 
the velocity circulation along the contour of the j-th 
hydrofoil and will be used for these purposes below. 


4.2. Motion of Two Hydrofoils Under the Free Surface of 
a Fluid 


From the general formulas for forces acting on hydro- 
foils we obtain: 


o5 
P, = Qul, — 2a [iratis an 





-i | ur, 69H A) + RM Dn [118 
d 
eo Sigu (h,—^h) 
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+ ve H5, (9) H5, (v) — Ru (0) Ba Oe (IV.27) 
Q, = velt, (9) Hu (v) + Aa) H, (v) +L Hu (9) P+ 


eo Sign (hr-—-hi) 


—2 | ARC (A) Hi, (~A) + Hi, 09 H5, (A) d. (IV.28) 
í 





e A 
EEN, tra 
0 


-4 fi (Hz, 09 Hrs 8) + Ha Hig (— Me — 
0 


eo Sign (hh) . 
* [H'a 7 9) Ha (à) — Hi, C7 M Hz, Gét 


0 


+ wëll Hig (9) — Ha (9) Hi (WM) (IV.29) 
Q, = vel, (v) H3 (x) + Hj, (9) Hy (v) + | Mn (v) + 


leg: 10) 00 d.— 
9 


«o Sign (ts—hi) 
E | [Hz (— A) Hyg 8) + Hig (A) Hig 091 dh, (1V.30) 
i 


where Py - lifting force on the i-th hydrofoil; 
Qi - wave drag on the i-th hydrofoil; 
E. 


Muri 
Vo - velocity of the hydrofoil. 


Function Hij should be determined from the formula 


Hy (A) Si zn eg "v (2) dz, ( IV. 31 ) 


where f(z) is the transforming function. 


Let us examine hydrofoils obtained with the aid of 
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the transforming function by N. Ye. Zhukovskiy: 


Ha =2+ 2. 


Let us determine function Hy yO) in the first approx- 


imation using the complex velocity of motion of the i-th 
hydrofoil in an infinite fluid. 


Hy (A) = € "TS Us (24R,) — U,(2XR)I 
Hal = € "T, Ha (24Ra) — id; (RA 
Hy D € Me T, US AR) — iJ, (ARI T (1V.22) 
Hy (A) 6 I * DT [Jo (2AR,) —, (AR 
where Jo(x), J4(x) - Bessel functions; 
lin - circulation at the i-th hydrofoil 
moving under the free surface. 


From formulas (IV.27)-(IV.32) we obtain: 


= quel, — Te EIS Ao (R) + Au (R) —2¥R, [Boo (R) + Bu (R21) — 


Tiel 
— + Gor— Gig + Du—2vR, (Foo + Por — Buet EA4t 


+ 2vnR, (Lis + Mu — Noo — La) + Doo (a) + Ga (a) — 
— Gy (a) + DA al (1V.33) 


P, = ool, RD ? | Aoo (Ra) + Au (R) — 2V R, [Bo (Ra) + Bu Ral} — 
-U 





[Deo + Gor — Gio + Diu — Ze lw r Pa — Pro + Fu) + 
2 Zen, (— L, — Nu — Nio t Lu) + Da (--a) — Gio — 
— (— a) + Ga (— a) + Du (@)), (IV.34) 
Q= Qio t eet (— Dio — Gy, — Gog + Dat 2vnR, (Lot Na — 


—N o + Loy) 4- Goo (a) — Da (a) + Dio (a) + Gu (a)] + 
+ 2vR, (Fio + P3, + Pio — Pall (IV.35) 





Dr 
Q, = Q,, + ER —— — Die + Gu + Goo — Dn — 2vR, (Fio + Pu + 


+ — Zuch: (Los + No, — Nuet Lu) — 


— Goo (—a) + Do, — Dio (— a) — 6, (— 2). (IV. 36) 


where 
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Ann (R) = Rif AAJ? (24Rj) dh: (IV.37) 
9 


By (R) = | ey 0M RAP (IV.38) 
Du = RII (ARD J, (PAR) dh; | (IV.39) 
Gy = R | PAR) JAAR, sind Lu (IV.40) 


| - 

Bee f e 07s] De A RJ J [2v (1—A)R,] cos v(I—ÀA)L 2S (v. M) 
l 

Py = | emma, [2v (1 — A Ri Jy (2v (1—A) Rel x 


-J 


xsinv(1—A) LS (v.42) 
Nam = Jn QR) Jn (2VR,) sin vL; | (IV.43) 
Lam = Jn (2VR,) Jm (2¥R,) cos vL; : 


hep = at Oe 


Functions Di;(a) Dij(-a) and Gij(a) Gij(-a) will be 


also determined from formulas (IV.39) and (IV.40), in which 
2hep Should be replaced by ta = hy - hg and the infinite [121 


limit multiplied by Sign(hj - hi). 


Let us show that functions Fij and Pij may be repre- 
sented in the form 


Bum Nat Ref, (v, 2h, — iL), 
Pym —L nt "AP (v, 2h., — iL) 
and that function Lis 2h. — iL) D when +L—+ o. 


(D, ht) 


Let us examine the integral 


| 
J= ( gine pov (1 — A) Ril Jo [2v(1 — 3) RI. 


59 
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We obtain 
ReJ = Fo, ImJ = Pry. 


let us represent the product of the Bessel functions 
in the form [25 


Jo (51) Jo (5) = -X ratoa PE (2) (2)" 


Then 
QNIN CC D'PRPRE— C ooo nat (1 — MT? 
d KEES | ' ddr una 
|| 
PNE — | eU (hep — tL) — uy ^ dis 
mm j 5 77a 67 
— _ [Ly 
— "ben [v (2h, —iL)] x (2h — iL) 
Lo) mx mı (2) — (m— 9) U 
VOhep IL) 
Fy (x) = xe | 7 du — xe-1 — Mae — 
—21:0——,,. — (m — UN ; (IV. 85) 
Kee er | [122 
| y dà = CiI— v (L+i2hep)] + Si [— (L+ (2htep)] = 
= Ci [v (L + i2h4)] — iSi (v (L+ Qhey)}] — in | 
Then 
8 1X1 (EIS Hr rte Zeep T 
i Mesi 
520 0 
` I2(s-- e) — 1I (IV. A6) 
[v (Zhe — iL)” " 


from which we obtain 


Im / = — Sa + Im foo (v, 25, — iL); 
Re/ = pa + Re foo (v, 2A — iL); 
— (— 1) FP RI RIP de Tee eil 
I (Phe — iL) =} $ mmm —* 
: Semi Geff 


X [Ci (v (L+ 20h3)] (ër Dill — mr — x: 


— ` 264 p- II 
bp sume] (IV.47) 


The other relationships (IV.44) are obtained similar- 


ly. Functions /,4,(v2h,—iL) will be determined by the for- 
mula | 


In NNNM Ry vy n em og mh 
fnm (Vs 2h, tL) SE slp! (n + s)! (m + eil [v (hn — iL)” ^ 


X II v (L+ 2i.) —i Si v (2ihe + L)) [v (Zhe — tL) POT? — 
— [v (254 — iL) POT! — (2 (s + p) UI (IV.48) 


Taking into account relations (IV.44+), formulas 
(IV.33)- (IV. wën e be in the form 


P, = qu, — Gef 4o (Ry) + Au (Ri) — 29R, LB ae (R) + 


+ Bj (ROU — WE (Doo + Go, — Gio + Du — 


— 2vR, [Re foo (v, Zb — iL) T Im for (v, 2hep — iL) — 
SCH Im fio (v, dh — iL) + Re fir (v; 2h — iL) + Doo (a) + 
" G (a) — Gio (a) — D (a))}; (IV.49) 


P, = gol’, E CO > [Aw (Ry) + Ay (R) — 2vR, [Bo (Ry) + 


r 
+ By (Rl) on D + Gor — Gio + Du — 


— 2vR, [Re foo (v, Zb — iL) + Im fo, (v, 254 — iL) — 
— Im fio (v, Zb — iL) + Re fu (v, 2h — iL) — 4vn (Lio + Nu — 
— Noo — La)] + Doo (— a) — Gy (— 2) + Ga (—2)4-Du(— a); (IV. 50) 


lir 
Q 7 = Qe + HSH (— Dio + Gu — Goo + De + 
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+ 2vR, [Re fio (v, 2h — iL) + Im ba (v, Zon — iL) + 
+ Im foo (v, 2h — iL) — Re for (v, 2h — £L) + Go (a) — 
— Da (a) + Dio (a) + Gy (2)]]; 


Q, = Q,, + Sore (Du + Gu + Geo — Da, — 


— 2vR, {Re fio (v, "^ iL) + Im f; (v, 2h — tL) + 





+ Im foo (v, Zb — iL) — Re far (v, 25e — iL) + AxvR, (Leo + No, + 


+ Lu—N 1e) —G(—a) t Da(—a)—D;4(—a)—G,(—2a)1]. 


Let us determine the values of circulation l4 and f2 


at the front and rear hydrofoils. 


From expression (iV.26) we obtain 


v, RI 


On (2) = | — oot BS — ls | [aaa u) + 
Q 





+ 22a A [6.9 Hu (»)— 


KCK LÉI, e| t a ej [Ha 096,0. 2) u) + 


Baue, ÉIS? T 


Sign (ee) 


+q [| ———— on faa, A Kl 
8 
Al 


— a u) Hg (v) — = Bel, R) Hy e]: 


OR; 


oa (2) = — 9» r t 





d) + 





Ay y 


€ À — y 


di kA u) + & Sal 
. 


GEM Ga (v, u) Ays (v) — So Lë Da e| + 
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(IV. 51) 


(1V.52) 


(IV. 53) 
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+a || i Hy (A) G (A, u) + R Hg 096 (^ Di dh + 


"E 


(IV. 54) 


(eh) 


eo Sigo 
t | | 
4 


Functions G, (A, u), G (=) 
(II.35) and (II.36). Then, from (IV.54) we obtain 


e A 
El EE M ILS dA 


en Sign 0. —^ 
d + f Ha (—X) Jax 


[Hat 2G u) tus —X MO, (à 


— 





on le (v, u) Ais ()—— n fe? Hy mji. 


are determined from formulas 





X (DAR) e dA — 22ive-^4 9(2VR,) (Hu (v) + Hg (v)) | 4 


^ 
ae (Paone, * SE 





«f Ha 04 AR) Ta. + 
eo Sign (h,—h) 
4 ( Hag (— 2) Jo (24R,) edh) + Zuele (2VR,) X 


! rj. 
x (Hy (9) + nl + si T 
[zo u) Hu (—A) + TOSE 


u 


[125 


+ Tm A. F) (Ha A) + Hu um er. , d 4. 


E ZEE Glatz Hu (B, Sta (1.55) 


On = Se |- H s (| rae ane CH A [126 


es Sign (Ashi) 
A LZ AJAR) EY a. + Ha (—3)44X 


D ` 


x (24R,) ed |— 2nive-MJ, (ZAR) (Ha (9) + Hy (v)) | + 





Y Zi + ell Ha (A) — emt Td. ER 
f à eo Siga eh) 
d HQ) Jo (AR) J— T d + ) Hu (— A) Sox 


0 


r 


DEI eds | + Drive (PAR) (a (9) + Ha (9) + saz} 





+? Sign (hıh) 


+ GC B, (^, u) Hy(—A)+ 





TH + > sa i) [Hag (A) + Hn (A)] * 





(Ha 07+ Hatt Ba(v, u) — (Hn (9) + 


+ Hac B ( v. ^) el (rt. 56) 
H 


Assuming that conditions of the Zhukovskiy-Chaplygin 
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postulate are satisfied at points uq = -R4 and u2 = -R2, 
from expressions (IV.55) and (IV.56) we obtain a system 
of equations for determining P4 and P2: 


T, = 4R, Im 





vo + = a Ti [a0 Jo PAR er fe E di + 


0 


+ In (A) Jo (DR) e 237 a. A Ha(—4)4X 


I4 z3 4nR, Im 





vo + &| [ronment d + 
0 


eo Sign (wu!) 


dA + | Hy (— À) Jox 





+ (Hamar 717 


0 
x (2A Ry) e^ dA — 21ive7 JV (ARA) (Ha (v) + Aig ol i 


Let us write a system of functional equations for de- 
termining functions H;;(A). According to (1.31) 


Hy; (À) = e™ Hu (à). 


Then, in the usual way, from expressions (IV.55) and (IV.56) 
we obtain: 


Hy (p) = ECH i [Jo QuR,) — iJ, (Qu RJ] + 


dat 


es Sign DA 
i | 


| (etH a (— A) Noi (s p) + Hg (— A) e^t, x 


x (À, p)] dà+ ) (Noa (hy p) leas A) + Hu 0)1 + Nu s p) x 


X {AnH (A) + Bu DI 255 dÀ + a Ia (% BH) X 
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X (e™tuH (v) + Hu (9) — Nu (v B) (e An H a (S) + Hac l (IV.58) [128 


Hy (p) = e^» K [Yo (2uR) — J, (2uR] + 


co Sign (heh) 
-+ zs] (eH, (—A) Nos Da p) + Hu (— A) ALN, x 
x0 lä? Ia, p lataka 0) + a] + 

ò 


+ Na ple a (A) Ha AI) 5573 | + [we ix 





v 
x (e Ataf, (v) + H : (v) —N ü (v, p) (e^o Ha, (v) + H3, e| : 


wher 
i Na D, p) = e" ( e^ ""*B (4, u) dz; 


Cj 


` 


Nu s p) = et y gig bh, =) dz. 
| CH TS 


Let us determine approximately Bail by two methods, 
as was done earlier: 


Hu (p) eT S Jo (2BR,) — V, (ER); 
H (9) = ZT [Jo (2BR,) — i, (2pR,)]. 
In the first case the system of equations degenerates 
into two formulas for determining M5: 
T, = 4xR, (sina — Pie 4 (R Dep | 
1 1 degt du ZK o; (R) + 
T» Ga — D, 
Tai 00 — Do, — 2v (Poo — Pal + Goo (a) — Da (a)) — 


— eT (Gab — Dag (Loo + Nw) (IV.59) 


T,  4nR, {sin a, — 5 Ag (R) 4- v De Bo, (RJ) + [129 
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ne 


+ =! [— Gog — Da — 2v (Poo + F) — Gyo (— a) — Dye (a)i — 


— e T oY? (VR) — Duech La — Nie) (IV. 60) 
or, taking into account relations (IV.44), 
T, = Fræ | — 2Aa (Ri) + de, Ba, (R1) — Anv RAS (QR, e+ 


FIRES = [Gy — De — 2v (Im fon (v. 2h, — iL) — 


= m Dep — iL) + Goa (a) — Dor (ay). (IV.61) 


l = lw hı — 24s (Ra) + Rn (Ra) — Anv (RA Gud e^ A 


lie 


+ 2Ra hoo Aalt 2R, D» =(—Goo—Diot 2v (im foo (v. 2h, —iL)4- 


+ Refio (Y, Zb — iL) La (74 — Dyo(—ay}}. (1V.62) 


In the second case we arrive at the system of two al- 
gebraic equations, the solution of which is in the form 


h 7 TF) FT RAR' (1v.63) 


(1 + E Vee—Tiefs 
l= (EF F)— EE, (IV. 64) 
where 


F, = 2A,,(R,) —AvRjB,, (R) + doe (VR) 77", | = 1,2 
Fy = — 2R, [Go — Dor — 2v (Im foo (v, 2f. — iL) — 
— Re for (V, Zb — iL) + Gus (a) — Du; Gil, 
Fy = —2R,[— Goo — Dio + 2v (im foo (v, Ze — iL) + 
+ Re fio (V, Zen — iL))—G, (— a) — D, (— a) — 4n v (Lys .— N o)l. 
The combination A44(Rj) —2vRjB,, LR, is determined in the 
form of a series with respect to powers of parameter 
goes Y 4h,+ 1—2h, from formulas (II.56) and (11.58). Functions [130 
Doum and Gym may also be determined in the form of the ex- 


pansions with respect to parameter T. With Lee the for- 
mulas will be 
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P, = Goats — Bie [Ae (RD + Au (RD — HB RO + Bu (ROI: (ie 


P, = cots — Se [An (Rd + Au RY — (Bee (RJ + Bu (RI — 


— Bee (Lio + Nu — Na — Lo]; (IV.66) 
H = Hien? (IV.67) 
Q, = Q,, + 2voT uuu (Eoo + Noy — Mio Lu (IV.68) 
c= vat -2|^, (R) —5B, | SS ag "ëch J Kl (IV.69) 


cl dunn 


£252 (IV.70) 
F, = 0; is 
F4 =2 no; (Los — N0). 


(IV.71) 


When determining function Hij(à) according to the 
second method, l4l'? should be used instead of the product 
(Dy JS in formulas (IV.65) and (IV.66). Formulas (IV.65) 


and (IV.67) give us the hydrodynamic characteristics of 
the hydrofoil in an undisturbed flow. They — with the 
formulas discussed in Chapter II. Formulas (IV.66) and 
(IV.68) contain terms which take into consideration the 
effect of the bow hydrofoil. The interaction in this case 
is apparently determined by the effect of stationary waves 
on the hydromechanical characteristics of the hydrofoil. 


Let us also examine the motion of a biplane system 
without stagger. In this case formulas for forces may be 
written in the following way: 


Quo!’ Ge Te I (R)) + An (R) — 2v [Bo (Ri) + Bu (RJ — 
— T Du — 2v (Foo + E + 22v [Lio — Lo] + 


+ Dee (a) + Di (elt (IV.72) 
2* —XR = ‘= I (Ay (Ry) + Au (Ra) — 2v [Bos (Ry) + Bur (Re)] as 
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— Sule [Doo + Du — 2v (Foo + Fu) tant Lio + Loi) + 
2n 


+ D (—a) + Du talk (IV.73) 
- dë + SESE Ba Det 2 Fu Fe) 2f La Lu)— 
— Da (a) + Dio (QI; | (IvV.74) 





Qi = Qio t es [Dio — Da — 2v (Fio — Bal + 2vn (Loo + Lu) + 


+ Da (— a) — Dio (— al. (IV.75) 


In determining H(A) functions when using the complex 
velocity of a hydrofoil in an infinite flow, V4 and Mo 


are calculated from formulas 


D = 4nR, [sin Go em x [Ao (R1) — 2vBo (RAL + 
T —— 2vF a —Da la) + v —X (2vR,) e7^^ +P rented}; ( IV. 76) 


y = 4nR, sina 04— 0n [Au (R) — —2*Ba (R,)] + I Dio + 
+ QvF 19 — Dy 9(— 2)] + v [L20 (2VR,) €-2 E Ela , (IV.77) 


In the second case of determining the H(A) functions, 
F} and Fy in the formulas are in the form 


Pass —2R,[— Du + 2vF ox — Da (a) + 21vLo], 


| (IV.78) 
Fa = — 2R, [Dio + 2VF o — Dio (— a) T 2n vL]. 


The biplane system can be calculated from formulas 
(IV.72)-(IV.78) without any difficulties. The functions 
in these formulas can be easily determined in the form of 
power series in powers of parameter T. These formulas are 
particularly simple for a biplane with indentical foils. 


Then 
Dam = Anm (R, hep), D P m = Bam (R, fep) 


and formulas will acquire the following form: [132 


[? 
P, = Qo, — Ze (Aoo (Ry, hep) + Au (Ri Iu) — 2v (Boo (Rh) 4- 
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+ Ba (R. &J]l — UT (Aoo (Rs, hep) + Au UR, Baal — 





— 2v [Bos (Ri, Acp) + By, (Ry, Kall + Ao (R,, a) 3- Aq (Ri, a)]. (IV.79) 
P, = quala — St (Aoo (Ris ha) + Au (Ros hy) — 2B (Rh) 
+ By (Ry ha i) le Län (Ri a) + Aa (Ris a) + Aoo (Ris he) + 
+A, (Ri, hep) T 2v [Boo (Ry, hep). + Du (Ri hep)]}; ( IV ° 80 ) 
Qi = Qi + vel ST, (Loo + Ly); (IV.81) 
Q: = Qi T vol I, (Loo + Li): (IV.82) 


D = 4nR sin a — De(A, (R,A,) — 2vB,, (R,A,)J— 


= zx Län (Ris Rep) — Za (Ris Rey) + Aor il t 

+ v (Die 2 (2vR,) e?» [— — (IV.83) 
[', = 4nR [i a Fa (Ag, (Ry ha) — Safe (Ry MI 

— De [Aco (Ris ha) — 2Box (Res hes) + A 2 i 


+ V (Dga? (2vR,) e? + TJ2(2vR,) 72^]; (IV. 84) 
Pa 21A, (Ri ha) —2VR Bo (Ri ho) A, (2) — 20V RIS (2VR,) eo]; (IV.85) 


F,22[A4, (Ry he) — Zu, By (Rir Bop) + Aj (a) — 20vR,J2 (2vR) hep, 


Functions Anm and Bam are determined by formulas 


(II.56). Evidently, the principal effect of the free sur- 
face and of the biplane foil on the lift is determined by 
formulas (IV.83)-(IV.85), since the terms in the expres- 


sions (IV.79) and (IV.80), containing rae and Tan Ae: re- 


Sult in terms of the second order of smallness with respect 
to a. 


It follows from formulas (IV.83)-(IV.85) that when 


Fr >œ functions va LL are: 
lea 


Yı = 1 — 24y (Ry hj) — 2 (Ao (Riha) + Ag (Ry a)} (IV.86) 
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Y2 = l — 245 (R,, h,) MES 2 (A, (NR, hop) T Ay (R,. aj ( IV . 87 ) 


l + 2Ao (Ri, hy) - E (R. Ra) + Ag, *Ric)] : 
LR KIEREN Eu LIT, 88) 


Li 





| + 24, (Rihi) — 2T [Aoi (Rihep) + Aor (Rail ; 4 
Vs = fT 2A (Ri, R9) 2A (,59]—4 Ao, Ro ep) + Ao (Ri @)P eevee?) [13 





[133 








sechst 


TEL 
~o, 050 


With small submersions ‘tthe results obtained with the [134 
aid of formulas (IV.88) and (IV.89) are more accurate than 
those obtained from formulas (IV.86) and (IV.87). 


Let us determine functions Ao, by the first terms in 


118 


the expansion with respect to T. 


Formulas (IV.88) and (IV.89) will be in the form: 


v = ——_ r c. (IV.90) 


*- a, (1V.91) 
(ie 3) ed) e 


T = y AN + 1 — 2h,; t= V ih 41 — 2h, 
Tg = y 4H, +1 — 2h; Ta = V4 (Ay —h,)*+1 —2 (h, — hy). 


where 


With h4 sen and h2 > « the formulas will correspond 
to those describing the motion of a biplane in an infinite 
fluid. 

Graphs of the relationships y: = Raa, a) and Ys = Hen, a) 


determined from formulas (IV.83)-(IV.91) are shown in 
Figures 12 and 13. 


4.3. The Lift and Wave Drag of a Hydrofoil System in a 
Fluid of Finite Depth 


In order to solve the problem of motion of a hydro- 
foil system in a fluid of finite depth let us use the com- 
plex velocity representation in the form of (IV.1), where 
v1j(2) is now an analytical function in the area between 


the straight lines 0 > y > -h and contour C4 j;and v2;(z) 
is an analytical function in the band O » y » -h. 


The expression for the vo;(z) function satisfying the 
conditions on the free surface and in front of the system 


at infinity will easily follow from the expression (III.49). 


The forces acting on the hydrofoils of the system we will 
determine from formula (II.9). 


Let us first write the formula for J,= f v, (2) o, (2) dz. 
Ci 
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Introducing functions H;;(A) into expression (III.49) 


one can easily obtain 


n eo Aye 
jue Ys — Hu Ne + Pea * 


x (Hy GAN Hy A) e Hy (A) Fn A) e) di— 


niv E 
— 4k — didi) C ho) Ha CM) oO + 


+ Hy; (ho) Hj (ho) €? — Hy (— Ao) Hi (o) = FH iho) Hig ( — Aalt 


n 2 eoSIgn(A —h.) 
EOM n H; (0 Hi, (—3 d + 


+ z| va E Ea, (i0) HuC-3) — Hul Hu mal . (IV.92) 


Now, using expressions (IV.3) and (IV.92) one may de- 
rive the general formulas for forces acting on the hydro- 
foils of the system. 


Separating the real part from the imaginary part in 
the formula, we obtain: 


P, = guf; — * ha, (—3) Hi, (— 4) + Hy (— AIR AIS 
e| 
a | 
LEER C XU ch X; 79 H4 9-8, 3) H4 — M) x 
e $ . itv: 
X eU (H A) Hy, Q)-- Ho, (A) Hy, WI gan) dh "Bebe ki) * 
XIHA — Ao) H (—ho)— H7, (ho) Hy C.) 2e (Hg) Ee, (he) — 
— H7, (ho) Hz, Dell eh + E, (— Aa) D + EF, Ad Hi Aa) + 


| J 'eosignth =k ;) 
+H gH M) HH C9 +s i TAOL —9— 
(en) Ü 





: LC (ve l 
—IT (AH (—M)] dÀ Te Leen H, (— 4) Hi, (A) + [136 
0 
+ Hy, (—4) HO) HE, DI Hy (79) — HG (A) Hz, (8) dds (IV.93) 


v VT | 
Qi = — "(vk — chi Aio) ND 
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E Hi (— M) Ale e LU o) Hy (ho) + H, (a) lenke — 
—H, (— Ag) Hi A) + Hz C- M) Hz) — Hi, 0) Hy CM) + 
: leone rim x 
=| 


TRA C) oz 
+A) eMe- wn | 

X £724. gd, EE CAR IU RU MI X 

xean — (Hy A) Hz, (A) — H5,0) H A) A) d. — 


* ( eoSign(A ri—h,) | 
i E, (A) Hy, (— 3) + H7, A) Hy (— 3] dà. + 


EA 
2x 





] f v4-À) e : | 
ty | TE LEN Hy 0 Hi C73) + DORAN 


— Hi (73) H,0) — H0) H; e» ; Ate 


Using formula (IV.79), Let us write an expression for 
v2s(2) which will satisfy the conditions along the profile 


of the j-th hydrofoil: 


Vay (2) I x 
Jot = ei. 
j {m | 


| (Bu (— À) G; (— An uje—Ahe+ 
(Hy (— 4) Gy (—A, iech H (6 (su)e M — 





een 
2(v sh My —À chà ho) 
— Hu AG (— h, u) + Hu (—)G;Q., ah di — 
[137 


vni em 
7 (s — e Hu C7 M) G7 enitn 
T Hy (Ao) Gy (Ao, lge — Hi (Ag) Gy (— hos u) — H y (— Gio. d , (1V.95) 


v2 — JA) 
[2E ST 
iwl 


g — — 


— ies 


Jta ol i 





121 


(v 4-37» | = EE: = 
+ Siysh Mis A eh ah Uu 96 ^ je 


H 


z H, 096, LA is e — H 006 LA =) + 
+ Hy(—A)G; Gah 4 


vid Ra 
+ 30h — ch Ai) [Huwa (7. 2) 


+ Hy (Ao) Gi | Ao z) E — Hy) G; ke zl 


— Hy (— ^) G; Geh (IV.96) 


and from formula (IV.69) we obtain 


1 C 
ad BI KÉ EL 


n eo HET 
+ ix 2. f Bu G, (— 4, u) het S R” 
uni 
x [Hy (— A) Gi (— à, u) 79 — Bu (A) Gi, 2) 9^ — 
— Ha AG; (— u) + Rat Më, a)l! dà — 


— GR IAS Lë (— Ao) Gi(— Ae u) ew Hy (^o) G, (^o, u) X 


x e^ — Hy Dél Gi (— X u) — Hy (re) G; (Aes )]| + (138 





| m 
tae Dy 
i 





ft (—4)G, (^t) e + 


(v4-A)e7^.- 


R? 
+ se ies gg ne (72 emn 


^ 
x a, (1, 8 | eH, s, (—4. £u (Da 


vid m Ra A 
+ Sh — ch Agha) |" u C7 Ae) G ke gd d 
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+ Hy; (Ao) d eich — Bu o) Gy LA ©) = 


AL coSign{hy—A;) 
— Hu (Ao) Gr (do BE es Ä f | 449.0. u)+ 
g =æ | 


+ aho (rija 
A. 


a Fluid of Finite Depth 


Forces acting on hydrofoils of a system consisting of 


two hydrofoils are determined by the formulas 


P, == qu, SCH (ët: A) [16799 A (y 4-. A) x | 


[Hy (— Mite — | H, (+ A) Pe 
à 2 (v sh Ah, — dx ja + 
Im(Z, (Ag) Hi (— All 
+ Sv hig — eh igh) — 


0 


(v-Me N fie onee 
+ sae gag (A A) H,(— At 


HM H7 2 — LH O) 8,0) + HOH, ON — 
— H (A H M + Hi (— M H0) + Hy A) Hy C73) — 
—H, MH — M) dh pr a) Dat MEN — 
— He (Ay) Hy (— Ae + (Hy, Dél Hy Dél — 

— Hy (he) Hy eet Hi CM) Hy (hy) +H, Co M) Hy d+ 


8 Ar-hi) 
+H" (he) Hy, (T M) H Ay) Hi (Ad) + f [H7 0) H;( —9)— 


— H0) Hy (— Mie 


o, UIA) om — Hy (— deere 
f 


4 (vho — ch? Agha) 
i omes won i deg Hi, (— M-- H7 (— M Hy (X9) e 
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(IV.97) 


Motion of Two Hydrofoils Under a Free Surface of 


(IV.98) 
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+ [Hi Dél Hz, Déi + Ra Dél Hi, Dell — Hi, (— do) Hy Dél + 
+ Hy (Aa) HA) — H og) Hey (— Ag) + Hy (ho) Hy C991 


- A (I yy — M H, (—9 — Hy C3) Hy C- M) 7 x 


X ara g n (N H (AH; Mt Mem — 
— (H A) T, 0) — H, @) Hy A) gie + 
+ Hy DIR, (—95) + Hy, (A) Hy (— 4) —H,(—3) H0) — 
enSign(hy—A)) 
-manoa í (Hy DI Hp (—a) + 
0 
+H NH C-Xxdd. Is Lëiee Läiel (IV.99) 


For a tandem system let us transform formulas (IV.98) 
and (IV.99) into a different form. Let us examine the in- 
tegral 





Let us assume that function V (A) has a simple zero 
at point Ag. 


For x > 0O and x < O the integral J may be written in 











the form Se 
lee een De a 
(2A andr = (LO angr — M pur, x 0 mE 
\ v (4) | p (&) v^) C i 


where I4 is a contour consisting of a section of the real 
axis 0-Ag -É of a small semicircle with radius 5, which 
passes over the special point, and a section of the real 
axis Ag + Le 

Let Lo consist of the identical sections, i.e., the 
real axis and a small semicircle which passes under the 
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the Special point. 


Integration by parts gives us 


9 (^) v (09. 9 (A) 
| st nta (oy * le Gala 


from which it is evident that 


er Kale? 0. (IV.101) 


plying formula (IV.100) to formulas (IV.98) and 
(IV. 995 we obtain after transformations 


P, = Gil Al Is, (— À) — + A) eM x 


| Hu (— Al: i e~ Ahe — | Hn (A) Se, m IMH Qa) aA] 
— Ah) “2 (vk —ch'Ayu) | 


d 


Ah. e e 
— * esie eiui, uC —) H a7 + H, (—A)H a (—A)IX [1 44 
L 





x € — H' (—A) Ha (A) + Hn (—A) H5, A) d — 


ena (LH, (8) Hay A) +H, O) Ha Qe — 


— Hy, (A) Hy, (A) + H5, 0) Hz, (A) dt 


eoSIgn(hy—h;) 
— & [H^ A) H5, (— 3) — Aj, A) H5, (— A, (IV.102) 


Q, : en _ ev|Hu (Ao) eres Hu (— Ao) e^ |? 


4 (vho — ch? Aoho) 
= Ai It 3) Hs (— 3) Bt AIR (— Mile ada + 


zs a are (L7, (A) H5, (—A) — Hj, C79 A (AN 


x £-9^ — H (— X) H4 (4) — Hj (A) Hy, (&)) da + 
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` 0X) e 
vsh AA, — Ach Ah, | 
+H’, (4) H5, (— 3) + H1, (A) H1, (—3)1dà + 
eoSign(h;—h,) 
+ ) LH’, (A) Ht, (— 3) + H7, (A) Hz, LAN d; 


m (f, O) Hz, 09 — Hi, (A) Hz, (A) e^ + 


P, = Qu, — x | Hg (— A) j ema. + (v + A) ex 


| HS (— A) [3 ee — | H4 (A) [3 ce In! H., 0) As (— X] m 
2 Ayers s Rh M) al gl e 2 (vh — cht ku) 


= Al (— 39H, (3) + Hz C7 9) Hs, C- Hierk + 





! TEN : 
9 |vsh E A, Ha (—A) H'a CAF (—A) H4, (—A)] x 


Le 
X eD — Rat A) Hig (A) + Hig (A) Hig (—A)} d — 


RW 2 | vanis Reb U^ m (A) Ha OEB, (A) HT, OU e^ — 


— Hi 0) H4 (— 3) + Hz (A) He, (— AN da + 
eaSIgn(hy—h,) | 
+ | [Ha (A) Hz, (~A) — Hz, (A) Hy (— A) dà — 


= P queri Tw (Hia (— Aq) Hj, (— M — Hg (— X) Hg (— AIX 
x €» HIH T Dal Hig 0) Hz, Del H ig Dell ghet Haal Aal Ht) + 
Hy) Hug Rail Hj (— Aq) + Bad H7 X); 


—— gl Ha (Ag) ^ — Hy (— M) 679 [t = 
: 4 (vh, — ch? À oho) 


= al lur (—3) Hi, (—3) — Hz (—3) Hy, (— Ned + 
+A) e i 
+3 | sui xoig, a (—A) Hs, (—A) — Hz, (—A) H4, (—9]x 


x e^. — Hz, (— À) Hi, (A) — Ha (— X) Hz, (A)} dà + 
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(IV.103) 


(IV.104) 


[142 


4d BE ET (I (15,0) — Ha (9 Hig ANCE + 


+ H 0) Ha A + Hz 0) D (—3)4. + 
Sihh) | | 
* ) (Hig (8) Hig C— + Hg) Hig (— nia - 


— Fi, S digg] aa Ad His (Aad + Hag (Ay) His (A) 
x £9 HH DN Hi, DN FR Oy) Hig Oger CM) Ha) + (143 
Hy (Ag) Hj — Ha DA Hig (—ÀA H2 Del Hig (4I. (IV.105) 


Let us examine motion of a system consisting of two 
foils by N. Ye. Zhukovskiy. 


Function G (A, gel, 5 in this case is determined from 
| u 
formulas (II.35) and (II.36). 
From formula (IV.97) we obtain 


vu (2) = a — + 5 | (AR) [itu (—3) FH, (A) 95879 + 





4 (v 4-4) ge 
2(v shA A, —À ch E o) 


— [Hj (A) + Ay A p — ei (+A, (AEM + 
+ (Ay (—A)+ But yw did o e ARI 


[Hj (A) + Ay (A) e hp — 


3 (vh, — ch? A.) 
X CH jj (— X) + Hyl All en 4- (Hy Gel EH u AoA — 
— (Hu (ào) + Hi (9) OMY + (H4; (— ho) + Hi (— 9) ei + 
esSign(hy—h)) ` z 


+ Hy(— A) Jo (2AR)) e dà + xit 





R; |- 
ta] 





CH A, GR) [Bru C9 + Hy 7 Mee 


" (vem 
2 (v sh Ah, — A ch Aho) 


— (Hy (A) + Hy A) e) — 





zT, (h) + Hy (— jet — 
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— (Hy (A) + Hi (A) ^1 + (Hy (— At Hu (7 A) er | dh — 


J, (9X. E | 
-3 — A: m (— A) + Hu (— ho) eA 
+ (Hy G9) Hi (Ao 97^ — Hj; (Ao) + Hau Q4)) 8^1 4- 
t [Hj (— Ao) + Aig (— hoe + 
eoSlgn(h h) 
S ) Hy (—X)4, QXR) eid | + 





T Gei 418i zi ([H;; (—A) + Hj (—3)1B; (—A, u) eh) + 
LLLA EAE 
"T Z(vsh AR, — X ch AR) 
T [Hj (A) Hy (4)] B, (A, u) Maoh) BUT EE (—^.u)e^ 4- 
+ [Hj (— 9) + Ha (— 3) Bi Qs. u) eld — 


| 


[Hj (— Ao) + Hig (—91B, (—ho U) e Boob) 


[Hy (—A) + Hy (—A)1B; => u) eMe 


: 
— 8x (vh, —c huh) 
+ (Hay (Ao) +H y Dell By De, u) ehh? — LH el +H yy Dell 

-X B, (Ao, u) et + (Hj, (— Ag) + Hig (— All By Ao u) e?) + 


eoSIgn(h y—h 3) 


Ger» Hy(—A) SR u) dd + 


4 


Ez * "TESI | luta (—A) + H,(—3)]B, (7^ EDS g 0,75) A 
0 


u 
(vA) ec m 
iaf 2(vshAA,— Ach — k ch Ma) (— À) + H, (—2)] B, [- A, =) 


HHB, (> z) eh) 4H (0) +H Ad)IX 
x B, LA z e^ A (B-V +R J B, (2, T) e| x 


ee 


xdi: Bz(v —* a), Aio) ce I^) +H iÁ —An)) B, —Ào x) X 


Seed dl By ( —h gd ae — 
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— (H ào) +H Aro) B p. Ae z) e^ +H yy (— Ao) +H iy (— x [145 
—R eoSign(h;—k;) — 
xB VE =) ep ) H; ( — ) Bj (^ ee (IV.106) 


In the same way as it was done with formulas (IV.98) 
and (IV.99) let us transform the expression (IV.106) with 
the aid of formulas (IV.100): 


Dun (2) = e |- 





0, + sl (2ARj) Wë, (—A) + 


(vA) e^ 
T Hy (— A) eho ho + ish, — chia) Uu C7 Me Te? deng 
— Hu (9e Ba QM Ay (— 3) 670] d + 
eoSignüt.—h a) 


— H4, (— X) Jo (AR) emdi + 


PIU UIN Lc Las NR 
4n v sh Mi, —4 chà Ao 


Li 
Ltr ` ee 


[— Ba (A) &9^-- Ha (— X) 7d L 





—H, lena. + : —— SCH [Ha (— Ao) — 


+H (ho) eho) — HG ges H (X) e) T zu T 


ES Jy AR) Unu (— 3) Hg (— A) e eta 


pi 
l 


ut 





+ — (vije 
2(v sh Ao —À ch Afto) 


— Hs (A) AM + Hu (— Me] dà + 


- [H4 (— A) em Mote) H, (A) e^ — 


*oSicn(h -h) 


* | Ha (— 3) Jo QR) cdh i- 


[Hay (4) EMM Hs, (— A) 179] dA + 


4 il (vàe ` 


Ah 
GC v sh AAgp—A ch Alt) [146 


+ — Hp (A) e^] d — 


án | (vsh Aho — Ach Ah). 


1 Si (ye 
a 
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dv ` JA (QR 
(4 — chi Y (Hay Al € 0h +. 


+ H a(o) 








| (Fu (—A) + H4 (— A)] By (— À, u) eh) 4- 
ð 


(v4- 4) eA 
t 2 (vehAhis — Achiha) (ar (— A) e Mae, (— à, u)— 


= Hı (4) &Q^.—750B, (A, u) — Hn (4) By (— A, u) e^ A 


` (A) en 
+ Hy (— 3) B, (A, den EE Jean: 


TO 





x[—H4 (Aet. Hy (—») e), (A, u) dA + 
Aie-Ah, | 
tz le sh — (—24)£7 297) —H ,,(4)e)B,(—3, u)dA4- 
eo Sign(At.—h.) 


e 
d | | Hy (— A) B, (A, u) d Bn (vito —ch?A V) à 





x ] (749 B1 (— ho u) = Hy (— 2) 5 Zen (- Ek 
" u Ans. 
X geh 4. H (Ao) B, (o, u) — Hy (Ao) X 


d 2 
X is — (Ae zl g^ hy) — 





ad 
H 
T (Wë ui) Ba (ho) 5 * Bi (— ^» 2n " [147 
u 


T 





J— 
4 D (— he) Bi (hot) — Hin Oa) Zä (5 ] eH 
u? | 


du | |e OR 
+ EE [um NG (—4)+ An (—A)) B, [- A DL 
H 
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"EE s RS 
xh e gc s Kc i HMM) B (24.75) — 


— Hy, (A) et B, h =) RaM, (—». tee 
" TORI a (v-À) eM 
+ Hu (-MB, (a. ze lais 2 Jesi kan" 
XI— Mée Rat Mem, (2, T) a + 

] (vA) ewe e ; 
t7 aM Mi, —k ch Aio) Uim CM tm 


esSign(h,—h;) 


-Hn (988, (— A, lan | mns (s) (IV.107) 


d 
Ug (2) = d — 








vo + gc (Jo (XR [tts (A) + Hl —A)) e Meta 
0 


fact Lais ha) 
Tea Mis — ch Mg) Ua C BENS — Ha (A) eR 


— H4) &^ 4- Ha (— 3) e») di 
eaStgn(h,—h,) 
a i | H a (—A) Jo (IAR) eM 
0 


(v 4-4) e = TR? = Mu 
aſon Mig— ch Aho) Ab o) — veel Hy (A) e í Li Hal A) e- 1944 
pE (OEM ec legen — Ha) eM A+ 


"dx \ (v sh Ah, —À ch Aho) 
L4 


iv ` dg (2A, Ry) 
T Whig cha A ig) Wat Aal + 2H (— M) emet 


+ (Hog (Ag) + 2H 13 (&9)) ghi) — (Ha (Ag) + 2H Dall ear 
D 
+ rm T 


+ (Ha (— Ag) + 2A yy (—Ao)) e] F 





4 Eae AR SÉ? [8s (— 4) + Rat lechen) 


0 
o (vie ah — A) eech — 
t Ssh Mi, —ch uo? nU Me 
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RA A Ha OM + Hal — 9 9) | da 
l eoSign(h eh) 
+ Ox | Hy, (— A) Jo (2 Ry ech A. 
. 9 
MA, 
dn | ug Loss detener 


M, 
— Me dog Fe gig at M nta 


iw AR) qn 
— Ha) dh hg a ho WË (— M) + 


42H yy (— XS) eee) (Fas (ho) + 2H 1g Dell Cr) — 





|+ 


— (Ha (ho) + 2H aa (hed) OO + (Ha (— Ad + 2H, (— M) €?) 


— f [FaN + at Ba (A dee 





__ Lis) Laon. Ni B. E aes 
+ 9(v sh Ahtp—A ch AA TIU a(—)e " ) Bs ( A, u) 


— Ba (A) eM Alf, D, u) — Ha (9) By (—  u) e + 
(vA) e^ 


Ha (C 3) BO. u) e») du al wai E Edi 
x —Flag (A) mh 4- Hya (— A) 7^] Ba (h u) dis 


M. 
— es sa EE agg ad Be tm H eB Aud 


eoSign(ha—Ay) " 
+ | Hyg (—) Ba (A, u) a — "Bx(vh —ch* hehe) x 


x ke Alt 2Ha (—Ao)) Ba (—o u) — Hs (—Ao) + 24 1a Aell X 








2 du 5 — prp ET EE 


—(Hea(Ao) + 2H; ps v Bs Nk = der) eg (He (Ao) + 
u 
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R3 du 
T 2H, Dall By (— ào, u) —(Hg (ào) + 2H, (9), ,8 x 


u 
x B, [- Ae, d i un (— Ao) + 2H, (— )) By Da, u) — 


— Ħa (— 392 (A9) S Fx ( Ae -1) e A 


du R 1 Ir. PU ONE R 
x wee iur —D XH) Ba Clemen 


(v-1- A) en Me Rm 
T X(v sh Ah, — ch Ahe) (# s( Me Th HIBy (^ =) i 


— Hah om By (2, s (». ©) — EIER d en 


8 — (vA) eM 
+ He (—A)B, (a. =) e» ats | veh Ab, —AchAA, * 
Li 


X [—H ,, (A) eM he) + Hig (— A) eM] B; Ke À» =) di + 
Vado Laus fa [A y(—A) eM — H(A) eM] x 


v sh Mt — A ch Aho — A ED A 


eem ON — R 
HE Md | Set X B(A Dal (IV.108) 


Let condition (II.33) be satisfied at points u, = -R4 
and uo = Ba, Then from expressions (IV.107) and (IV.108) 
we obtain a system of equations for determining fj: 


y = 4xR lm Uo + * J (24R;) (Uu A) + Ay (— A)) g- MINA) A 





` (X9 e 
Y Oy sh Xh,—À ch |o) 


— (Hj, (&) + Hy (A) Mm — (Hy (A) + Hi DI + 


lot AN + Hy (—9)) ehe) — 


+ (Hj, (77 9) + Hu (— M) e) dA 
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æ 9 i" 
e D stier tu (— M) + Ha (7 M) eh (Hy) + 


Ha) e) — (Eu At Hy Dall er — (Hy (— de) 


onSi gn d 
+ Hu (Ao) en) | Hy(—d) Jo aee, (1V.109) 
(=1,2,i Æ f) 
For the hydrofoils in a tandem system, expression [151 


(IV.109) will become 


da Im : + s emen Mat eigent 


toa a eut A) n HQ) eei 


eoSign(hy—-h;) 
= ie Hacen) di4- | —X 


l (*4-À) e^ 
T sl (vs Ng — K ch Mag)! — 08h + Ha Reda 


+ is | Na iu (Had Ajeet — Hag) eye 
"3 
— H, (Me *i—H, (—Xge-9i--F(09)). Q215,2, 9 j) (IV.110) 
F; (Ao) = {2 Hl (~^) € MONI H g Dale — 
—H Del M — Rat Adechhl with i = 2. 


The system of functional equations for determining 
functions Hy jy) may be derived in the usual way: 


H J (p) z= euh | Cal (WR il (2R) 


1l ( igni) 


a [e7 ^ uH (A) No s p) + Aid —A OM (hb) dA + 


4 
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+ | [Hy (— 3) + or 20H, (— A) Nu (As 1) + (Hu (3) + 
H 
+ a Ly Hy A) Ny (—A, i) ehh E 


A) e 
A TUA thy [(H;,(— 3) + eH (— AN x 


Y Noj (—À p) Em MHA) (HT; (à—A) 3-79 -4H a (I—ÀM)N yj (—A, He 
X e-Mthe-h) — (Hy + etu Ha DI Nog D, p) eth) — 
— (Hj (A) + e^ uH, OU M, (A, u) 03 — (Hi, (A) --ePL UH, DI x 
x Noi (— A, p) e^i — (Ay AHH y DD Nay (— A p) M+ 
HHA) euH {—A)) Noda, p) e + 


+y (— A) +60, (— AN Ny (s p) e7^ | dà — 


— ga iv, ett Uu (— M) pel y (— ho) Noi (— A p) x 
x e Mh) — (H i(—ho) + 7H (— Aaf Nu (— ko p) e + 
+ (H4 0) Area HQ) Noy De p) ehh) — 
— (Hy (Ao) + eL Hu (Ao) Ny, Da, p) e) — 
— (Hy (o) + ei Hu Dall No, (— Ae p) M+ 
+ (Hi 04) + eu Ba (Dall Nu (— Ae B) eM 
+ (Tij (Ao) + emu Hi (— X9) Nor (ho, B) 9 — 


— (Hy (— Ad + e™tu Hu (— 9) Nu (hor B) e») (IV.111) 


For the tandem hydrofoils the system of functional 
equations is obtained from formulas (IV.106) and (IV.107): 


Hy (p) = e IT, (BR) — iJ, (WR) + 
enSIgn(hy—^,) | 
| fie ALU A —A)Nodd, E i( —M)e UN, D, u)] dA + 


H 
eo 


= I (HAA € AH, (—A)) No Apa) e Me H —A) + 
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CAU C) Ny (— h, Meet ot E IR, x [153 


v ul, (— X) Ny (— p) EMH EH yy (— X) Nay (— A, p) eS — 
— HQ) Mai, p) MA) — Ba (X) N y D. p) MA) — 
—H X) Noy (—h p) OI —H AA) (A, p) e ++ Hj (—À) Nos (—À p) x 
xe ^i Hy) Ny C- A, p) e| ant > (i * 
Li 
x (Au (— A) eMe) — Hu (A) e^r) Noy (— A, p) + 
t (—Hy (A) Am) Hy (— A) e091) Nyy (— 5. p) d + 


m d (vsh Ah, — Ach Abel 


Li 


| | tee Oty [( — BA ee Hy (— X) e^) Noy x 


x (À, p) + (Hu (—A) 90 — H, (A) eM) Ny (—A, p) dA— 
7 SÉ AA WA No — p) —H;4—M) Nu( —5h)) x 


x £M ON (Hj, (Ao) Nos (Aor M) — Hj; (o) Nu (o, p)) e^ p. — 
— (Hidde) Nat — B) — Hj (Ni — e p) e + (Hj — M o)No (o fl 


— Hi (=o) Nu p) e79 + F, (Hau on) (IV.113) 


F, (Hyy Dall = Zeie (Hy (— Ao) (Nog (—5^o, p) EP ee) 
t Muss p) EM) — Hy (A0) (Nis Da, p) 9. 4- Na, (— Ao, p) e) + 
T 267410 lu (— Xo) (Nig (— Ae p) CPs) + No, (Ao, HCH + 
+ Ha (A) (Noa os p) eA) + Nig (— Ae p) 89]. (IV.114) 
F [Hg Dall = 0. 


The final results may be obtained by the methods dis- 
cussed earlier. In particular, functions Hij(à) may, in 


the first approximation, be calculated by two methods and, 
depending on the method used, approximations of various 
degrees are obtained for Py, Qi and fi. 


Let us now determine circulation H 


In determining function H;,(A) by using the complex [154 


velocity of the hydrofoil in an infinite flow, it turns 
out from system (IV.109) that 
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IW Pico (1 — F; — TF 143). (IV.115) 


where F; determines the effect of the free surface and 


finiteness of the depth on the characteristics of a hydro- 
foil. 


The formula for calculating Fj was derived earlier 
(Chapter III). Fj+2 determines the mutual effect of the 
hydrofoils in a system: 


F Lä 2 — Im 2R, | V 0 (2A R;) le Wuel (J 0 GAR + iJ 1 GAR X 
0 


x g- Mh "xe A CRX) [eu (Jo (2XR) LO (2XR) x 


(ECM ty) — gj) ^i — eM (Jy (2XR)) — Oh (GR) (e) me 
esSign (hy — hi) 
— e) e) AAL ) Ze Meed [Jo (2KR,) — 


— iJ, GARI ANF ER [67994 (JAZAR) + Ux (ZARI) X 


X (g^) — e) ei Leet Ne QR) — H1 (XR) x 


x (eO — ene : (IV.116) 


If functions Hi;(A) are determined by the first two 


terms in the functional equations (IV.112), then the sys- 
tem (IV.109) will become a system of two algebraic equa- 
tions for 5 


Do +F) + F p42 = T (j= 1, 2), (IV.117) 


Hi nom of which is given by formulas (IV.63) and 
IV. e 


For a tandem system, function Fj+2 will be determined 
by the formula 


Fj4a ms — [m 2R; f Je (2AR,) (e ^u (Jo (GAN + iJ, (2X R)) x 
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esSign(h—h,) 
x EH hh] A í Jy (AR) Xx [155 
ó 
X eM rM edy [Jo (AR) — id, (2XR))dà — 
LC (vA) Mh t^ 0ellLuy 
-3 \ (v SHA Ae—Ach A fo) (Jo (2A R) —iJ (2X R) x (eMe gdh j) dà -4- 
Lj 


+ AE — (AR), (AR) (eM 


(v sh A — À ch Afto) 


— e^) der iva (2XRj) v; ol ; (IV.118) 
Wiel ss HU with j= 1, 
4,04) = e7 Sea (Jo (24, R;) + Jy (2 ,R)) ((79 0*9 — e) éch - 
Leo (So (2A4R,) — 4, Gell (P0 — 
—e)eM&, — ([22) (IV.119) 


As an example, let us examine the motion of a biplane 


without stagger with Fr,— coo, Er co. 
Function Fj42 will be determined from the formula 


j^ (RAIER) [ese = 





Fij42= — 2R; 


(ge) +. eMe) — gh) — dun] di 
wima 
+ n Jo (DAR) J OAR) 7970 dà. (IV.120) 


pression for Anm(X) 
tain 


ee 


Using identity (III.68a) and the ex 
for a biplane with identical foils we ob 


Be -Ñ [^ |- hey (fk + sl 7| — de | -7+ 


kuf) 


T ty |— Au KI ky) + Aa (ke + (k+ 2 z| = 


[156 


+ Au + m y)ell + (k + Za |— 2+ 
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* (6*5 z)z]-^[-2 * (e*3 )3 Can (IV.121) 
where a= |h — fy. 


Functions Agg(x) may be determined by the expansion 
with respect to powers of parameter T, (see Ch. II). 


Function Fj-2 we will determine approximately using 
only two functions Ao; (hep) and keeping in the expansions 
only the first term: 


Fis = 14 39. (IV.122) 


Then, formulas for y, and yp, which correspond to 
those given in (IV.90) and (IV.91), will be in the form: 


l 
EE H 


» (IV.123) 


(IV.12&) 





where 
to = H 4, — A + 1 — 2 (to — hj) 


Ta = V 4 (fto — Re;)*4- 1 — 2 (ho — hop). 
All other designations are the same. 


4.5. Optimum Relationships for Tandem System 


Let us examine the simplest problems dealing with op- 
timum relationships in the system consisting of two hydro- 
foils placed at a considerable distance from each other. 


With L - oo, it follows from formulas (IV.103), (IV.104) 


and (IV.110) that 
Py Py; 


A) e^ 
P, = QuI3— 5 z| { Hag (— A) ect "tXvs — AA" 
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2 (vhe — ch* À Jiu) 
+ gp — chi Dat Ba) Hin C7 M) — Ha C7 M) Hig C7 Ad] x 
xe A + [Hi Del Be Déi — H2 Dé Hig (Ay) 99 HAAN, Dt 


x [| Hn (— A) Pew —| Hg DI en da Xen H9) Hut 


t Hyg (— Ag) Hg (Ay) + Ha Del Hin (— Al + He Del Hig (— Al? (IV.125) 
Qi = Qu; 
q, = — QV! Has (he) eM Hal Ale e 
i o &(wAg—chfAgh,) SOS” 2 (vh, —ch® Ach.) X 


XL MN Hig (— Be) + Ha (— M) Hig (— )167 99 + 
TS Del Hig Del E Hz Dél Ba Die — Hi (— hg) His Dél + 
+ Holy) Hi) — Hz) RAA Hz) Hig 9H: (IV.126) 
Di = Tig; 


T, = 4xR, Im 





o + sl (ZAR) [A (— A) ehh) A 


(VHA) 7^ 


+ 3ivsh Mi A chida) (Fas (— A) eMe — H (X) A 


" Fa (a e) | aa 4. Pe Eg 
Bopien + Bet 39 |a + cO x 
LH sa (— Ao) £779 E. Ha (Ao) eh m) — 


— Hy (do) 4 Hg (— X) gie LE: aal . (IV.127) 


Pin’ Bun and Fy, are the forces and circulation for 


an isolated hydrofoil submerged in a fluid of finite depth. 


Their values are determined from formulas (III.50), (III. 
51) and (III.64). 


It is clear from formulas (IV.125)-(IV.127) that at 
large distances between hydrofoils the bow hydrofoil moves 
in a nonperturbed flow, while the stern hydrofoil moves in 
Steady waves produced by the bow hydrofoil. 


Let us determine the practical and impractical dis- 
tances between hydrofoils from the point of view of the 
wave drag and lift of the system. 


The problem of the minimum wave drag of the stern 
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hydrofoil at a steady circulation along the contour (i.e., 
constancy of the lift in the linear approximation) is re- 
duced to the condition 


Hat = O when Fo = const. (IV.128) 
This condition leads to a relationship 


uM = T (IV.129) 


N = (H3 (— Ac) Ha (— Ae) — Hii (— Al Ha (—391e€ ^*^ + 
+ [H2 (ho) His Dal — Ha Dell (Ae) em A 
+ Ha (—Ag) Hin Del — Ha(—3) Hui Ao) — Hag Hi (— A — 
— Ha (he) Hu (—X)]: 
M = [Ha (— X) His (— Ao) + Ha (h) Hu (—59]e "et 
+ [Hz Del His Dal + Haal Huel eo? — 
— Ha(—«) Hu Dél — Hz (— X) His (A0) — He (&)Hu(—9)4- 
+ Ha (Ae) Hii (— Ad). (IV.130) 


For a fluid of infinite depth functions N and M are 
in the form 


N = —[Hz (v) Hu (v) + Ha (v) Hu fil, 
| | (IV.131) 
M = Haz (v) Hu (v) + Ha (y) Hu (v), 


and in determining functions H(A) by means of formulas, 
the relation (IV.129) will be written in the form 


© JU QSR)JSQSR) — Jo (2VR) J, Bak 
ES ac pat AER A AE — 


From the expression (IV.131) it follows that with 
identical hydrofoils the points of the minimax will be de- 
termined by the simple condition 

sin vL - O. (IV.133) 


The minimax points of circulation along the contour L159 
of the stern hydrofoil will be determined by the condition 


Re F (4), = 0, (IV.134) 


which also results in relationship (IV.129), where 
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M = Hu (— Ag) (^ 79 A 679994 Hu Del (0779 +e); (1.135) 


N = — Hu (— AQ) (€^ 979 gO) Hu (Dag) (7979. à. 
With eH (— ho) = Hu (e, His (— Ao) S — Hi (ao) e 


Hy (ào) 
A Em ee (IV.136) 
De Hy (Ap) 


Hence, in determining H44(A19) we obtain 


— __ 41(240° Ry) IV.1 
tg oL AO R)- ( 37) 


For a fluid of finite depth formulas (IV.130) will be 
transformed into formulas (IV.131) in which Ag should be 


used in place of v. Then, with the proper determination 
of function H(A) we will have 


Jy (oR) Jo AR) — Jo (AR) J, (DR) 
tehal = TRI) Jo QR) F J, GR) EE a 


From formulas (1V.137) and (IV.138) it follows that 
the minimax points of the wave drag and circulation do not 
coincide. For the fluids of both finite and infinite 
depths the position of these points is determined by the 
same formulas. Since the points for the wave drag minimum 
and circulation maximum do not coincide it is of interest 
to determine the position of points for the maximum-quality 
hydrofoil. 


Let us determine the wave drag and circulation by the 
formulas 


Q, = TA, + T',(A,sin vL + A,cos vL); 
D, = A + A,sin vL + A, cos vL, 


(IV.139) 


The condition of the maximum (minimum) quality will 
be determined by the requirement 


Fi 20 Pe 3. (IV.140) 
From (IV.139) and (IV.140) one obtains a formula for the [160 


extreme values 
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— (IV.141 ) 


Functions A; are determined by the expressions 


Qv [JÈ QR) + J? (2hoRs)] (i79 — 67 a 
A -— ee 


gf (J; (249 R)) Jo (Ae — J1 (2A 9Ry) Jo (2X,R)] B 
A= vh — chh) 


2ho Ji (QoR;) J1 (ZAR 
Ay BEIEN ı( 9*3] p  (IV.182) 


ARa Jo (2494) Jı (QA Ry Ti p 
(vho — ch*Aofte) 


RRV o (2A oR1) J1 (2&9 R3) T: 
(vho — ch? Aohħo) 


A; = — 


A, = 


Expressions (IV.141) and (IV.142) may be simplified: 
A\As + A 
" AAs + As (IV.143) 


A — Ji Wi R) n" p SEH (ee (uh e^ (7^) ) 
(Bees 0 0 i ~ (vho — chA) — — chiA fto) 


Ay = — J, (2AoR;) Jo (2&4R)) + J; (2AoR,) Jo (24R3) 
Ay = — Jo (2A 4R) Jo De + Ja (24R) J (avl 
As = — nR wd o (ed J1 Ae) 

Ag = AR VI o (24R;) Jo (ZAR) 


. (IV.144) 


Formulas (IV.142) and (IV.144) are obtained under the 
condition that H(A) was determined by using the complex 
velocity of the hydrofoil moving in an infinite flow. 

When using a different method of determining H(A) one should 


utilize functions 4,= LEES Am ie in place of As and Ag. 

The extreme points of the quality are in different 
positions in respect to the wave profile for fluids of 
both finite and infinite depth. This is due to the fact 
that the values of the hydrofoil wave drag are different 
for fluids of finite and infinite depth. 


In [114] and [215] problems of the hydrofoil motion 
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in steady waves are studied. The results obtained in this 
chapter also include this problem for fluids of finite and 
infinite depth. Therefore, the discussion will be limited 
to certain results of this problem examined in [11^]. 


For a hydrofoil moving in steady waves the complex 
velocity of the flow may be determined in the following 
way: 


o (z) = — v + ivogae "4 v, (Z) + v, (2), (IV.155) 


where v4(z) - an analytical function in the entire plane 
of the complex variable outside the C4 con- 


tour, which includes the hydrofoil profile; 
Vo(z) - an analytical function inside the C4 contour; 


a - the amplitude of steady waves. 


Let us examine the value of circulation Vy for a flow 
about a hydrofoil at a complex velocity 


u (z) = — Uo + ivogae—!¥=+iB, 
The complex velocity of the flow is 
Ua (2) = — v, + ivvet Lo, (2), (IV.146) 


where v,4(z) is an analytical function in the entire plane 
of the complex variable outside the C4 contour. 


The boundary conditions on the contour of a cylinder 
which corresponds to the appropriate profile of the hydro- 
foil will be written in the form 


Re | (2) u A = Re[t, — ivugae—!v2 +B] yg Z l (IV.147) 


Solving the Dirichlet problem for the outside shape 
of the cylinder we obtain 


Va (2) SE e mec + G(v.u) + 
(IV.148) 


Rm - vag? Ki C 


For the N. Ye. Zhukovskiy hydrofoil 
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Pei (= Fg | — nl —ivar7 MI, QR) e=] + 


r | 


— ip v 
"ua EE + ivasJ, (2vR) e ^] a m 


vue ^ R,\ du R 
— Si Bx (IV.149) 


hence, according to condition (II.33), we obtain 


r=r(1— e wel (IV.150) 


sin Or 


The problem concerning the interaction of thin hydro- 


foils may be solved by the methods discussed in Ch. II. 


Let us assume that a system of n thin hydrofoils moves 


under the free surface of a liquid. 


The complex velocity of the perturbed flow will be 
determined in the following way: 


(97 Ý gg | «s TIE (IV.151) 


izl l 
Ihe boundary condition on the line C4 is in the form 


P, = —of, (x) = F (x) on C, (IV.152) 


By introducing function $(z) expressed in terms of 
$(z) - iv(z) we arrive at the Dirichlet problem for a 
plane cut along sections C; 

icare ied on C, 
where F(x) is a function given on C3» which satisfies 
Gel'der's condition. 


Examining the limit value of the Bisi function when 


approaching the line of the cut C; from both above and be- 


low we arrive at a system of integral equations 
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e y Re ( vs (s) E 


+ Kis |ds= tun on Cy, (IV.153) 
izal Ci 


(j21,2...n) 


where the nucleus will contain a singular part when i - j, 
and when i # j the nuclei will be regular. 


For a system consisting of two hydrofoils, the system 
of integral equations may be written in the form 


+2 i +1 
| Hol — en | Y, (8) K (x —s)ds = 
-l 


—1 
= — Bal (x) | (-2LZi-2l2 Lj) (IV.154) 





For a tandem system the effect of the stern hydrofoil 
on the bow hydrofoil may be neglected and the problem of 
interaction will then be reduced to the solution of two 
integral A ESMDIBS 


E i ol —+ SA: ~ 2af (x), 
-l 
| 


IE nl — 


Such a formulation of the problem of the tandem sys- 
tem interaction was used in the study carried out by W. H. 
Isay [194]. 


+ 
;tRG-3]6 + |» 8k. -id= 
el 





= —2nf, (x). 
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CHAPTER V. THEORY OF THE SUBMERGED HYDROFOIL [164 
IN A PLANE-PARALLEL UNSTEADY FLOW 


5.1. Formulation of the Problem. General Aspects 


Numerous practical problems related to the motion of 
hydrofoil craft are reduced to the study of the unsteady 
phenomena on the hydrofoil; however, very few final re- 
sults concerning the unsteady hydrodynamics of a submerged 
hydrofoil have been obtained so far. Perhaps the most 
CE Y M results in this field belong to I. T. Yegorov 

29, 230]. 


Yegorov analyzed the problem of the unsteady motion 
of a thin hydrofoil with the linear boundary conditions on 
the free surface and Fr co. By using such a formulation, 
the problem of the hydrofoil motion is reduced to that 
dealing with the motion of a biplane in an infinite fluid 
for which the aerodynamic methods are used exclusively. 
Later on Yegorov extended this solution to cover the un- 
steady motion of an array of profiles [32]. 


The problem of the unsteady motion of a two-dimensional 
profile, in the absence of a vortical trail, was studied 
by A. N. Shebalov [170-172]. Some of his results will be 
given below. 


The general problem of the unsteady motion of a hydro- 
foil under the arbitrary conditions is analyzed in this 
chapter. 


The periodic oscillating motion of a submerged hydro- 
foil is considered to be the basic unsteady motion under 
Study. This case lends itself to mathematical analysis 
easier and more fully; it covers directly a series of im- 
portant practical problems (motion of a hydrofoil in a sea- 
way, rolling and pitching of hydrofoil ships, vibrational 
loads and flutter of hydrofoils, and the theory of auto- 
matic control of hydrofoils). In addition, this case hardly 
makes this problem less general, since the other cases of 
unsteady motion may be studied with the aid of the Fourier [165 
integral. 


Let us consider a hydrofoil submerged to a depth h 


under the free surface of a fluid. The hydrofoil moves at 
a certain constant velocity vg with very small changes in 


this velocity. The profile of the hydrofoil is deformed. 


Because of the fact that the problem of hydrofoils 
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with arbitrary thicknesses and profiles becomes more com- 
plex we made the assumptions which are usually used in 
the linear theory of thin hydrofoils. 


The mathematical formulation of this problem was pre- 
sented by means of formulas (29)-(33) in the preface. 


Let us express the velocity potential (x, y, t) in 

the form 
P (x. 9.0) = m (6 y) + eG y. Dc (V.1) 
where p4(x, y) - velocity potential corresponding to the 


steady motion of the hydrofoil at a con- 
stant velocity vo; 


Qo(x, y, t) - velocity potential of the unsteady motion 
of the fluid. 


Let us write Qg5(x, y, t) in the following form: 
a(x, y, 2 p (x, e^. (V.2) 
Here and in the discussion below only the real part of the 
expressions, containing the exponentially temporary multi- 


plier, should be used. 


The relations (V.1) and (V.2) provide two boundary 
problems for Ou and qg: 


L vy = 0, 
Pirr + VP, = 0 with y = O, 
Piy = — v95,, ON S (V.3) 
v9, = H 
Eoo 
is m (V.4) 
= SS = a : 
P — eg, nët = 0 with y = 0,  (V.5) 
9, =F, (ip - P= lipp- on Z (V.6) 
9, = B on s (V.7) 
ve -: 0, (V.8) 
ü Iob 
where ge E: y, vm T. 


If the boundary condition (36) is considered with the 
coefficient of scattering, then instead of expressions 
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(V.5) and (V.8), we obtain the following: 


= = geg ‘a. 
9, — 255 1 — i819, — vi (1 — 2) 9 + 7-9, = 0. (V. 5a) 


The problem (V.3) and its various generalizations 
have been investigated thoroughly in Chapters I-IV, while 
the problem (V.4)-(V.8) will be studied in this chapter 
and partially in Chapter XI. 


As seen from conditions (V.4)-(V.8), the use of the 
potential po(x, y, t) in the form (V.2) has excluded from 


the problem the time (t) and has reduced the problem to a 
stationary problem for the Laplacian equation with condi- 
tions (V.5)-(V.8). 


The first condition (V.6) is a natural condition which 
does not complicate the problem. However, the second con- 
dition (V.6) is connected with the special structure of 
the line, which is present only in the unsteady motion of 
the profile and the finite circulation along the contour. 
This condition complicates the problem considerably. In 
order to solve it, it is necessary to use the physical 
picture to consider the nature of motion and to depart 
from purely mathematical forms, or to use more effective 
methods as compared with those used in Chapters II and III. 


In this chapter the investigation is based on certain 
physical presentations developed in the field of unsteady 
aerodynamics. 


Let us consider the motion of a vortical layer with 
a length of 2a, which simulates the motion of a submerged 
hydrofoil. During the unsteady motion the intensity of 
this layer and its general circulation along the contour 
depends on time. According to the Helmholtz's theorem 
there are vortices moving in the opposite direction some- 
where in the flow so that the total circulation of the en- 
tire vortical system, including the hydrofoil and the ini- 
tial vortex (located at infinity behind the hydrofoil) must 
be equal to zero. 


The vortices in the flow form a vortical trail which 
is moving together with the fluid during the forward motion 
of the profile with the infinitely small unsteady additions; 
it can be assumed that the vortical trail will also be rec- 
tilinear. 
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The assumption about the rectilinearity of the vor- 
tical trail, the Helmholtz theorem and the additional hy- 
pothesis concerning the nature of the vortical layer for- 
mation completely define the time dependent structure of 
the vortical trail which depends on the structure of vor- 
tical layer simulating the unsteady motion of the hydro- 
foil. Thus, such an approach appears to bypass the second 
boundary condition (V.6) and does not require satisfaction 
of this condition. Naturally, the success of the solution 
will depend on how close to reality will be this or that 
hypothesis concerning the formation of the vortex layer. 


There are two aerodynamic phenomena which accompany 
the unsteady motion of a hydrofoil. They were developed 
by Carman and Sears, Birnbaum and Kussner. These hypothe- 
Ses are described in detail in the monograph by A. I. 
Nekrasov [92]. 


In further discussions we will follow the physical 
presentation developed by Birnbaum and Kussner. They as- 
sume that with a change in the vortical layer intensity 
on the hydrofoil by Ay, the elementary free vortices with 
an intensity of Ay will appear at a point on the profile. 
All the free elementary vortices in the relative flow will 
be driven away from the various areas of the profile. When 
approaching a certain point on the profile at a certain 
instant of time they will form a single free vortex which, 
after leaving the profile, will supplement the vortical 
trail behind the hydrofoil. 


Thus, we will assume that, during the unsteady motion 
of a submerged hydrofoil, there exist a steady vortical 
layer yg on the hydrofoil with a potential 9, (x, y) which 


satisfies the boundary problem (V.3) which deals with the 
quasi-steady vortical layer, a combination of free vortices 
on the profile, and a vortical trail behind the hydrofoil 
with the potentials satisfying conditions (V.5) and (V.8). 


A general and very effective method of solving hydro- 
dynamic problems, which is based on the Prandtl conception 
of acceleration potential and the equations of hydrodynam- 
ics and which does not require any specific physical kmow- 
ledge of the nature of the flow and structure of the sur- 
face £, will be discussed in Chapter VIII. This method 
will be used in Chapter XI in considering the three-dimen- 
sional and, partly, two-dimensional problems of the un- 
Steady motion of the hydrofoil. It was shown by Nekrasov 
that when considering motion of a hydrofoil of infinite di- 
mensions in an infinite fluid, the method of the 
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acceleration potential and the method based on the physi- 
cal pictured offered by Birnbaum and Kussner lead to the 
same integral equation. For a submerged hydrofoil both of 
these methods give the Same results. 


Let us derive the basic integral equation of the pro- 
blem. Let us consider that the duration of the unsteady 
flow is so long that the vortical trail extends from the 
trailing edge of the hydrofoil o infinity. 


The potential of velocities may be expressed as fol- 





lows: 
Re a 
— | Y (s £ In (z — s) + G, (2, ))ds + 
+ f e (s, t) (1n (z — s) + G, (z,s)]ds + 
4 H e (s, HUn (z — s) + G, (2 s)lds |, (IV.9) 
where G,(z, s) is a — which is analytical in the [168 


lower half-plane and satisfies conditions (V.5) and (V.8). 

The motion is considered in the xOy coordinate system 
in which the origin of coordinates 0 coincides with the 
middle of the profile (-a, +a) and axis Ox is directed 
along the vector of the forward velocity vg. 


According to condition (V.6) we obtain 


+a 
i |ds + | e (s, £) E 


-+e 
+G; (e.s) |ds+ | dE + G; (x, s) at. (IV.10) 
+a 


+a 
2:0, (x, t) = | v (5, os 





To obtain the unknown integral equation of the problem 
it is necessary to establish the relation between functions 
v(s, t) and Eis, t) and determine the G4 (x, t) functions. 


The relation between the ois, t) and Eis, t) functions is 
determined from the EE picture of the flow [92]. 


Let us consider a Stationary point A in space. The 
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intensity of the vortical layer located near the station- 
ary point at the time t' + At' will be 


Y G^ t + At) = quU) + yA’ + yen 


Formation of the free vortices will correspond to the 
increment of the intensity within the same length of time. 
The intensity of these vortices will be 


, l , 
— ¥,At e Yee M" E 


1 0X—X 
Af = ns 








where x is the abscissa of the point A in the mobile co- 
ordinate system at time t. 


Then, the intensity of the free vortex may be written 
in the form 


Seat x= x’ \ (Ax’ I "imi Ax' M 
(rr) SE) CP) 


Consequently, from the moment the point A passes from 
the leading to the trailing edge of the hydrofoil the free 
vortices will enter the infinitely small region near the 
point A; when the profile will reach point A with its 
trailing edge, these vortices will supplement the vortical 
trail. 


All free vortices, formed at point A before time t, 
will by this time acquire an irtensity (x, t) which is 
equal to the integral 


tem — ue | wet E ax. (V.11) 


and the intensity of vortices EE, t) in the vortical trail 
will be 


e A=} fu (re na (V.12) 
d Uo 
For the periodic motion 
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Ya = v() e^, Eis, f) = e (s) et e (&, ) = e (E)e™ 


e (x)= —ipe- ‘= f y (s’) et ds’ 








(V.13) 
i? o 
e(t) —ipe ^ | vedi paz 
and equation (V.10) will be in the form 
2xo, (x) = f vol 4 G; ws) |a — 
+a s i 
-v | |e [venas BS + G, (x. J ds + 
o» ope 1 
T | e^ f y (s') e'^*' ds" E (x, d (V. 14) 
+e =a 


With h >œ, equation (V.14) will transform into the 
known Birnbaum equation. 


5.2. Motion of the Fluctuating Strength Vortex Under 
the Free Surface of a Fluid 


To determine the function G4(x, s) in the integral 


equation it is necessary to consider a problem of a fluc- 
tuating strength vortex moving under the free surface of a 
fluid, with the boundary conditions given in (V.5a). 


To solve this problem let us use the M. D. Khaskind 
method [160]. We are looking for the potential 9 in the 
form 


| 
pap t iin] +h. (V.15) 








p= Refin 


where F is a function which is harmonic in the entire half- 
plane; when y < O it will satisfy the condition 


("2 
— F,, — 2i (1 — ip) Fa + F,— vi (1 — 2i) F = 
I 
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F can be written in the form of a sum of two functions: 


F (z, 2) = F, (2) + F,(2); 


these functions are determined from the following differ- 
ential equations 


P Fai (I H Eat —2)Rm——M: (V17) 
t z—Et 
12 
v. Fas — 12 (1) + 1 Fay — s — 2) Fy = — —. (v.18) 
1 DEED 


Let us analyze the roots of the corresponding charac- 
teristic equations. 


For B = 0, the roots of the characteristic equation 
(V.17) are id, and -idp and those of equation (V.18) are 
1X4 and idy: 

BEE EE 


o 142v V1 + de 
au — 347 V dk 


M37. TS oc! 
For B Z O the roots of the characteristic equations 
are: “id, “ids, ids and ii where F is determined (to 


an accuracy involving terms containing 82) with the aid of 
the following formulas: 


' v l 
Ma = M iP EE a 
l — 4x) 
(V.19) 
, v 


With El Im A, 7 0, and Im4;« 0, It then follows that 
with z < O the lower limits of the integration should be 
assumed to be 4c and -w With ven A, and A2 will be 


complex; it can be immediately assumed that 8 = O and that 
the limited solution will be with the same lower limits 
ImA4 4 < 0 and for any values of T'. Therefore, to obtain 
a limited solution of the equation (V.18) for z < 0, the 


lower limits of integration should be assumed to be t o. 
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Taking this into consideration the solutions of equa- 
tions (V.17) and (V.18) for 8 - O may be written as fol- 


lows : 
— Ae TË St Aas T ig ul. 
F9 — rr (" | E46 (Za (V.20) 
20 J-c» 








F, (2) = n f E dies | FR) (V.21) 


From the formulas (V.20) and (V.21) it is easy to ob- 
tain the asymptotic expressions for the potential when 
X —» T oo: 


— om ` -0M(—D. 
9 Vic ; (x> —oo) (V.22) 
p-— 2n Lg u-b 27 — [e^ GH 
HI Ae V1 + Ae 
— e^ eu, (x — + co). (V.23) 


The expressions (V.22) indicate that a moving fluctu- 
ating vortex creates four systems of waves with the wave 
number Ae, 


With dE the numbers Au and ho will be complex and 


the corresponding waves will attenuate while the asymptotic 
form of the function @ will be as follows: 
p= 0; (x a — oo) 


2x (em ED L gid Gu 
Vi-+ 4v 








(5 - + œ). 


After differentiating the expression (V.15) we obtain 


I l . ] e : ye 
p — Re 4 — er —— ——— n —ih,2 é 
y Sech SÉ Aug | a+ 


3 du (ei 
T hen | SSC + — | A — = dt — 
t— — t—t 
eo —9 
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7 "Ou 
er f Epa) (V.23) 


The appropriate formulas for the moving and the fluc- 
tuating source were obtained by M. D. Khaskind [160]. 


Following his method we obtain 
l l 
p= In — —Inz- +F, (V.24) 


where r=V(x—0? +G—M r= VE (y+ 1) 
F=F,+F,. 




















ene ( EN cl (V.25) 


From the expressions (V.23) and (V.25), ony may ob- 
tain the values of Py for the vortex source with an inten- 


sity of B- fF + iQ: 


= B B 1 B ` — ihe ` eiut 
9, (rz) er nd 5 








zr: (V.26) 
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From this formula one may easily obtain the known re- 
sults: for example, with A = à4 = v, Ag = Ay = O and T' = 
= 0, (V.26) transforms into the following expression: 


- B B as i eng 
d eg [2 — ivBe-!v* f DES ) 


For vg = 0, Ay = 327c0, AB = AL = v', and T' = O, 
we obtain the formula for the fluctuating strength vortex 


Source: 
-— " z £ 
— ke( D. - B. Ile fe ae 
uH T9 





— Bv'e-iv: i — «) (V.27) 
t—t 


This formula can be easily transformed into the for- 
mula given by N. Ye. Kochin [59]. 


5.3. Singular and Regular Equations of Periodic Motion 
of the Hydrofoil 


Formula (V.23) solves the problem of determining the 
function G4(x, s). Directly from this formula we obtain 


: l 1 y "PL 
G X) — Re —— o [| ————.| — à ei i p 
J X — 2ih * dri Me Kee dë 


A 
et ei^ 
Dart — — — Sh 
MC Losch ris be «fs * 
-+o S e⸗ 


— Aë f E A dd (V.28) 
t — 2ih : : 


Formulas (V.1^) and (V.28) result in the basic singu- 
lar integral equation for the periodic motion of the hydro- 
foil. 





In the future it will be more convenient to use these 
equations in dimensionless form: 
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| 
x—s 


+1 
2nv, (x) = | Y al +G; &-2|&-— 
cl 


+1 8 
-a| | cd +C; Al | v (s) ef" ds'ds + 


x—s 





e 


oo : +1 
+ | cut] 66-8 ( vE edza (V.29) 
+1 — = 


0 
G Gas Ree T]. ses | sera? 
x — 4ih Vide PELITID 


0 s 
EE g— ^u ] = g- ha 
MM á— d ar N ———————— d — 
tA | x — 4h (u + i) ley, Leit | er : 


0 
- d eg ^u 
— — du > V.30 
“| Tess | mm 
T A 
= E "Eu | 
where vy (= TE ELT hm gr US AR 
k= 2 the Strouhal number. 
0 ; 


There is no general method of solving the singular 
equation obtained for the simple case of steady motion 
ard, therefore, it is important to regularize this equa- 
tion, since, after reducing it to the Fredholm or quasi- 
Fredholm type, one may analyze it and solve it by using [175 


the methods employed in the ordinary integral equations 
theory. 


The Birnbaum integral equation that describes the un- 
steady motion of a thin hydrofoil in an infinite flow, has 
a closed solution and, consequently, we can use the Vekua- 
Karleman method for regularizing our equation. By carry- 
ing over terms containing the regular function G4 (x) to 


the other side of the equation, the equation may be written 
in the form of Birnbaum's equation 


+1 o H e e 
2nf (x) = a-a] 41 y (9) e^? ds' + 
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the solution of which, obtained by Kussner and Schwarz 
[92], will have the form 


= +! = 
.iy ii y Le B 
Ya i| dr to n|+ 


y rt — ——— LCE lune 











ik 
«Vy IECH 1I—sx—yi—syl- (v.31) 
where C(k) is the Theodorsen function [92]. 


After transformations, from the expression (V.31) we 
obtain the following regular integral equation: 


(89 - wë ly 1 | [vo f yi; l 
=I sj 





$—X 


ik rr Pii =*)| 


X E (s — c) —ües y 


c ae? 
"-2y c 2 + en ul, 
=l 


l —s 


kaf tts [l= Le pasa V eege — 
Hy j lg ————————— 9, (s) ds. 
TEEN —sx —- VY lV] z 


This equation can be written in a more convenient 
form by means of substitution 


96) v9 VM — 


A 
eil = G(x) — = f p (9) F, (© , 9) da, 


eG e-a ad. (v.32) 


where 
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where 











+! — 
dE = f Yi € {| Hew) + 
l +0 H S 


— y d pe M ESA: 
2 I—sx—Vi1—sVi—3x 





Ie (s — o) ds 


l—o 
K (s —9) = G, (s — a) — ike? | e-usG, (s — p) dp. 
a 
The lifting force and the moment of the hydrofoil will 
also be determined by m (I.29) and (I.30): 
P = gave P y (s. t) ds, 


| 


FT 
M = — a}? f sy (s, t) ds. 
` sl 


Let us assume that 
P = Beil M= Me™, 
(V.35) 


Let us determine y(s) from equation (V.32). Then formulas 
for P and M will mee the form: 


Pn mm TUM VE? bad, ^ (V.36) 


MN iis | V iine 0) xdx, (V.37) 


where Po and Mo are the lifting force and the moment acting 
on the hydrofoil in an infinite flow. 








Let us express Po and Mo through the normal velocity: 


+ 
oe I ca JA =F | oie 
Ži 





col 
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+i . — 
M, = ec Ir TREVI SIC) la, Dé (V.38) 


Now, let us transform formulas (V.36) and (V.37) to 
another new form. Integrating, we obtain the relations 


Visi vits = F Ga) d= WE? 
l—o 


+ ik V Chez 


V EH y i ZF &, 3) = j [Vizag 


+hem—ny/ H tlk eae, 
l—s 


By taking these formulas into account, formulas for forces 
will be in the form 

















+1 


P = Bom ii |c (k) +2 = + ikV 1 =| Io, @)—N, (x) Idx, (V.39) 





1 


4 
M = — Qva? T l Via es — x34 
—| 








+z 66 —1y/ {+2}. @—M eias (v.40 
where 
Df 
Ni) = aq | YOK &—9 de. (V. 41 ) 


Formulas (V.39) and (V.40) show that the influence of 
the free surface causes changes in normal velocities on 
the profile and that the hydromechanical characteristics 
of the hydrofoil are equal to those of a certain hydrofoil 
in an infinite fluid which has a normal velocity Vy (x) = 
= v4 (x) - Ny (x). 


In order to determine L and M it is necessary to find 
the values of N4(x). The exact value of N,(x) may be found 


after solving the integral equation (V.22), but the theory 
of the deeply submerged hydrofoil may be developed using 
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voalgl instead of v(c) in formula (V.41). 


5.4. Expansion of the K(s - g) Function in Powers of 
Parameter T 


For solving equation (V.33) we will need the expan- 
sion of the K(s - c) function with respect to the positive 


powers of the paremeter T= V ihm + 1— 2h. Let us write function 
K(s - ø) in the form 


K (s—o) = G; (s—o) — ik et Gi(s — a — 4hu) du, k = 4hk. 
H 


The function E as expands into the following 
series: x — åh (u + i) 


] 
— resch SE y (p— c — 


nmi, 2.3 mm (P 





Let us search for the expansion of function K(s - c) 
in the form of (I.81): 


K (s — 0) = Y "à G—of"'K.., (V.42) 


nw1,2,9 ` Gesi 2,3 





PR 
—————(0 + ZFLQ00 (n, p - even), 
om (25?) 





where Kn p= 





——————- LF) (n, p - odd). 





Let us now determine function ZF,a(A). For the inte- 
grals in the expression (V.30) we have the expansion 


` edd E : KE se * 
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—F (a 
«| pai | d (V.43) 


where 





Fa (A) es — i "F, (A) 
Pa (A) = — i "F, À) 
and where F (à) is the function derived in Ch. II. 


Let us establish one equality for the expansion of 
the function 


A 


dir 


Let us integrate by parts: 


e ^ e^ Ke : r4 — 
— y ludo = dv — 
| (u + v 4- pt ESCH 
e he eh aid i 8 0 


_ jp — ——- dudo, 
(u + u+ 6” 
TA e ^g —ihkyu — 
| IS i — dudo = d 
; (u 4- v 4- i) (oT i^ 
ik, TT ge SCH 
Th 
y (u 4- v VET 
From the above relations we obtain 
—R — — ^ £o = ome | 
y= —i-——_| | — do — | £ du |. (v.44 
fa pm TU nya ax (0 + i) : ; (u +i)" 9 f 


These relations are sufficient for writing the general 
expansion. By combining these results we obtain for ZF,(A, 
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AME E E Pa (20 NI, UTE aid 




















el SEN ERT m. ( SCH. 
— sm (V.45) 


With the change in direction of the Ox axis the func- 
tions Fn (41) in the expression (V.45) should be replaced 
by Ph (24). 


For k = O: 
ZF,(k) = i ((—F, 0) + FL) = 21m F1, 
Since , NE | 
Fa) = —UC^ReF,() — CTT Im F, (A), 
and then 


ZE Q) = 2(— 1)? Bet, a) (n - odd), 
2(— HÉ time, (4) (n - even). 


Substituting these values in the expression (V.42) 
we again obtain the expansion (I.81). 


5.5. Solution of the Regular Integral Equation 


If only a finite number of terms is retained in the 
expansion (V. 2), the kernel of the equation (V.33) will 
degenerate and the equation will become equivalent to a 
certain system of algebraic equations which may easily be 
obtained. 


Let us present an approximate solution of the problem 
(V.33) using the method discussed in Ch. II. Solving the 
equation (V.33) by the iteration method we may write for- 
mulas for forces in the following way: . 


B = cast | vo [I-SN, (x) (—1)"| dx. : (V.46) 
bal rid 
(e Ta, /taif 1 
mo x Kuo || LV nb + Cub 
St Zi 
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ik 1—pt--VI— pV 1—7?£ 
$y — Jj | Ne dtd, 
2 — Vi-—pV 1 j^ — (V.47) 


+1 
N, (9) un [cw V = + ik¥ 1—p! |Ke— odp 


S [eee EV Fh Gelee * Cu) —1)] + 


l—se+ V 1—SV1—# "AW 8 
— Väe "ls (V.48) 


Similarly, for the moment: 








i-e fye 3. 9c vas 
24 han 


+ +1 
Mn (0) wie reo | (V TEV rede Len 


ik l—pt EV i1—g Vi-n —— did (V.49) 
4- os. — Vi-g2Vi set (f) p 


+1 + 
LEE is) VEN Fel TEE L182 
sc) el 


1—pt-71—pV1—T AE us V.50 
[—pp—Vi—pVi-#l ^ Vi 
+1 


Jee? * 
E Sue IV ts E 
wel -f i i 


ik 1—sx-V1—sY1—7 ON a 
Mio — — s Aën 1) Je 


iR 
+t 





(v.51) 


Let us write the expansion of the kernel K(p - c) in 
the form of (I.70). Then 


K (p— 0) = tg (p — 0) + t (p — o) + ese +... 
No (0) = ënn (0) + Epos (0) + Eos (o) +. 
M (0) = Ha (0) + Ela (0) + El (0) +... 


(V. 52) 
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+ "TT. | 
w«o--ri[&e-e(cemy ribaYi-5) (v.53) 


- 


+1 
«eT — 5 | aloo) VIP 91-7 


GE EL Ge (V. 54) 


^N (0) = hp, fei v ep, (a) 
S SE S (V.55) 
M, (0) = E" ua (0) +... + Pa (0), 

ir 


Pr (0) = «| (9, (p—9)*, ia * 9, (p — gl, ak, t 


* Pm (p — o) LA da, 


Mts) = IWS Tril eg 


ik | 1—pt+Vi-p® — 
Wiese oi — 


l 
Taal) =) meo. en | a ee 


* Pm P —9) fi uos) dp. 


l V rz l 
hows -VEVE ad prem nj« 


ik, 1—pt+V1i—pV 1—£ la 
EE Vi-gVi-£ M t. (V.57) 


By assuming functions qg4(p - c) in the form of (I.75) 
functions Vy gs and fy,g will be determined by formulas 


(1.77) and (1.79), in which the coefficients Gp,k -m are 
found as follows: 


+1 — | 
Cim ml Lë gl cto y + aYi—7 | dp; 
=i 
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+1 — 
Coan = E È / TE Brint Baa VIRB (ra 
=| 
Born = Bontimtp—ir—m—t + Bontril p—ii2—a—2 + Done i 


dpa) = WAE E 


Cha 0+ Creo OO ]do; (V. 59) 
Bem =; Boma paiT Bestia sicat —* T By Ae plo" 
] y. l—so+ AE SVIF 
gum Re TT pat Oat Ca n 
Zu 
T Caio -mi do; 





e men YTB EEVT + 


+ ici) mu 155 a (V.60) 


+1 
Guim L (y rH EE Bom (p) + Z Braun (P) yi—p —p | a. 
=| 


Bm = Bom+im dp—k,k—m—I + Boyn+2dp—1,4—m—2 4... 


+ Boum doi 


— 


p,kyn = Bo ttm EpL mi t TET. EN + ae pare (V e 61 ) 


Lo 


Functions dp, k and Eu k are determined from formulas 
(V.59) and (V.60), in which C$, k, m is used instead of 


Cp, k, m. 


Taking into consideration all these relations let us 
write the formulas for forces as follows: 


P = — 20au; «ey. T5 4e e FY | — B9) as (V.62) 





zV 1—7B9 a. (V.63) 
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where 


A(s) = dec X (— 14, (5). 
Amel 


— (V.64) 
B(s) = go — Letz 1) Sen (S), 
nml ke 


A(s) = dy — Y e F (— D'aa (5) 
nx] 

es n=l _ (V.65) 

B (s) = go — Y; *' X (— U'g,, (9). 


nml Ae 


Let us determine coefficients CD, k, m and C ka 
— can be easily found from the expansion 
V.42). 


Below is a list of coefficients Cp, k, m and Cp, k, m: 
a pP ik e l 
C =KulC +F) Cm gC Kan 
Con = — lg (k) + 2] Cow = gu Coo + Kas ic (k) + 9 
11 
Cmm Kac) Cia = Kalc +5] 
e 1 3 | e. 3 
Cho = C (h) LS Ke + sre Cin 3 Kul (B) 
E A [ow +5 + z|-* + SC (k) + ik | 
Ciu =—K, [c wE], Cin = Cito 
os = Co. Cw = Cho, 
Ciao Set — Ki, SO), 


Cin = Cei Coro, 
Cw = Caicos — KuC (k) Cia, 
Cu = Caio 


, C(b) 


Cio = Ku [ciu (ty — Cin EË- C cu | +Kalc Ce a SEI A 
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+= [1 -C)+ D a Joe (A e 5 [Ka Lo El $ 
+52 nell (V.66) 
Ciu = — KC (h) iiv Barn i) + F Kalin 
Chas Kain ( Cl + 5 + 5 3! 


Coo = m KuC (k), [1 86 


— e 17 -? 
Ga Ka | (9 — 1 + Tl, Cin = Kc (t 

e Sch l 
Cos = a Coro — Ra Gen: 1] + 3} 
— 1 ik — 
Cosi elei — 14 Gl, Cosa = — 5 But: (k), - 
De Ka |— 09 —11+ e] — Ka [jet 0 — 11i 59. 
Coa = Kal ® — kuf- Zem — gl. 
ZER k 
Co = — Ku G [C (k) -u—e Coa = Ka eo, ) 


Ciz = CooCoo Czw = — 
Cro = CAU aer? - 
Cis) = ost om + adem — Ku-> > C (k), 


Cin = CoCo, a 
Cho Daf + Eet — ECH C (8), 
Con = ConCoCoio (V.67) 


Cio = Ku ëm — Ca ^] C (k) — zd + Ka E c 


+ = (1—C OH + (Ka + Ks) CoioC (k) +8 D e, + 
+ Cl t Sr, T Coo (s + Cal 


=— Kz [c (em — Con "Fl — Kata (k) — d Kafen, 


el 
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Gap ik 
Cha = Kata [e (k) + 1| 
Functions da, and gn,m are found in the form [187 


dw = CU dor = CoC (A), 
dag = CoC (k) + Cia [s— 3160 +i} + ido 60) (v.68) 


da= Cont (H) + Cin {s— gC O + 11}, 


dos = Cou (K) + Cou km: 11} + Gelb —st + — 


2 
cos 4) 
da = Cia (k), 
di = CixC (E) + Cin —J [C (k) + A 


du = Ci«C (k) + Cia -= Zem T uj t Ciao dad (V.69) 
das = Cat" (k), l | 
du = Chet (9 + Cia [5 — 51609 + t]. 


du = Cat: (k), ; : 
Eo = 2, Ey = Zug Eo = 020 t Con: 


gos = 2C. + Coys + DE + Sei 

= 20%, + Cons + DS + 258) + C egi: 
Bo = “You oas + 3 | 92 \25r° 
Bu = 2C, fu Cat Cis 


Cin d is 253), 


Ea = Ciy t Cins + 77 
En = Zaang Eu = e TOS 


Functions dnm and gnm are determined from formulas [188 
(V.68) and (V.69), in which CZ km is substituted for 
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km: Having the values of functions dnm and gnm and 
coefficients CD,k,m, one may determine the values of the 


lifting force and moment for the various special cases of 
motion. 


Let us examine a particular case of reciprocating 


oscillations of a plate. For this type of oscillation the 
normal velocity is given by the formula 


Un (s) == im, 


where H - the relative amplitude of oscillations. 


The dimensionless lifting force and moment may be 
written as follows: 


Segen + Ff (v.71) 
=i -yenn (v.72) 


for functions Yj the following formulas were obtained: 


Yi = 1 aCe — t (Cio — Cin — S) — o (Cin — Cin — Cin — 


` Ct — — 
2 


Con — Cin + Cin — Cont Ce 3 sa) V. 
LAME T E cõ). (v.73) 


J-* (Cia — Cia + Cao — Co — 


e . e e E e i . 
Y, = 1 — Coro — T° (Cos — Ci) — T (Cia — Cix + Co + Geh — 
— — Cio + Cia — Cio + Coa — ia) |, (V.74) 
=e =e —e Ca WER =e 
Ya = 1 + 21Coto + 2 (Cim — Cin SCH + 21 (Cin — Cis + 


+ Tog — CO + is + See) E, (Ci — Ziv + Cus — Cio + 


2 
+ (V.75) 
v, = — Ghat Cin Dal 9 (Cia Cino + Cn Cia — 
— v| tinin + Cio — Cia — q Cio — tia | (v.76) 
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For the submerged hydrofoil, it is difficult to sep- [189 
arate the overall forces into the quasi-steady part and 
the part which depends on the vortical trail. 


One may attempt to isolate the lifting force which 
depends on the entrained mass. This force is determined 


through the intensity of the vortical layer from the for- 
mula 


rome | etna 


where Yo (x, +) is the quasi-steady intensity of the layer. 


The quasi-steady moment is determined by the formula 
+a 
Mo = — Ha f XYo (x, t) dx. 
— 


By comparing these expressions we obtain 
d EE Es (V.77) 
and for the periodic oscillations 
P, =—i Cu (V.78) 


The expression for the quasi-steady moment will be 
obtained if we assume that k = O in the brackets of for- 
mula (V.72). Then, the force caused by the entrained mass 
will be expressed in the form 


P, = — 5 (b) v. (V.79) 


In determining Y30 it should be kept in mind that 
functions Kpm in the coefficients Gär also depend on the 


Strouhal number. These dependences should be retained, 
since they determine the nature of wave formation on the 
free surface during the oscillation of a body with a cer- 
tain frequency and k = O should be used only in those 
terms which depend on the vortical layer. 


For the infinite fluid, force P4 will be determined 


by the second term in the expression (V.71). It is of in- 
terest to note that for the case of reciprocating 
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oscillations this term is the same as the formula (V.79). 
Comparing the coefficients with the same powers in the ex- 
pressions (V.75) and (V.74) we obtain: 


{2C cro fe = — | Coro le 
| Cons] = eh ek | Cin 


from which it follows that Y20 = Y30° 


This conformity is at the same time used as a tool [190 
for checking the correctness of determining coefficients 


Comp, Gap, yo and Y3° 
Function Y30 which determines the relative change of 


the force due to the entrained mass is in the following 
form: 


Yy = 158 — 2 (y Ka Kt) e (Kh + & — 


— KE + ei — E Kut K& — — KG 


— 2K + 3 KK — Kf). (V.80) 


At high and low velocities of motion, Y30 is determined 
by the formulas 


Fr + 0 Yo tlt ett ET (v.81) 
Fr — co Yoo = 1 — 3 EEN (v.82) 


By assuming that k = O everywhere in formula (V.73), 
then the latter will transform into formula (1.82). 


In conclusion let us examine the rotational and oscil- 
lation motions. 


The normal velocity is expressed by the formula 
Oy (8) = ik (n + 88) — P + bs, 
where Eat - the relative distance between the center of 


rotation and the origin of the coordinate 
axes; 
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B - the amplitude of the rotational oscillations. 


Let us determine the lifting force and the moment by 


the formulas 
= C (k) 
P = [ik (n + EB) — PIC (k) Ya —U8 75^ Ys + 


+É up ED — Pin — iby. (v.83) 


Hey OU G P Bo am la 
-Bu- Et. (V. 8) 

be ie — + | Con — Cin + Lema —cw|— 

— [C — Cin + Ci + y (Cin Cal —C(&)- 

+g Clem — 7] - [e — Cin + Gs On 


+ 4 (Coa — Cin + Cru) L1 —C (M) + (xe (8—4 ) Cia — Cie) + 


+2 Gail ce (V.85) 


te — Cn — S Cin — Cin) — F (Cia — Cia + Cha + Coa), (v.86) 


ER (Cm — Ci») + 


a ën — cay] r [E Cow Cin + Co + 


+ D Ban cay Lë co Al [co Coa 


v= CA E 


— Cio + Cis — Csa) + Con — Ciu + Cn q — C UI + 
+ —— iO -cuy|. (v.87) 
Y, = 1 — Cov? — d (Con — Cis) — d (Cn — Cin + Cm + 164) (v.88) 
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One could study the problem dealing with the determi- 
nation of the suction force during the unsteady motion of 
a profile as well as the related problem concerning the 
thrust and efficiency of an oscillating hydrofoil in the 
Same way as it is done in aerodynamics. However, these 
problems are not discussed here. Also, the problem of the 
profile wave drag during the unsteady motion will not be 
discussed here. 


5.6. The Unsteady Motion of a Two-Dimensional Profile of [192 


an Arbitrary Shape Under the Free Surface of a Fluid 


A problem concerning the motion of an arbitrary-shape 
two-dimensional profile is discussed by A. N. Shebalov 
[170-172]. Shebalov examined a special case of the pro- 
file motion in which the circulation of the velocity along 
the profile remains constant and there is no vortical 
trail. By using such a formulation, the problem is sim- 
plified considerably and can be solved by Kochin's method 
even if the profile has an arbitrary shape. 


The problem of the unsteady motion of a profile with 
a constant circulation requires an investigation of condi- 
tions which are necessary for ensuring constancy of circu- 
lation. Such conditions may become impossible to achieve 
for all possible types of hydrofoil motion. In addition, 
these possible types of hydrofoil motion are limited con- 
Siderably by the assumptions made in the derivation of the 
linear boundary conditions on the free surface. 


In deriving boundary conditions it is assumed that 
only the horizontal velocity of the incident flow has a 
finite value. The vertical velocity is very small and is 
disregarded. Consequently, it follows that under the as- 
sumed boundary conditions one should consider such motions 
which have very low vertical velocities. However, the case 
of motion with a constant circulation along a circular 
trajectory, which is well known in aerodynamics, cannot be 
considered here. 


Let us discuss briefly certain results obtained by 
Shebalov. 


The boundary conditions on the free surface are as- 
sumed to be in the form 


Pu g9, (NG, — Wig, — 0, (0€, e D (y = 0) (V.58) [sic] 


conditions on the profile 
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Pa = v, (f); 


at infinity 
p(x, y, ) - 0 X — + co, 


Pyt) y> o; 


— — — — ⸗ 


initial conditions 


Is D, (9,,—0, Das OU (V.90) 


— — — — | 


The potential of the vortex under the free flow is 
determined in the form 


r 


7 yh h 
ọ = d (arctg LZ) 


+ arctg 2— =) +, (V.91) 


where gi is a function which is harmonic in the half-plane 
and which is determined from the equation 
9, = — 209, + UP, + g9,, —09,, = 


-—g T | g 7 in xd, (V.92) [1 93 
from which 





= erly - A) L 
--£[ H5 — E +| «dt | nV giat — dd. (V.93) 
0 t 


According to the Cauchy-Rieman conditions for the 
function of current V4 we obtain 


p, = - | Geax — 5 (y), 


where 9(y) is an unknown function of y, which may be as- 
sumed to be equal to zero. Then 
— (yA) 


t 
Va Va cos |x y sini g^ (t — t1) dtda. (V.94) 


The complex potential of the vortex during the un- 
steady motion was obtained in the form 


r 
20.) = gin +t 
f 
et M; —iX edt 
D pp le^ —iX(—ih) . 
4- 1i | Va e * siny BÄI — x) dAdt. (V.95) 
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Similarly, for the source 


e BL ny AFU e GV.96) 
Pitt — 20,0,,, + Ha + EM, — bcd Ae osha (V.97) 


and the complex potential of the source 
V (2,1) = -S In (e + ih) (2 — ih) + 
A 
t 
et 


—in (ode 
+£ ) | DCH e 97M, sinV g (t — t)dAdr. (V.98) 
& 


A 


From the expressions (V.95) and (V.98) we obtain the [19^ 
expression for the complex potential of the vortex source: 


V6.0 sor bal nei) + 


>e 
Dl oft 


RA Ai) ) | 
A E js Be * siny giit — i didt. (V.99) 
af yg y 





Using Cauchy's formula for the doubly-connected re- 
gion between the C4 and Co contours, which envelop the 


hydrofoil profile, we obtain the for complex velocity of 
a two-dimensional profile the following expression: 


TET 
ell as eos 
ò 


v f emo (Auf. 


Forces acting on the profile may be determined from 
the L. I. Sedov formula [128]. Let us limit ourselves to 
the calculation of the first term of Sedov's formula only: 


— — 


After transformations we obtain the expressions for 
y and x in the following formi: 
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Yeon (Hanae 


oe 


e» t n 
+ $ iron ata Jano | Vgi( —*)dr--oge — (V.101) 


e g 
x= —$ fim oaia ua (af atr) oe (V.102) 
6 € 
where HOA, t) is the Kochin function. 
For a cylinder with a radius R and circulation along 
the contour [ the force X is determined from the formula 


Xei eva + 250 (1) A RAA x 


x fan JOLLET. (V.103) 


With Ff = O formula (V.103) transforms into the formula 
for determining the wave drag of the cylinder during the 
unsteady motion, which was obtained by L. N. Sretenskiy in 
a somewhat different formi: 


x jwtosn(A f odr) n VR — 4 (V.104) 


For any given moment of time after which the velocity 
becomes constant, the wave drag of a cylinder with circu- 
lation will be determined by the formula 


R,= nats | Ha + Fe ROP x 


Ce n. va 
x ot Vee. (V.105) 


For hydrofoils having a small relative thickness the 
principal effect of the free surface will be determined by 
the variation in circulation along the profile. However, 
Shebalov did not examine this problem. 
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CHAPTER VI. THEORY OF THE HYDROFOIL IN A PLANE-PARALLEL [196 
FLOW OF FLUIDS OF VARIOUS DENSITIES 


6.1. General Aspects. Formulation of the Problem 


A number of technical problems are reduced to the 
Study of the hydrofoil motion near the interface of fluids 
with different densities. The problem of the hydrofoil 
motion in a three-dimensional flow of fluids of different 
densities will be discussed in Chapter XII, while this 
chapter will be devoted to the hydrofoil motion in a plane- 
parallel flow. 


There are literature sources discussing the investi- 
gations of motion of fluids with various densities, i.e., 
motion caused by a body submerged in one of these fluids. 
The problem of waves on the interface of fluids with dif- 
ferent densities, caused by the irregularities of the 
Earth, is analyzed in two publications by Kochin [53, 54]. 
His two other publications [62, 63] are devoted to the ac- 
curate analysis of the Steady waves of finite amplitude on 
the interface of two fluids of finite depth. V. S. 
Voytsenya [12, 13] studied a two-dimensional problem con- 
cerning the motion and oscillation of a body near the in- 
terface between two fluids of different densities. In 
problems considered by Voytsenya the upper layer of the 
fluid is of finite depth. Very recently a study was pub- 
lished by A. B. Lotov [75] dealing with the problem of the 
hydrofoil motion above the interface between two fluids. 


Let us first consider the stationary problems of mo- 
tion of the hydrofoil in fluids of different densities. 
In analyzing such problems two half-planes of complex va- 
riable are introduced: an upper half-plane where the fluid 
has a density Q4 and a lower half-plane in which the den- 


sity of the fluid is 02. In the discussion below all para- 


meters related to the upper half-plane will be designated 
by an index 1 and those related to the lower half-plane by 
an index 2. 


Let us denote the basic velocities of both flows as [197 
Vy and Vo. Let -V4z + W (z) and -Voz + Wo(z) be the com- 


plex potentials of the flow of the upper and lower fluids. 


The components of the velocities along the Ox and Oy 
axes will be in the form 


u= 0, + Pii % fuer (VI.1) 
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If?) is the equation for the interface between the 
fluids, then, disregarding the small values of the second 
order, we obtain an expression 


d 
Pry = — 9, a : (y = 0). (VI.2) 
According to Bernoulli's formula the pressure in the 
flow is 
Q 
p, = C, —— (o — 29,9, + 91, + Pi) — EPY. 
Disregarding the small values of the second order, 


we can write the following for the points on the interface 
between two fluids: 


p, = C, + 9,9,0, — BOL 


However, since the pressure is continuous along the 
L line and since py = po, then 


EN (2, — a) = Geif, — DÉI (y= 0). (VI.3) 


If we denote 


2 0,0? g(Q,— Gel - 
Ps = «P, qui ad Uw ed Tos =v, 


then conditions (VI.2) and (VI.3) may be written in the 
form 


Py = Pay (y = 0) (VI.4) 
MoPar — mig, = — vn. (VI. 5) 


After differentiating (VI.3) with respect to x and 
using (VI.2) in the linear approximation, the boundary 
conditions may also be written in the form 


o (eu V Pu) — an + VP) = =O) UE?) 
where y, = Y 


Let us formulate the boundary problem for the Laplacian 
equation for the hydrofoil motion in a plane-parallel flow 
of fluids of different densities. 
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Let us find the solutions of equations 
v-0 kal, 2 


for the upper and lower half-planes, excluding that part 
E corresponds to the hydrofoil profile, using the con- 
ditions 


Pi = TE Pap (y = 0) (VI.8) 


U 
e (vu. kg iy) — (Pees + Vu = (), 
Pp = + 0, cos (n, x) (VI.9) 
on the profile of the hydrofoil C in the j-th half-plane. 


for 
£4 - Ge 
y-* +æ 
Vo is finite at the trailing edge of the — 
VI.11 


With the appropriate selection of the new unknown 
function $3, the nonuniform conditions (VI.8) may be re- 


duced to the already known uniform condition. 

During the motion of a singularity located in the 
lower half-plane, the expression for the complex velocity 
may be written in the following way: 

W, (z) — œ (2) = œ, (2), (VI.12) 


where W, (z) is an analytical function in the lower half- 
plane. 


Let us assume that 
V.) = hoe} + Zei (VI.13) 


Naturally, the function Wo(z) should be analytical 


in the upper half-plane. In addition, the function W(z) 
is also analytical in the upper half-plane. 


If we denote 
W,(z) = Oy (x, y) + g(x,y), (ml, 2) 
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then the condition (VI.6) 


with y = O will be satisfied if [199 
D, (x, y) = — 0, (x; —y), (VI.14) 
from which | 
Qus = —0,. 
Therefore, from the expressions (VI.12) and (VI.13) 
we find 
GË Ae Pes + Qr 


! H . | 


and the condition (VI.7) will acquire the form 
Pias + më m Dë. (Y=), (VI.15) 


Let us examine the function 
w, (2) = o (2), (VI.16) 
which will be analytical in the lower half-plane. 
In addition, let us assume that 


@ (2) = o (z) + e (2). (VI.17) 
With y = 0 E " 
Q-29,  *-0, 
and then = DESEN 
9, = m P, =p 20. ^ (y 0) 
If we assume that 


ml = no (z) + o (2), (VI.18) 


the condition (VI.15) will yield the following known ex- 
pression for the function 934: 


Past V9, = 0. (y = 0). (VI.19) 
The above approach was used by N. Ye. Kochin in [53]. 
The advantages of the boundary conditions (VI.19) 


consist in the fact that they coincide with the boundary 
conditions on the free surface in problems which were 
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discussed in the preceding chapters. Also, one may use 


the results concerning the motion of isolated peculiarities 


under the free surface when analyzing motions considered 
here and utilize the theoretical methods of motion of bod- 
ies under the free surface. 


Utilization of the boundary conditions in the form 
given in (VI.8) also does not present any particular dif- 
ficulties so that the problems can be easily solved under 
these boundary conditions as well with the aid of the 
Fourier method. 


Given below is a solution of the problem of motion 
of singularities under the conditions (VI.19). It was ob- 
tained by Kochin. In the discussion below the boundary 
conditions (VI.8) and the more general conditions for the 
case of unsteady motion will be used. 


6.2. Motion of Isolated Singularities Near the Interface 
Between the Fluids of Different Densities 


Let us examine the solution of the problem of motion 
of singularities under the interface which was obtained 
by Kochin [53]. First let us present certain general re- 
sults and obtain the expression for Wo(z). Condition 


(VI.19) may be written in the complex form in the same way 
as was done in Chapter I. 
Im[i Ws (2) —vW,,()]- 0. (y=0) (VI.20) 


Let us introduce a function of the complex variable 
f (z) = V. (2) — ivW p (z). 


Function f(z) is a single-valued and analytical func- 
tion in the entire lower half-plane with the exception of 
the point z =a. Since both W4(z) and W(z) have a singu- 


larity Q(z) at point z =a, it follows from (IV.18) that 
W3(z) has a singularity U(z)m; and the function f(z) has 
a singularity F(z) = m(e, + ivo) at this point. However, ac- 


cording to condition (VI.20) the function continues analy- 
tically into the upper half-plane in correspondence with 


the formula f(z) = -f(z). 


Considering that the function f(z) vanishes at an 
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infinitely far point, we obtain 
f(z) = Wa (2) — ivW, (2) = F (2) — F (2). (VI.21) 
After integrating the equation obtained let us de- 


termine the function 43(z) with an accuracy of up to and 


including functions ae iV? 4 p, 


The constant b does not affect motion of the fluid. 
The constant a is determined from the condition (VI.10). 


Taking into consideration that 


P2) = — W, (2), 


i = W — = m— W » 
we will find W, (2) 1 (2) — o (2) = o (2) m, — o (2) m, + W3 (2) 


V,G) = imo 2) — V, G. (VI.22) 
The uniqueness of the solution obtained may be proven 
in the same way as was done in Ch. II. 


Now let us examine motion of the vortex under the in- [201 
terface between two fluids. Im this case 


ef = zo ney, 


a(z) = — x In (z — $), 
l iv 
P= mag Lenz oc) 


The solution of equation (VI.22) is given by formula 
(I.15), Chapter I, in which m4l should be used instead of 


From formula (I.15) we obtain the formulas for Wy, (z) 
and Wo(z): 








, - a et 
Vm la EE t ame | Sat), (v1.23) 
+o 
_ a Qt 
v, = gat (2me** | Fr at), (VI. 24) 
Ken 


For the source with the intensity Q the calculations 
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are similar. Formulas for W4(z) and Wo(z) are in the form 








V 9 linne—tu)c—t)-—2n^* Ge dt (VI.26) 
im gp [ne 060—247 | ar, | 
ken 
— e Nh 
V, (2) = or ot (2me™ | <4}, (VI. 27) 
4-0 . 
Formulas% the dipole, obtained in the same way, 
are 
Y.) ze + (m — m) Bme È e dt, (VI.28) 
z—€ z —t , t—t : 
Le 
l -a — 
pm | amp (I i ju) (V1.29) 


Let us now solve a number of problems by the Fourier 
method. 


For the purpose of simplification, let us consider a 
case of motion when V4 = Vo. This case is of the highest 
interest in the hydrodynamics of high-speed ships. 

In the complex form the boundary conditions (VI.8) 
will be 

Im (Q [iW sze (z) uf (2)] — Wlan, (2) Ën (2)]] = 0, (VI.30) 
Im W, (2) = Im V, (2), SL, (VI.31) 


As in the preceding chapters the following integral 
representations are used in the solution: 


e 
l is 
0 


1 eon 
== — Im z > 0. 


In problems dealing with the hydrofoil motion in the 
upper half-plane we will look for the complex potentials 
for the respective motion in the following form 


T, (2) = Wie) + Fie). 
v. = V.G). (VI. 32) 
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where we (z) is a function analytical in the upper half- 
plane. 


Then, from the boundary conditions (VI.30) and (VI. 31) 
we obtain the relationships which are satisfied when y = 


im {Qf Of (2) — vW’: (2)] — [iW s (z)—VW us (2)]} = QN, (2), (VI.33) 
Im Wis (2) + Im P (2) = Im W,,(2), 
N, (2) = — Im [iFa (2) —vF (Qe (VI.34) 


Function F4(z) is determined according to one condi- 
tion: 


Re Fiz (2) = 0, Im Fs (2) = 0. (y 20) (VI.35) 
The complex potentials for a hydrofoil moving under 
an interface may be sought in the following form: 
Wi (2) = V,(2), 
V,()- W2 (2) + Fy (2), 
where (EIN is a function which is analytical in the lower 
half-plane. 


And again, from conditions (VI.30) and (VI.31) we ob- 
tain the relationships 


Im (e tW sre (2) — VW) — (Ware (2) — Was) = Ma, (VI. 36) 
Im Ws (2) + Im Fs (2) = Im V, (2) 
Ng (2) = Im Les (2) — VF a (GL (VI.37) 


The function F(z) should also be determined from one 
of the conditions (VI.35). 
Let us examine in greater detail the problem of mo- 


tion of a vortex located at point i in the upper half- 
plane. We will determine F,(z) from the condition ImF45(2) = 


= 0 for y= 0: 
F, (2) = -3 (I. 


Using the integral representations we obtain 
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M m s [han — pd 
6 
and WÎ(z) and W2(z) will be sought in the form 


H Ap 
W, (z) = zl [Ai A) + iB, GE dh, 
0 


r ^ e e M09 
vom L (AO rA I A 


From the relations (VI.33) and (VI.34) we obtain 





Al A (8) 0, 
Bäi 0) = S v, s= 7e 


Then, the solution which satisfies the condition in which 
there are no disturbances ahead of the hydrofoil at infin- 
ity will be in the form 


T zz |^ (i-i )- Ss — E nd Bee 





—* 1 + 
P o f e M70 
noi eme» (VI.39) 


Functions W4(z) for the source are determined in a 
similar way: 


Q 7 À — y 2Q H-b | 
nea ne-o-« jen? aah (VI. 40) 





7.9 = 28 (— (as net) (VI. 41) 
Q 


Combining (VI.38)-(VI.41) we obtain for the vortex 
Source 


aB mey 2e (Pry n Bo 
Wi @) =a ing Ot ae | Seay Ot BC (VI.42) 
Bo fe r7 y 
noz-ma t — 1— z- dA + sie el (VI.43) 
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Let us introduce the expressions for the complex po- 
tentials of individual singularities located at point ¢ in 
the lower half-plane, which were obtained by the Fourier 
method: 


for the vortex 


ri? E 
V -———— Ivo- S 
eG ik ap at mle), (VI. i) 





em, -Ln z0 2 fer 2 met). (VI. 
5 (2) —A bres d ane ) (VI.45) 


for the source 


— fvu-0 
GE -xu&sl |e I4. (VI. 46) 


GE * XL Hie j e 6-6 le — —-—aÀ + iz Bos. (VI.47) 


for the vortex source 


^ iue S , 
pp ger en — — tio), (VI. 48) 
in (1 + o EN | 
V, (2) = E — — Ba anale A Tv EN B -ve-b i 
2 n(e —t) Sei 36-59 — (VI.49) 


6.3. Motion of a Two-Dimensional Profile Above the 
Interface Between the Fluids of Different Densities 


The problem of motion of a two-dimensional profile 
arbitrary in shape is solved by the methods discussed in 
Ch. II. Let us take a point z in the upper half-plane and 
draw two contours C4 and C2 in such a way that the point z 


would be outside the contour C4 and within the contour Co. 


Using Cauchy's integral for the doubly-connected area and 
expressions (VI.42) and (VI.43) for the complex velocity 
vi(z) we obtain the expression for the complex velocity of 


the flow: 
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o, (2) = — Oo + Oy (2) + Or(2) 


ou gg | Fe | 
,  (VI.50) 





vk | AR NSO ers 


where H(— Me [6^0 (@) de - the Kochin function; 
v41(z) - analytical function in the entire 
plane outside C4; 
v12(2) - analytical function within Co. 
Let us restrict ourselves to the calculation of the 
lifting force and wave drag acting on the body. To calcu- 


late the lifting force P and the wave drag Q we will use 
the first S. A. Chaplygin formula. 


After transformation we obtain: 





P = quel BÉ | DIE (VI. 51) 
Q= + v alH 7X. (VI. 52) 
+0 


When a = 1 and Q = O, formula (VI.51) will give the value 
of the hydrofoil lifting force near a solid wall. With 
a = O formula (VI.51) will become the Zhukovskiy formula. 


To determine circulation f it is necessary to express 
v4(z) through the function H(2). 


Let us map conformally the shape of the contour C on 
a circle with a radius R so that an infinitely distant 
point z in a plane would become an infinitely distant 


point u and ke sech 
dz]i;-e 


The boundary conditions on the contour may be written 
in the form 


Rev, GER = — Re [V (2) — 0) 9 on K. 


Using the Schwarz formula which determines the func- 
tion analytical outside of the circle in terms of its real 
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part on the circle, we obtain 


Da (2) = d [s is GER taa | [o7 P794 





+= LA E) » [i12 Le 


x[e&on-»-Re(-) c2] ^^ cri» 


In order to determine the value of circulation [ it 
is necessary to gather the terms containing 4 in the ex- 
pression (VI.58) and to use the Zhukovskiy-Chaplygin postu- 
late. 

Let us examine a special case in which the hydrofoils 
were obtained with the aid of the Zhukovskiy transforming 


function. Function G(A, u) will be determined by formula 
(II.35). Then, from the expression (VI.53) it follows 


À — y 


Du (2) = A [- E + * [en (24 R) H(— vw: = dÀ — 
ẽ 





vig eH iL - f 
— iz “H i=) axo |+ T E + Cé e~*Jo(2AR) x 


x" Dx reg RC RM ga] 





+ sar \ a TR BO eA) x 


du À — y vil 
— fat n MR Bam — (VI. 54) 


satisfying conditions of the Zhukovskiy-Chaplygin 
postulate at the point ug = -R we obtain 


A—v 


— p A di — 





pc e ye", em (VI. 55) 
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The function H(-A) will be determined in the first 
approximation from the complex velocity of the hydrofoil 
motion in an infinite flow. Then, after calculations we 
obtain 


pe our — eA [AT — 95/1 lët Bu) | | 
E esi De nl 
Aun = Rem (AR) Ju (AR) d 

Ban = f e 109 p (2v (1 — 4) Ra (2v (1 — v) RIA 


== 


i= A, wo = db. 


The combination bn — 5 (1-3) Bu may be determined in 
the form of a series in powers of the parameter tay Ah + 1 — 2h: 


Ay (1 -1)».- 


e Year ne mer (82) 


4n~ Dh in 


aL E (— 1)X2s-- Ut(s--a-- 1)! 2 
De Y in sl sl (s + D) (s + Din | (VI. 57) 
X |a (@—DReF, — CR p ) 


o ] 
EIC — 4) Bu = 


ule (— 1)' (2s + 2) (s 4- ^ + 2)! S 
a sl (s + 1)! (s + 2)! (a — s)! 
= - 

x [a+ — Rer Lus (-)] 


When Ga oo, formulas (15) and (16) provide the char- 
acteristics of the hydrofoil near a solid wall. 
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If only the first terms are retained, the formula 
(VI.7) will acquire the form 


rele Zelt a Rer (x x )]- (2 ks KE (VI.58) 





For the hydrofoil moving in air near the surface of 
water EA (I —a)= 20. For a 45 function Re F, Lë has 
a minimum which is equal to 1.8. It follows from formula 
(VI.7) that deviation y in this case as compared with the 
deviation obtained during motion near a solíd wall is 
less than 0.3%. 


Thus, for the hydrofoil moving in aír near a water 
surface, the lifting force differs little from that of the 
hydrofoil moving near a solid wall. 


6.4. Motion of a Two-Dimensional Profile Under the 
Interface Between the Fluids of Different Densities 


This problem is solved in the similar way as the pre- 


ceding problem. Using the same approach we obtain the 
following expression for the complex velocity vo(z)1 


——À 
D 
Un = Dal 





z—{ 


(VI.59) 








o» (2 Se? =e" (v) 


The complex velocity in the upper half-plane will be 
determined by the expression 


i a —R À NE UR 
ob zara lee- j = a LÀ SC me). (vr.60) 


The lifting force and wave drag will be determined 
from the formulas 


(VI.61) 





pat ok a 
0 
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Qa — — 
ES (VI.62) 


When a = 1 formulas (VI.61) and (VI.62) acquire the 
form of formulas (II.12) and (II.13). 


Q = 


Values of v24 (2) and l are determined in the same way. 


eR 





On (2) m= we 


ée) en e 


tx 


and for the hydrofoil described by the Zhukovskiy function, 


66.956) — R (s. LI (VI.63) 





tra 





on (2) SL lex fe oJ, AR HO) 


— es: iH (v) eJ o (2v sl T = E T: sie A2AR)H (9X 





e^ 
xia 4 GSR)RG) | cl + 


essem BE H0) D "Fa: 
a 
H 





deet 
m 


E OS m — du 
* eae e^ n (v)H, (v) — AU H (9) E| (VI. 64) 
u 








Pm anim [oc Jun: 


FM, (VI.65) 





When determining function H(A) from the complex velo- 
city of the hydrofoil in an infinite flow the lifting force 
and the relative circulation will be determined by the 
following formulas: 
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P and Bal Ae Au — ali, 1) Bu + Bu). (VI.66) 


— - S (1*1) ]-:Sz^(3) ES RET 


The combination Ae (1. (a, may also be determined 


by formulas (VI.57), in which a + 1 should be used instead 
of a - 1. 


Taking into account the first terms in the expansion 


(VI.57) the relative ciruclation will be determined by the 
formula 


vi Belt ore nen (a)]- nan (2.)&* w l. (VI.68) 





when ËTT 


During the motion of the hydrofoil under the inter- 
face between the air and water the lifting force differs 
Slightly from that of the hydrofoil moving near the free 
Surface. 


Let us compare the values of the wave drag of the 
hydrofoil above and below the interface. Let us consider 
two identical hydrofoils located at the same distance from 
the interface. In determining function H(i) according to 
approximations discussed in Chapter II 








H,(—A) = pO. 
then M rv 
Vee: 
dE | H, (À) |3, 
Gav, 21H 0) (VI.69) 
and 
Q atb 
a d. e()- 
With equal lifting forces on the hydrofoils Ei 
9 


and hence Z = 1. ‘Thus, hydrofoils which have the same 
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lifting force, geometrical dimensions and which are located 
at the same distance from the interface have the same wave 
drag. 


6.5. Motion of a Two-Dimensional Profile Under the 
Interface Between the Fluids of Different Densities 


and with the Upper Layer Having a Free Surface 


The two-dimensional problem of motion of a body under 
the interface with the upper layer having a free surface 
was investigated by V. S. Voytsenya [13]. Given below are 
the principal results of his study. 





Let us denote the thickness of the upper layer of 
fluid by symbol d and use the following dimensionless para- 
meters in the analysisi: 


aed, Ei Bad, tag 
0 : 


Let us assume that a profile with a velocity vo in 


direction of the positive axis moves under the interface 
between two layers. The x axis is located on the undis- 
turbed free surface of the upper layer. The problem of 
determining the type of flow produced by a moving body is 
reduced to the following mathematical problem in which it 
is necessary to find functions W4(z) and Wo(z), which are 


analytical in the areas D and Do, and which satisfy the 
following conditions: 
Q,—uh-0 y=0, 
$—*-0 yal, 
gi, — V9) — (D, — gleef yar — 
@,, = cos(nx) on body contour C, [212 
gëss H re +o 
VQo is finite at the given edge of the hydrofoil c. 
The area Dy is an infinite strip 1 « y « 0, while the 


area Do is contained between the contour C4 and the line 
y = -1. 
Using the Fourier method for the complex potentials 


of the vortex and the source, located at poing L = -ih, 
the following expressions were obtained: 
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TEN RET M 
—Ívq(a— ih) 


+T (Ae + Ag "EH A1 Ae DTN, (VI.70) 


W, (2) = argia + amt a 


+P (Ee y p Mmm (VI.71) 
V.) ln X. [tnm e pim dà 
0 


— iQ (A P4 Map Age TH Age tO, (VI.72) 


W,(z)= Q aiii. aiik Ae 


KI? 
— iQ (Eye 197 A1 po orm (VI.73) 
where | 
T, (A) (à (2 + %)—xv,) x 
Ba — +) (l—e™ | ESA . 
Ta (A) : (A—v) T,Q) 


T, (A) = M (1 + x ch*A) — xvi sha; 


To A) =4(2 + x) — uv e”; neal 


T (v) ` — A. `, 
VI) i Ms, — al TA 
208 b v9 T. O9 C Aa ^ +») 
A3 Ao — Ya) T, (Ag) T, (Ao) 
In the same way as above we obtain the expression for 
the complex velocities of a two-dimensional profile moving 


under the interface between two fluids as expressed by 
Kochin's functions: 


A, = E; 


A, 


spit jei 
C 
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+H) Be™ e. —ivAR (ve? — 


— AA (he) € 77 + 4H Qu) e^, (VI.74) 
a= ar | a aos — J zl e "di — 
—iv EH (v) SCH ¢_agaaye™ e (VI.75) 


The asymptotic expressions for the function vj(z) 
far behind the moving body are in the form 


lim lim», (2) = — 2 [vA H (v)e e A MAJ OQe "2 


— MAH (4) e™, 
_lim 9, (2) = — MIKE HIV 4 AEN ^7) (VI.76) 


The equations for the free surface and the interface 
between fluids are found by the formulas 


mu 2) = Beni WE i75 a al 
gl 
(EE (VI.77) 


Using formulas (VI.76) and (VI.77) let us determine 
the wave profiles at infinity: 


m (x) = 2E, Im [H e Ae 7 4*] — ube Zeit H yen 
1 1 4) ] XL € in (A (2.,,)e L (VI.78) 
Ta (4) = 2E," Im|H (vg £^ ] -- Be mH (Ag) a], 


Thus, there is superposition of two types of waves 
with lengths ZE and dE and amplitudes aj and bj 
Vd 


at both interfaces between the fluids far behind the mov- 
ing body: 


a, = 21E, RAL a —2|E,I H wle" 
B, = 2x | E. II H $9 |6 7S, By = 2| EMIH iem. 


The ratio of the amplitudes 
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shows that the waves of the first type are developing 

mainly at the free boundary, while the waves of the second 
type are developing at the interface between two fluids. 

The expressions for the hydrodynamic lifting force P, the 
wave drag Q and the moment M are found from S. A. Chaplygin's 
formulas: 


r 


( € Lf 
P=—-+ —— H (A) ad — —— | EH (A) [dà 
a ae | A)| el LH (A)| (VI.79) 


Qa gE H QE RESTE A (VI.80) 


= — LReliH ore FRE | (Ez) 
(VI.81) 
x H(A) dA + VE H’ (v9H (v4) + MEH’ Del H OI, 
[ == y va (2) dz. 
c 
The transition to dimensional quantities is made by 
using the formulas 


P' = gdp, Q — e,gd!Q, M = qugd? M. 


where 


V. S. Voytsenya has also suggested an integral equa- 
tion for determining the unknown density of distribution 
of sources along the hydrofoil profiie. This equation is 
obtained in the same way as that derived in the Kochin 
solution (see Ch. II). 


This equation has the following form: 


y (s) = — *6 e) v (o) do + F (3), (VI.82) 
K (s, 0) = = Re Lë $ = ES — 


— 252^» [v,E,g "479 EAE), (VI.83) 
t—2, t— 


oo 

Rum io ie" , zs ZS . 

IN = 2eosu + — Rel s La * Lë Dr dy, A 
9 
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4 2xie" [v,E. 479 + Zeg) (VI.84) 


where v is the angle between the outer normal to the con- 
tour C and the x axis. 


Voytsenya proves that for the contours which satisfy 
the condition f|K,(&o)]de«p«1 the solution of the equation 
C 
may be sought in the form of LM by the iteration 


method. Here Ko(s, 0) = K(s, a) — rs is the length of the con- 
tour C. 


For a special case of a cylinder with circulation I, 
equations for determining forces are: 


P= e, dat Be + | C+ erm era) (VI.85) 


Q-4 zw (T + 2x RI 91 677^ A FME, (T + 23RT«4)€ ^9, (VI. 86) 


M = AR + PS (ELT "ng P RET + PaRa) I^. (VI-87) 


These formulas were obtained in determining function 
H(A) from the complex velocity of a cylinder moving in an 
infinite flow. 


6.6. Motion of a System of Hydrofoils Near the Interface 
Between the Fluids of Different Densities 


The problem of interaction of hydrofoils moving in 
the fluids of different densities is of great interest. 
This problem can be investigated by the methods discussed 
in Ch. IV. Given below is a study of the interaction of 
two hydrofoils, one of which is located above and the 
other below the interface between two fluids. This case 
is very convenient for determining the nature of interac- 
tion and is of great practical interest. More complex sys- 
tems may be studied by means of the methods discussed in 
this section and also in Ch. IV. 


Let us examine a steady forward motion of a system of 
hydrofoils of an arbitrary shape which consists of a hydro- 
foil located above an interface and a hydrofoil located 
below it. The solution of this problem will be similar to 
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that of the problem of interaction of hydrofoils below the 
free boundary. 

Let us take a point zj and draw two contours Cj; and 
Cj2 in such a manner that point z; would be outside the 
Cu contour but inside the C;2 contour. Using Cauchy's 


integral for the doubly-connected area we obtain the ex- 
pressions for the complex velocities: 


9, (z) = — vo + vy (2) + vy (2) 
up mgr IA 





Cj, s . (VI.88) 
Oy (2) = zl sl 2 at 


Let us use a different presentation for function V2i: 
which is analytical within the Cj2 contour. From the ex- 


pressions (VI.42), (VI.h3), (VI.48) and (VI.49) we obtain 
for the complex velocity of two vortex sources: 








df) ` B 1 , Bia ei), — v 
~ Ou KE Kai 








dz z—, i-o dA + 
0 
GE as B1? 
+ B,iv e "pa 0, - 
1 Io n 1490 TE ite — ive (VI.89) 
da, (z) l 


: id 
"d EVE [enu SES 


—* 


B, aereo Bi 8 Teen — 
yt TS So d Bees iet 


Introducing Kochin's function H(A) we will find from 
the expression (v1.89); 


À —v 


Un = 











NEP 
= veg v) — 
Fa u(— v) 
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1 f À V unu z 
i = eh Ha (9) (VI.90) 








0s (7) = & jene oit n eH, (v) + 
iv 
GE "o ze Hat- A — (YI.91) 


where Hy@)= uf eame, (z)dz - the Kochin function. 


For the lifting force and the wave drag of hydrofoils 


the following expressions are obtained in the usual way: 





= Qo,,— vk LT (—A) PS A wes dt "sr 5 LN: GAN 
8 





pio A (VI.92) 





-— " Qr 
Q =e. = ie: | LH, (— 3) Hy, A) + 


+ HCM ND. ed: Tag (Hy) — 





—H, que e ` (VI. 93) 
E 2 | a mpa Aa fruan- 
— Hg (A) Hig (= Ml is + 
+ d Ha Ha C- 9) (VI. 944) 
Q= PELA ELS d falen tart in 
iaa (Ha (v) Hig (— ) — Hz, (S) H;, ( — vy). (VI.95) 
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With @ = 1 formulas (VI.92) and (VI.94) will give 
forces acting on the foils of a biplane in an infinite 
flow. 


For identical hydrofoils without a stagger 
Hg D = Hi(—X. — Ha(—3) = F(A), 


P, = quol + laan ^ eng [nere (VI.96) 


It follows from formulas (VI.96) that the lifting 
forces for the upper and lower hydrofoils are different. 
In the same way as in Chapters II and IV the circulation 
Di present in formulas (VI.92)-(VI.95) are values which 


are not known beforehand. To determine these values it is 
necessary to determine the functions v1 3(2) which satisfy 


the boundary conditions along the C4 contour. Let us map 
conformally the shape of the Cj contour on the shape of a 
circle with a radius Rj so that the infinitely distant 


point zj would become point uj and KE .-].. Then, the 
s/=c 


boundary condition on the contour may be written in the 
form of a boundary condition of the problem for determin- 
ing the function analytical outside the circle in terms of 
its real part on the circle. 


Using the Schwarz formula we obtain after transforma- 


tions 
Gu (2) = g-o + E ta d cris] u) H(— 3) + 


Er dE A, =— 1(— (tz el EH = rà fa At aal) A 
Kä 


al AS =) R49. dÀ + zarg CEN (—v)— 
— fa, CE) m3] + G,(— v. u) Ha (v) — 


— Fe Lasel (VI.97) 
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«Sa (aE) eil ec + UT d 4 Sé | — ZS + 





m Ri — A a GG AE 
Ba («a.c n E^ Lir (o, uei 


Sa Ka Ha) + dag al Hat- — 


Gk ic | ` rn 


= 
where G; À, uj) = jas dy 


Let us examine a special case of hydrofoils obtained 
with the aid of Zhukovskiy's function. The function GA, 
u) in this case will be determined from formula (II.35). 
From the expressions (VI.97) and (VI.98) it follows: 





Du (2) = ES |- | 9, 4- Am 


— walt (X) Jo (2XR) ch DIC PRX 


x gel 4l 0 + af eH (—A) (2AR,) 8 dh -~ 





SIE za] mme d Gard: 


A aur j^^ (—5, u) H(—9)4- 





eine] men 


Sala? ‘ P E: 
uy 
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- Je [nates 





+ 
2ml (1 + ai 


Ri 
Lët: Aa ch 
| D 








gT Ri 
WE + Q) pen ta Bal 2 x 





~ du ~ - R — Bio 
H nsum 1 B ummy $ — l — , se MH , VI. 
x Hy d (=v, uj) Hg (v) Cell >) s (VI.99) 


Hi 





Uis (2) c gx | PORRO HS 
Ji 
€ 1f HA A — 
Er aE | AVR —— TS 


LT dhe 





X (Ha — 9| v) T H ai T ED Uo + 5- d gehal, em? 


` E TA — 
WE ele de (2489 Hy ( dE 





SS esa + [221 

a (Tog 0.29 TE Bian A, BAY — 
"mi^ Van 8 P ( , z) ak jm 
I? 





eiiis | | aa mtua + Sab, S na —»] x 


a ve R LÉI 
Wes Aue e seat Ae T eR 


son. da &) Hyy(— Jl (VI.100) 
u 
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Let us assume that the conditions of the Zhukovskiy- 
Chaplygin postulate are satisfied at the point uoj = -Rj- 


Then, from the expressions (VI.99) and (VI.100) we obtain 
a system for determining the circulation: 


À, — y 


li = Rda en + g oc a 


ma: PST Za 
"st 7 aka a À) CAR) - 
— JANR) icH (— *) + Hg m. (VI.101) 





en Ge + dann (AR) ~ us Ha — x j^ 


X JR) Ha (— 1). — Re R Ra (+H) . (VI.102) 





To determine the nature of interaction and to obtain 
the finite results for a simple special case, let us exam- 
ine the motion of a biplane without a stagger. 


We will determine the function Hjj(A) from the com- [222 
plex velocity of the hydrofoil motion in an infinite flow: 


Hy (— Al = T iwla (ARA + Ui (AR), 
Ha (V) = eT [Jo (AR) — U, (AR), 
Hy (—A) = Hy (—A), Hy (À) = Ha (A). 


After — we obtain 


P, = eoi ged fie [Ae (R) + An (RJ -( 7s) [retos 


Q Te E as 
+ Ba (RDI) + ZE (Da Du) + (Se ie tH x 


x [— Jo ZvRWi(2VRy) + J; (WR) IAWR), (VI.103) 
Q= im De Js (2VR,) LP (2vR)I— iz Fan (0 — Dach 


+ Dye) + veh JAER) o (FR) + J, (BWR GRO]. (VI.104) 
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Py = egal, — Set e [As (Ry) + Au (R) — 3 (i+ 1) (Bal) + 











aq T ad Tial 
+ By (Rai — d Eë (e + Dy) M = veg Oc x 


Q= ot. rose VIR) HIIR) en ir veas re 
aset cinia de (RR) t4 M J, (SRON. (VI.106) 
T, = 4nR, sino, A sf UE 1 -ij Bu, )— 5. Ae) 
en ene iB) en enam 
D, = 4nR, TEE Toe e 2 (4m — * 1) a, = 
-argil 5) l hu ah +, = diRy (VI.108) 


Aum (R) = Sie mJ (2A RJ ^ (QAR) di, 
H 


— f en am dE HBM RJ g, 
T A 
— —— 


Jn(X) is the Bessel function. 
The functions Apm and Bug may be presented in the 


form of a series in powers of the parameter 
t,» V ARM + 1 — 2h, 


The combination den — 7! B, Will be determined by the 
formulas 


wap 1X ‘ — 1p 2st (s + a 
hn — Gq buna DTH D addu ™ 
premere 
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E SV (— 1)42s 4-1) (s+ n +1) 
a a 2 ss (is + 1)t(a — s)12 . (V1.109) 


x |: + dj Re Fatet (#)] 


^ (Ce Du (— (pe + 2)(s +a A 2) 
A-B, gn der ra" 
Gesi 


x D TE del Lë a,=a—! 


When R4 ^ Ro, functions Dnm can be determined in the 
form of a series in powers of parameter T. 


With P,—P,I,—L* and then 
Q 


P, = Bue + O(g), Q, = Qo 4-O(Q), T, ss Dua + O(Q), 
P, = Pa + O(1), Qi = Quo + O (1), Dass De 4- O (1), (VI.110) 


where Pio, Qjo and Tun are the lifting force, wave drag 


and circulation, respectively, for a single hydrofoil mov- 
ing near the interface. 


Thus, the effect of the lower hydrofoil on the hydro- 
mechanical characteristics of the upper hydrofoil is de- 
determined by a value of the order of Q, while the effect 


of the upper hydrofoil on the lower is determined by a 
value close to unity. For hydrofoils moving near the air/ 


water interface $ = nis and the effect of the lower hydro- 


foil is so negligible that it can be disregarded. The up- 
per hydrofoil, however, changes the characteristics of the 
lower hydrofoil and this effect should be taken into ac- 
count. 


It is not difficult to show that with an accuracy in- 
volving the terms of the first order of smallness for the 
angle of attack, the lifting force of the hydrofoils will 
be determined by Zhukovskiy's formula. In such a case the 
principal effect of the interface will be governed by the 
change in circulation. 


With Wi =» 0, from formulas (VI.107) and (VI.108) we 
obtain: 
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r 
D; = 4nR, si a, + 2asin a, A, (Ry) — a — Aoi mail 





T, = AR, | sin a, — 2a sin opä (R — 4 An (RRd | .. (VI.111) 


Aan (RR) = pem TER 


In conclusion, let us present the formulas for deter- 
mining Anm(RyRo). Using the presentations of functions 


Anm through the hypergeometrical functions one may prove 
that the following relationships are validi: 


Ae (RiR2) + RA, (RiR) = (1— P (RAL 


(VI.112) 
Aun (RRi) = Baden (RiR), Fop = a ILI. 
Function Ago(R4R2) will be determined from the for- 
mula 
yx ), = 2k 
Ze (Ry R) = 757 zzi I; x& = lipk (VI.113) 


Function Ao1(R1R2) may be determined by the expansion 


C Sc? Bbltäe 
An Rok) = A ae Dreh 


BE ee (VI.115) 
(ët 1) 


With small values of k, function Ag4(R4R2) may be de- 
termined by the first term only: 


Iu = —* 


A (RR) = &— net 
(1655 + 1} 
Ajo will be determined from the relation (VI.112) 


(VI.115) 


For the motion near air and water, formulas (VI.111) 
may be rewritten (retaining in the expansions Anm one term 
only) in the following formi 
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nert- l td. 


2 


E s (VI.116) 
— n. le. 
w= po l —35— ITA (Ry Ry), T SS" yum Q. 
With k=! Az, os VA 3 1—2 
ith k=! Az pech Atlas [ 226 
Then y, will be determined by the formula 
"NU US NS rd (V1.117) 


It follows from the expressions (VI.116) and (VI.117) 
that, under the influence of the upper hydrofoil, the de- 
crease of the hydrofoil lifting force under the interface 
will be very considerable. The curves showing the depend- 
ence of functions y, on H for various values of are given 


in Fig. 1^. 
[225 
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PART TWO 


THE THEORY OF THE SUBMERGED HYDROFOIL 
IN A THREE-DIMENSIONAL FLOW 


CHAPTER VII. BASIC CONSIDERATIONS IN THE 
THEORY OF HYDROFOILS WITH FINITE SPAN 


7.1. General Considerations. Methods of Studying the 
Three-Dimensional Motion of Lifting Surfaces 


The first part of this monograph considered the the- 
ory of the submerged hydrofoil in the plane-parallel flow. 
It was based on the theory of complex functions. In this 
part the three-dimensional motion of lifting surfaces will 
be analyzed. The basic methods for studying it are the 
methods of the potential flow theory. 


For the aerodynamic studies of an airplane wing of 
finite span moving in an incompressible fluid the most 
prevalent method used is that which is based on the con- 
cept that the lifting surface is formed by a system of en- 
trained and trailing vortices and on the use of the lift- 
ing line theory. 


However, in the case of a submerged hydrofoil this 
method leads very seldom to the desired goal. Im order to 
use ita clear and a distinct idea of the physical picture 
of motion is necessary which will permit the transition 
from the real lifting surface to a model that represents 
the combined vortex phenomenon in the flow. A clear phy- 
sical picture for the submerged hydrofoil may possibly be 
constructed only for the limiting degenerate cases of mo- 
tion (Fr + O and Fr sel, For this case the linear bound- 
ary conditions at the free surface are as follows: 


7-0 [Fr =» 0}, A ao | Fr > el 


These conditions can apparently be satisfied by a biplane 
system consisting of a real and an imaginary wing, with 
different (Fr = 0) and identical (Fr -» o) directions of 
circulation. This method can be used to construct a vor- 
tex model for a biplane. However, for the general case of 
motion it is impossible to find such a model and the lift- 
ing line theory becomes inapplicable. Therefore, to study 
Space problems it becomes necessary to use the methods 
which are based directly on the hydrodynamic equations. 
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The very convenient methods for investigating such prob- 
lems are the methods of acceleration potential.  Initally 
these methods were used in the study of the unsteady mo- 
tion of a finite-span wing by Kussner [92]. They proved 
to be useful and were subsequently employed in a series of 
problems dealing with the unsteady motion and the motion 
in compressible fluid. 


T. Nishiyama [213, 214], U. Vu üt 196], M. D. 
Khaskind [155) and A. M. Panchenkov [110] use the methods 
of acceleration potential in the hydrodynamic Studies of 
the hydrofoil. The closest to the acceleration potential 
method is the method which is based on the representation 
of the lifting surface and the accompanying zone behind it 
by a semi-infinite surface with dipoles distributed over 
lt. 


The problem based on this concept for the investiga- 
tion of the hydrofoil has been treated by G. A. Goshev 
[21, 22]. It will be shown below that this type of physi- 
cal picture will, from the point of view of the accelera- 
tion potential, determine the flow produced by the motion 
of a lifting line with the span equal to that of the foil. 


Before discussing the study of the hydrofoil motion 
let us clarify the basic aspects of the acceleration po- 
tential method by considering a more simple problem of 
wing motion in an infinite flow. 


Let us introduce the concept of velocity potential 
for an infinite liquid. 


The vector form of the hydrodynamic equation in the 
fixed coordinate system is as follows: 


i.e., the vector field of the accelerations dt contains a 
potential 6. 


The relation between the velocity potential ọ and the 
acceleration potential 6 in the linear approximation is 
established by the following relationship: 

S KE sicne, SP (VII.1) 


For the ateng motion the acceleration potential will 
be determined from the relation 


"darsi TA (VII.2) 
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The integral in equation (VII.2), which converges to 
zero when X > o, will be as follows: 


pa a [eco na (VII.3) 


For the unsteady periodic motion, the acceleration [231 
potential may be written 


(59,2, = Q(x, y, J", 


and for determining Q(x, y, z) the following differential 
equation is obtained from the expression (VII.1): 


Q(t. 2) = m TEE (VII.À) 


The integral form in equation (VII.4), which converges 
to zero when x = oo, will be as follows: 


dër A. E 
e — 5 OG wae dr, (VII. 5) 


If the small values of the second order are disregarded 
then the pressure in the flow will be determined by the 
formula (24) as follows: 


P = — R0 Pu. 


Equating this equation to that of (VII.1) we obtain 
the following expression: 


p= — QQ. (VII.6) 


From this it follows that the pressure in the flow is 
proportional to the acceleration potential and, therefore, 
the acceleration potential will have a discontinuity at 
the intersection with the lifting surface S and remain con- 
tinuous at the intersection with the semi-infinite velocity 
discontinuity surface X formed behind surface S. 


Precisely this characteristic determines the essential 
feature and the advantage of the acceleration potential 
method, because the conditions that are satisfied at the 
E surface are the general conditions which are satisfied 
at any other point in the flow. Therefore, in this method 
the boundary conditions at the surface & are trivial be- 
cause they become automatically satisfied when the velo- 
city potential is determined from formulas (VII.3) and 
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(VII. 5) and the acceleration potential from the disconti- 
nuity on the lifting surface. 


Since the determination of the function (which is 
harmonic outside of the surface on which the function va- 
lues obtained when approaching the surface from above are 
different from those obtained when approaching it from be- 
low) is a classical problem in the theory of potential, 
the problem of motion of lifting surfaces, therefore, can 
be effectively solved by the methods used in the theory of 
potentials. 


The advantages that follow from the properties of 
the acceleration potential are not difficult to appreciate, 
if we recall that the direct solution of the velocity po- 
tential requires a rather intricate selection of the basic 
Solution which satisfies conditions (31) and (35). An ex- 
ample of the solution of the problem dealing with the mo- 
tion of a circular wing is the Kochin solution [64-67]. 


Let us examine the steady motion of a lifting surface 
of an arbitrary shape in an infinite fluid. 


The acceleration potential has a discontinuity at the 
intersection with the surface: 


D — 0, = — vy (8) vo. (VII.7) 
The acceleration potential will be evaluated as a 


double-surface potential. By using the known discontinuity 
it can be expressed by the following formula: 


o= 2 [vog (VII.8) 


where r=V@—t)?+y—n)'+2—0% 
é, y and $ are the coordinates of the point Q on surface s. 


Using the formula (VII.3) we will obtain the expres- 
sion for the velocity potential 


ei * 
ve | (vO | x ards (VII.9) 


By employing the condition (31) the integral equation 
is obtained. The component of the velocity induced along 
the z axis will have the following form: 
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wo mae [voz f 1 duas. | (VII.10) 


The expression for po transforms into the following 
formi: 


miU NE TE 


Let us examine the limiting expression q, for x -» + 
and x > o, From the expression (VII.11) it follows: 


with s++o9,=0, 








with — pias (VII.12) 
and with x-»— co ën dr * o as (VII.13) 


The following known aerodynamic result is obtained: 
the vertical velocity is equal to zero (in front) at infin- 
ity, and in the area of the lifting surface it is equal to 
one-half of its value behind, at infinity. 


The integral equation (VII.11) does not lend itself 
to the analytical treatment. Therefore, additional approx- 
imations are introduced into the theory, which hold true 
for specific foil configurations and, as a result, simpler 
integral equations can be obtained. For long foils these 
approximations are given by Prandtl's lifting line theory. 
The foil span is assumed to be of such large dimensions 
(in practice à > bi, that it can be substituted by a single 
lifting line, and, in evaluating the hydrodynamic charac- 
teristics of the foil, be considered that every cross sec- 
tion of it works independently of the others. Then, sub- 
stituting the lifting foil and the surface E by a single 
entrained vortex and a system of trailing vortices, we ob- 
tain an integro-differential equation which makes the de- 
termination of circulation at each cross section possible, 
while bypassing the need of solving for the potential. 


It is interesting to know what type of approximations 
have to be introduced into the equation (VII.11) in order 
tc arrive at the Prandtl equation. Let us write formula 
(VII.11) in the following form: 
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NE YO [, Y u-u- GË 
9: EAE [1 (0 — 8 


This formula resembles the Reysner formula [124]. In 
Reysner's formula axy with an opposite sign in the paren- 


theses is used instead of $&—— 92, = (8), due to the different 


coordinate axis direction. 


Let us write the boundary condition (31) in the fol- 
lowing form: 


(VII.12) [sic] 


P: = — 090. (VII.13) [sic] 


Then, the integral equation can be written as follows: 


MES v (8) KEE W as 
— du = -D 


-«( (im ale DÉI. (VII.14) 


Let us consider a wing rectangular in shape in the 
plane view and introduce an assumption that wäi = vil. 


It can be shown by a simple computation that with 
v(Q) = const and the span extending to infinity, the in- 
tegral term in parentheses will be equal to zero and the 
term in the other part of the equation (VII.14) will de- 
Scribe the two-dimensional parallel flow. For greater 
lengths of wings we can introduce the following approxima- 


tion: 
y (x—8* t (y—z|y—nl. 
then 


b 
zl y(n) dee =A Gay dn- D 
2 


and equation (VII. 14) will be as follows: 


-xp | 20 vÈ er PE h 3x Ba (VII.15) 


With v(-b) = y(b) = O the following identity is valid: 
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^ Dm Ly 
CW ka 
— dz. | E an. : 
| g—» ^ | 27520 (VII.16) 
=ð ech `. — 
and then, multiplying expression (VII.15) by V $=. in- 





tegrating with respect to x, within the limits from -a to 
+a, and determining the circulation at the cross section 


as ae CL m 
! rà) (v vt. 


we will obtain the Prandtl equation 





b 
ı (r 
"Wir": ap KE e Jee. (VII.17) 


In exactly the same way one may show that if the ex- 
pression (VII.10) is written in the form 


(EE JJ voie cre 


l d 9 1 
-d 6 ien (VII.18) 


then the first term in this expression, with span increase, 
will determine the two-dimensional parallel flow and the 
second term, which is independent from the variable x, 
will determine the slope angle of the flow. 


It follows from the (VII.18) formula that the Prandtl 
equation can be written as follows: 


AN 


T (y) = nan, (— m. J 7a Lë Lal (@=t) (VII.19) 
— eo 


AD 


The kernel of this equation has a floating character- 
istic of the a; = 2 order and will diverge, but the inte- 


gration by parts, under the (VII.16) condition, transforms 
the kernel into a singular equation and the equation (VII. 
19) into the integro-differential equation (VII.17) where, 
naturally, the integral is determined as the main Cauchy's 
term. Therefore, in further use of equation (VII.19) we 
will always consider this operation and treat it as a 
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singular integro-differential equation. 
The approximation, which is opposite to that made in 


the approximation of the radical, leads to the Jones the- 
ory, which is the theory of extremely small wings [222]. 


Suppose (x —9* (y —n)'zlx—&. 


— 1 oP yw É afti 
-— m d e Kt GL ue e. A oa f 


from where it is easy to obtain 


+8 a 
ipu rea 
sch ` z - 


or | 
b 
1 A Oe Au wm 
PRT 
` "` in de YO rog (VII.20) 


In is not difficult to show that the equation (VII.17), 
with the tendency of the relative span to approach zero, 
gives the value of the flow slope angle different by a 
factor of two from the results obtained in the small wing 
Span theory. 


Clearly, for the finite values of circulation and 
a — oo (which corresponds to the case in which the relative 
Span tends to zero), the expression in parentheses in equa- 
tion (VII.17) will tend to approach zero and will become 
a: ^ollowst: 


WEE M 
3x Dm qe og. (VII.21) 


In this case, when the normal velocity is independent 
of x, Big, x) = l'(y), comparison of equations (VII.20) and 
(VII.21) leads to the result indicated above. 


Later on, the approximations of the lifting line the- 
ory in the form of the expression (VII.18) will be util- 
ized in the developmen~ of the theory of the submerged hy- 
drofoil of finite span. As it will become evident later 
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on, this theory happens to be the most simple theory so 
that the data existing in literature is fully applicable 
to it. However, this theory has its own drawbacks, the 
most important of which is its inapplicability to short- 
span wings noted earlier and the fact that it becomes im- 
possible to obtain more accurate results by introducing 
a series of lines and solving a system of integral equa- 
tions. 


Besides, there is another point which has a specific 
meaning only in the problems of the submerged hydrofoil 
motion. In equation (VII.17) quantity 2n determines the 
tangent of the angle of inclination of the wing with an 
infinite span for the relationship C, - f(a). For the real 


wings, for which viscosity is taken into account, some 
average experimental value equal to a, = 5.45 is used in 


calculations instead of 2m. In extending this theory to 
the submerged hydrofoil, a, = a,yis used instead of a, 


in equation (VII.18), where W is the function obtained 
from the solution of the two-dimensional problem (see Ch. 


I-IV). For the general case W= F(h, Fr) and the effect 
of the Froude number is determined by the wave phenomena 
on the free surface. For the three-dimensional problem 
the picture of wave formation will be three-dimensional in 
nature, and, naturally, the question then arises about the 
possibility of approximating the term, determined by three- 
dimensional phenomena, with that obtained from the solu- 
tion of the two-dimensional problen. 


For both large and small Froude numbers, when the 
problem is equivalent to one dealing with the motion of a 
biplane, limitations imposed on the application of this 
theory will be governed by those imposed on the lifting 
line theory application. However, it is impossible to 
answer this question beforehand for any arbitrary Froude 
numbers, especially those that are close to unity, i.e., 
when the wave phenomena are most pronounced. One may only 
assume that for certain foil spans such an approximation 
will produce sufficiently accurate results. For determin- 
ing the values of those spans, however, additional studies 
are required. 


Ihe more rigorous theory is the lifting line theory 
in which the vortex system, consisting of an entrained vor- 
tex and a system of trailing vortices, is analyzed. Here 
one determines the velocities induced on a certain line 
(usually on the line located at a distance a from the en- 
trained vortex) for the boundary conditions (31) satisfied 
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on that line. This theory is equally true for long as 
well as short spans and makes it possible to obtain more 
accurate results [143, 169], [232, 234]. 


If we replace the lifting surface by several vortices, 


the problem will reduce to a system of integral equations, 
the solutions of which are more accurate.  Precisely this 


approach was used in the development of the theory of wings 


of short span [169]. This theory is widely used in the 
study of the more complex wing configurations (for example, 
swept-back wings [143]. 


As applied to the submerged hydrofoil, the above ap- 
proximation makes the determination of Y from the two-di- 
mensional problem unnecessary, but there is a danger of 
inaccurate treatment of the effect of finite dimensions in 
the direction of the chord. Let us clarify this statement 
by a simple example. If we increase the span to infinity 
then the vortex layer intensity of a thin submerged plate 
in motion with Fr -»oo will be evaluated from the solution 
of the integral equation (see Ch. I) 


+1 — 
D EE 
x v9) ( x—s jä (x — 3)? + 16h3, ) 
| WEE S i 
The solution of this equation was obtained in Ch. I 
+1 | 
Ir de 
and the function V == is given by formula (1.58). 
f ve (9ds | 
es) 
Based on the lifting line theory this equation will 
be replaced by the relation as follows: 


On . | 
— XO c ws | i 
a (1+ — ) | (VI1.22) 
or "olg Ur 
2 LS 
"lee 
As seen from Fig. 15, formulas (VII.23) (represented 


by curve 2) and formula (VII.58) (by curve 1) give differ- 
ent results, with the error in determining W by formula 


(VII.23) amounting to 10% for fi = 0.2. 


a 
Se 


where 


In a number of studies the approximate formula 
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(VII.23) is used as the basis for the analysis of the sub- . 
merged hydrofoil problems. The error can be decreased by 
increasing the number of vortex lines, but this method 

will inevitably lead to a drastic increase in the computa- 
tion volume. 


By increasing the number of lines we can approach the 
exact solution of equation (VII.11) as closely as desired. 
It is not difficult to demonstrate that the integral equa- 
tion in this theory follows naturally from the integral 
equation (VII.11) if we pull the chord of the foil together 
to a point. 


For a single line from the expression (VII.11) we ob- 
tain the following: 


(E ro — 
= = l€— N J. | TUS d i VII. 24 D 


A number of known results can be obtained from this 
equation. For example, for a rectangular foil the equa- 
tion derived by P. S. Chushkin [169] and for the swept- 
back wings the equation given by V. V. Struminskiy and 
N. K. Lebed' [143] can easily be obtained. 


Let us analyze the rectangular foil. 
Suppose x— $, = —4, 
b 
(y T a 
=~ ag | up] t+ = |n 
JY n) V a* 4- (y — 5 
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and in the dimensionless form 


|? T i 
9 A ———————— dn 
Ke le? Zelter | + 





mE r 
u 7 Ter, 


which can be written as follows 


+1 1 +1 » 
=a — — dn. $ 
— dp Ji TT Opel — 


For short spans the second integral operator in the 
equation (VII.25) will be equal to zero and then equation 
M e will be transformed into the Jones's equation 

VII.20 


The second integral operator in the equation (VII.25) 
is regular, therefore, the equation can be reduced to the 
Fredholm's equation with the aid of Cauchy's transforma- 
tion formulas. This question will be analyzed further 
during the analysis of the regularization methods of sin- 
gular integral equations for the submerged hydrofoil. 


7-2. The Integral Formulas for the Submerged Hydforoil 
With a Finite Span 


For the fluid with the free surface the hydrodynamic 
equation is written in me following form: 


do H 
a Të e gy 


where g is the gravitational NN, CON It follows, 


then, that the acceleration potential Q' will be determined 


by the following formula: 


ZS TEE. (VII.26) 
or — 
“C= QH (VII. 27) 
Using the Lagrange-Cauchy integral for points on the 
free surface we obtain Q' = O with z = O. 


As is evident, for the potential Q' the boundary con- 
ditions on the free surface have a very simple form. The 
component of the acceleration potential gz for surfaces 
enclosing a certain volume will produce the Archimedes 
hydrostatic force and for a thin lifting surface it will 
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be continuous at the intersection with the surface and will 
not produce any forces. It is convenient to exclude this 
term from further analysis and use the potential 6e(x, y, z) 
only. Differentiating the boundary condition expression 
for the free surface we receive 


8, + g0, = 0, (VII. 28) 


i.e., the p and @ potentials satisfy the same boundary 
conditions on the free surface with an accuracy noted by 
the subscripts. This result can also be obtained from 
the expression (VII.27). 


Now let us derive a formula which will represent the 
harmonic function in the area between surface 84, envelop- 
ing surface S, and the xy plane. If 0 and 6, are given on 
the surface, we.can select a point P(x, y, z) in the lower 
half-space and draw two surfaces S4 and s2 so that surface 
sq would envelop surface s, but not point p, while surface 
So would envelop both the surface s and the point p. Using 
Green's formula we d write as follows: 


' (x, y, — sell? P hpl E 2 xa S —ds + 


DH eere 


ST —n)* t (c — 5). 
The point 8(& n D runs over the s4 and so with the 


normal to these surfaces assumed to have an outward direc- 
tion. 


The function 


à 1 
8, (x, y, 2 2— AME : To det — — (VII.29) 


ki 
is harmonic outside of Surface 84, while the function 


Bis, y, dis - DEG säi (VII.30) 


is harmonic inside Surface So. Surface So may be expanded 
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infinitely in the lower half-space and the function 
e(x, y, z) may then be represented as follows: 


8 (x, y, 2) =9, (x, y, 2) + 8, (x, y 2) (VII. 31 ) 


where 02(x, y, 2) is the harmonic function in the lower 
half-space. 


Let us examine the function 
* 1 9e 1 ðG 
a Di 


where G(x, y, z, & n 0) = 1 +K(x, y, 2,& $»0 is the function which 


satisfies the conditions at the free surface (VII.28) and 
in front at infinity (323). 


Function 9 (x, y, Z) will also satisfy the conditions 
in (VII.28) and (33). Then the function 


A0 (x, y, 2 =O(x, y, 2) — 8 (x, Y, 2) 


will be equal to zero, because it is harmonic in the lower 
— and satisfies the boundary conditions (VII.28) 
and (232). 


Function (VII.25), which is harmonic in the lower 
half-space and which satisfies the boundary conditions on 
the free surface, determines the free waves on the surface. 
Since the condition in front at infinity requires absence 
of these waves, it follows then that function A8(x, y, 23) is 
equal to zero. 


Thus, function @(x, y, z) is determined by the formula 


mE X ,0G 0 
O (x, y, air IN (e — 9) ds. (VII.32) 
h 
For a thin lifting surface, surface S4 converges to- 
ward surface s coming from above and below. Since 2 axe, 
— + 


by determining the value of the discontinuity 6 by formula 
(VII.7) we obtain the following: 


oa 2) = a (vous (VII.33) 


In the evaluation of function G(x y., z, & 1 ) in 
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various problems we will mainly employ the separation of 
variables method. The initial functions will be the 


Green's integral functions in an infinite three-dimensional 


space [84] as follows: 


ERG NN TE : 
ce | yum In Lt | at gis OM aid b. (VII.34) 
. 2s as z 
1 | 1 
1 — aii (VII.35) 


m — 
rx xe (VII.36) 


where ; 
x —2--í(xcos0 + ysin0); xo E+ i (Ecos + nsin 8) 


(«0 
X sa sn + i(xcos8 + ysin 6); Xo = — b + L(Ecos 8 + msin 6). 
Gs 


Let us derive now the general integral formulas for 
the velocity potential, which satisfy the conditions in 


(32). 


Let us first consider the integral 


= DIE, aen 
J j I ci 465 (VII.37) 


and let function W(k, A) be — zero at point 2g. 


Let us integrate with respect to A’ along a path con- 


sisting of sections of the real axis —e--A,— b += +œ 


and of the minor semicircle of radius 64, which encircles 
a particular point Ag; the bypassing of the pole will be 
determined by the sign of Im)o. 


Let us analyze the following casei: 


CC op Me vu TC et Xem 
dek erc? hin) OO E 
—d — v c 


224 


[^22 


ho - iu, then in the first integral the by- 


If 1g = 
pass of the particular point Ag will be from above along 
I4, while in the second integral it will be from below 


along the Lo pani TR ue it follows 


E glk, Med - p(k, Mei 
J ipw ILL PE SE —— — 


— 9ni j TA a Re clad, 


where the integrals are in the sense of the main Cauchy 


(VII. 38) 


value. 
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Let us now determine the limits of the integral for 
Sr Xo. With x > 0 
pte, Ma nas ( (695 a 
ij em, X) di ke Mn 


mum j "eg vw d^ 


Mr $ (5 À) "eu d [oe OO A Rd — 


EIE 9 (k, Dr dk. (VII.39) 


With x « O 
: A ; 


CC ok Aes SZ 
jj v (&, A zl P X) 


T q (E, Ag) e^». 
zl CV AQ de 


(VII.39) [sic] 


P(A, us 


—J— Me A Ires — 


Plk, Age Ae 
MEN J e 


; p(k, A) c 
Because dm cH AST =: D. 
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then 


af, Met a. J A) (- e 
GM ` p(k, A d 


acl (Laud (9? X 
y (e rat (k, pja 

Ls 
for an unlimited increase x approaches zero. The other Le 
integrals also tend to approach zero. 


Then, for the limiting values of the J integral we 
will get 


f ? E k) 


This characteristic of the integral (VII.37) indicates 
that we can search for the velocity potential of the sub- 
merged hydrofoil in the form of the integral (VII.37). 


Let us analyze the POLENTA 
N (p, 
e-q [fof ele ++ TE: Ho p. D.emdgp|is (VET. Ut) 


let function Q(p, g) have zero values at all points of An, 


Let us transform this expression. 


"at iaf At, ei 
X xx |" xe dt 








— Pid. do. 30. N (0. g) 
án —FB à är QQ. g ^ — 


sj 


Let us separate the remainders at points Di, 


i E g Lx — "(—P. 8) 
SE GC Wie t 
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z 9 l ð H N (0, g) 
UH M &|- \ D 8) wé 
k em 
N (Po 8) uw, 


— éi rj a7 e 8 
Sign Im p; is M cic. el = 





a, 














el 
af ~ EC Di x ` 
i rm. — d |e 
With x > 0 
No Qe , f No pe A 
ak ZC »Q (p. g) p= jj p. g) 
N (p, Bo) ePi 
+ ri D Bel (ër, g) 4g: 
Np pe as TGE fe dp em 
faj — -j[ eps" 


8 N(—». ge gleich d 
- | Déi (— p, DR 


No pe , _¢ Nip, get A 
fai mes SO d ROD KC 


e Ze pe 
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The case when there are no perturbations in front of [256 
the wing is defined by the following expression: 


Sign Im Pi = -1. 


By substituting this expression in the final formula 
for @, the latter may be written as follows: 


«pn areal e 
e vi N(p, gien. DA f AN ps Qe A 
PR (Pu 8. pQ' " pQ(—P. D - g- 


— N(p, geg | N(—p, g)e-i 
ifa le pQ(p, 8) pQ(— p. g) g ds. (VII. 43) [sic] 


The asymptotic values for the ọ potential are as fol- 
lows : 
for X + on 
9-0, 
and for x > -œ P. 


— f 8 1 N (0. NO. 9. 
ý x) ro |- Jaret- Q.g 


—9 N (P, g) e" dg —2 Í — — LL un ds. 
o DÄ (po. g) -) pa’ (— pu 8) dg EE) 


‘ 


The formula (VII. 43) makes ST the immediate 
evaluation of the velocity potential of the submerged hy- 
drofoil using the known functions N(p, g) and Q(p, g), 
which satisfy the conditions on the free surface and pos- 
sibly some additional conditions. This formula is parti- 
It Casey for using the integral representation 

VII.34). 


Let us consider the velocity potential formula for 
the general case of the unsteady motion. For the unsteady 
periodic motion the velocity potential is related to the 
acceleration potential by the (VII.5) formula. 


When writing the formula for the potential e, it is (247 
necessary to analyze the integral of the following form: 
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= P, k)era- 
d j^ “Sie 90) — es 


Then, by utilizing the same approach as that used in de- 
riving formula (VII.43), we receive the formula 


on [wo lm xl + 


k 
d N (A, &) N (A, k) emn 
exse OO. k) a-Y | (A; — PR Du k) 


-5 | UC e ag 


FEY! 


| uh JE) MA, DLE al} (VII.45) 
A 
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In conclusion, we will present the formulas for de- 
termining forces acting during the motion of a lifting sur- 
face parallel to the free surface. The resultant vector 
of the pressure, exerted by the fluid on the body, is de- 
termined by the following formula: 


(A 
where n is the unit vector of the outer normal. Using the 


projections to the coordinate axes we may write 
| nA däs 


Bai — Hee, Ee 
P, = 0. 


Let us deform the surface s4 toward both a surface s 


passing it above and below and a cylindrical surface 6. 
Then, for the lifting force we can derive the following 
expression: 


P: jf eg A 
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or 
P, = — o | f (8- — 94) ds. 


The latter expression together with formula (VII.?) 
produce 


P, = Quo [vds (VII. 46) 


Remembering that the circulation along the contour is 


T(= (vids 


we get = 
ne 
P= Wo [T () dy. (VII.47) 
bi 
For the drag we have 
P, = (f (7 — p+) cos (n, x) ds — Í Í pcos(n, x) ds. (VII.48) 
j 8 


The second term determines the suction force which is 
produced because of the presence of a high vacuum in the 
proximity of the leading edge of the foil. At the trail- 
ing edge of the foil the condition postulated by Zhukovskiy 
and Chaplygin is satisfied and the surface envelops the 
leading edge only. 


For determining the suction force let us use the re- 
sults of the two-dimensional flow problem. In the two-di- 
mensional flow the suction force is determined by the for- 
mula 


Px = ol, 
where vg is the vertical velocity at the leading edge. 
For the foil of finite span the suction force per 
unit length of the foil will be in the form 
Px = Q (0, — Aura) I’, 


then the total drag will be determined by the formula of 
the following type: 


PXang = QUol'a —Q (C; — AOrenx) I 
However, since v, = Vo, we will get the known aerodynamic 


PoEmue PX una = QU ral. (VII. ol 
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Defining the suction force in formula (VII.48) in 
this manner, for the total drag of the wing we obtain 


+o 
Q =e (Ina — v (IIT () dy. (VII. 50) 
Mi 


where v(y) is the vertical velocity at the leading edge 
of the foil. 

Introducing the potential @ in the form of 9 = ei + 
+ Po, where $4 is the harmonic function outside of the 
surface s + 2 and go is the harmonic function in the lower 
half-space, 


Pı = Gu + Pir 


where q44 is the harmonic function outside of the surface 
s, and Q42 is the harmonic function outside of the surface 
* It follows then that the formula for the drag can be 


expressed in the following formi: 


A b 
Q= ef Pal dy tel Pur 0) dy. (VII. 51) 
-— = 


Here, the first term will probably define the inductive 
drag of the wing in an infinite fluid. 
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CHAPTER VIII. THE THEORY OF THE SUBMERGED HYDROFOIL 
IN THE THREE-DIMENSIONAL FLUID FLOW OF INFINITE DEPTH 


8.1. The Velocity Potential of the Submerged Hydrofoil. 
The Integral Equation for the Hydrofoil of an 
Arbitrary Shape in the Plan View 


For the steady-state motion the boundary conditions 
(VII.29), considering the dispersion coefficient y, will 
have the following formi 


Oz: — pO, + 96, = 0. (VIII.1) 


The determination of the velocity potential by formula 
(VII.43) will be given later. However, here we will exam- 
ine the sequential evaluation of the velocity potential by 
formulas (VII.3) and (VII.33). We will derive the function 
G(x, y, z, E, Q0 with the aid of the integral expression (VII. 
35), and we will seek function G(x, y, z) in the following 
forni 


Q ++ + + G,(x, y. 2), (VIII.2) 
| A 
where r=V G—EP F Uy — n + @—O® 


1 


The integral expression (VIII.35) [sic] for = gives 
the following for z + < O: 
pp Yr 
Eel c (2-4£-+i0o) i 
-= yp j jens “ands, (VIII.3) 
where uo A 
o = (x — £) cos9 + (y — n) sin 8. 
With z= 0 l 
Vy CT E ee ER 
á ) T d * r ja d : 
icnce 


l 
Gus — Gi -H YG = — 2 (5) : 


nl. 
(z -:0) 
Utilizing the integral expression (VIII.3) we will 
obtain the differential equation for evaluating the harmon- 
ic function in the lower half-space as followst: 


+n oo 


Ga Rn we | | ) Meet cos Eod, (VIII.M) 
—nÜ - 
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Let us seek G4 in the following formi 


A8 e 
G == | kb (^, 8) etel dadh. 
béi) 


From the expression (VIII.4) for A(A, 6) we obtain 
the following: 


: À coste 
AI 61 7 — "6938 + incosB—v- 


— A cos*® + v 
— E th) EIL + d e 
=— w| fee Leg F ip seg — Déi, — (VIII.5) 


This formula was derived by L. N. Sretenskiy [139]. The 
prime pole of the integrand function with cose > O is lo- 
cated under the abscissa axis and it should be approached 
from above along the path I4, while with cose < 0 it is 


located above this axis and it should be approached from 
below along the Lo path. 

Taking the remainders from the approach along the I4 
and Lo (VIII.5), we can write as followst: 


bm c 
| | : —— 


Wi Y (Hyo 
+ Re 2iv | ere sec*OdQ. (VIII.6) 
n . 


-5 
The acceleration potential (VII.33) will be as fol- 
lows: 


Zä 
O (x, IJ, "lant: ix —B? + (y — — ug LG USD 
— s H e jon to) a Ad dA + 


E testi e'ouo | ds (VIII.7) 


and the velocity potential 
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12-i et — kal be 
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| Ue ec dO A 
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— Sala 





WEIER 4m) Aso pv + M as 


; 
+ Se 
—JA 
The point e= [5 is a special point in the double in- 


tegral expression (VIII.8). Therefore, when integrating 
with respect to 6 the remainder at this point must be 
taken into account and the path must be selected so as to 
ensure an appropriate bypass around this point. 


Separating the Geer GER this integral we have 


f Acosto 
cost d Y — — 


404-109 
| ase See f à cosO — y 











EIE: sj +O gat e LES T" cos A (y—n) sin Gd e 
e d T j eM240)¢hils—t) oss I — cos À (y—n) sin Gd), — [252 
M 
—2 lon — pone: n) dA, 
n CG 
uH —5 n 
ue — 5 B s =— in 


-——8 


The expression for the velocity potential will now 
be as followsi 


— z—¢ x —E Inu 
u e Jy [oo ust r J 
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f if d (uc 
V ui cos À (y — n) dA 4 ax J — age x 


=R 





AcosO + v_ 
ae ory V. La en | e 





eleng (VIII 9) 


M. D. Khaskind [155] determined the double integral 
as the main Cauchy expression and, as a result, arrived 
at the wrong conclusion. 


At this point, it is not difficult to write a general 
integral equation, taking the value 9, with z = ¢ = -h as 
follows: 


s |) [ear reir |) 


T eo 
-fe € Aeon (y — 4 d sl ës lees 


A 
D 


2 
4 0.cos* 8 NR i 
x git Ru NT MES Rea f e Vl set | ds = v (VIII.10) 


x 

77 
T. Nishiyama [213] examines this problem by consider- 
ing the boundary conditions in (VIII.1) for the potential 
P. The velocity potential for the hydrofoil motion in an 

infinite flow he takes as follows: 
1 |... didi 

— — T ö— oo" 
Peo = Fr j weve D TG Cre n 


After the e e EE 


i -+b Jn eo d 
— T (9) d | sec du e-Mett ia L 
—b —fi "e 


4b 7 eo : 
+ ae | Ponda [emet o — dér 
—b 0 


(w= x cos9 + (y e sin 0. (VTTI.11) 


It is clear that from the very outset Nishiyama ror- 
mulates this problem as the problem of the lifting line 
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motion. He assumes that the velocity potential of the 
submerged hydrofoil is in the following form: 


9 — 9, + 9, + 9, 


where q4 - the potential corresponding to the wing motion 
near a solid wall; 


a - the so-called wave potential. 


The functions 94 and ọ2 given below are harmonic in 
the lower half-spacet: 
4 AN ` +n ee 
«og \ ra) sec — — 
—b —R \ 
+0 e 
+ x) — gas 


- ch * 


g gee ud t 
p= — -v È riman ( sodo ( — 5 di (VIII.12) 
Ba ` | i. —vse?®8 + ipscO C i 
Daf —R 


In formulas (VIII.11) and (VIII.12) the signs are op- 
posite of those given in the formulas in [211], because T. 
Nishiyama uses an opposite direction for the Ox axis. 


If we separate the potential (VIII.9) into the corre- 
sponding 9,» Q4, #2 and use the assumptions for the lift- 


ing line, we obtain the expression (VIII.12). G. Goshev 


[21, 22] obtains the following equation for the wave po- 
tential: 


AA eB P 
m= og | TO an jens (ee xy 9 | Jcos BY At + 


x | 
4 sin x y VÀ Liste didn, (VIII.13) 
— E 

where the argument of the Bessel function is Jy AVE Gu 
8.2. The Integro-Differential Equation for the Lifting 
Line Theory 


The intogro-differential equation for the submerged 
hydrofoil, which generalizes the Prandtl equation, can be 
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obtained in a similar fashion used for obtaining equations 
(VIII.17) and (VIII.19). Later on, several forms for writ- 
ing this equation will be given, which are more convenient 
in certain cases. 


From the expression (VIII.10) we obtain directly the 
following: 





, -4 2 B 
Py) = 220), |o) | dn + 
+B ep 2 l | 7 
+4- (ro a ge" Zerf 
dnte " 
—B 
exert ineo |an | (VIII.14) 


The second integral operator can be integrated by 
parts with the condition that F(-B = [(B) = O and the gen- 
eral nucleus can be constructed which has a singular and 
regular parts. 


In the dimensionless form the equation can be written 
as follows: 


+1 
: "E e SÉ — 
GE O~ a TEE d (VIII.15) 
cl 


where i (y) ` B L5 o, 
"Dani ären VS Wäi 


G(y - ») is the regular part of the nucleus of the equa- 
tion. 


In future computations we will utilize the following 
formula: 


e unis Fe sus 
.G (y—y) = d | — e i de dä ui] X 
"m 


Lm) (VIII.16) 


whore 0 :— VB = 
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After the examination of the limiting values, func- 
tion G(y) may be written in a different, more convenient 
formi: 


ee X. 
G (y —7 "enr 





x deif AM 1—2 dÀ. (VIII.17) 


Formulas (VIII.16) and (VIII.17) use the following 
integral expression, known from the material discussed 
previouslyi: " 

l —4AH = -= 
SSeS” — A — A 
Re TERTE, p sind (y — n) da 


From formula (VIII.17) the values of the G(y - n) 
function with ua 0 and wW > œ are easily obtained: 
with W » 90 x i; 

CH= fet ina. 
with W >æ i 8 | 
"pops pe sina G da, 


The case when W ə œ corresponds to the motion of a 
foil in the proximity of a solid wall, while that in which 
W > 0 corresponds to the motion involving a free surface 
with the boundary condition of 04, = O. It is sometimes 


convenient to use the following method for obtaining the 
integro-differential equation. If the function G(x, y, z) 
is expressed in the form 


l 
G (x, I, 2) T f + ki (x, lj, 2), 


; ; l l 
then, by considering that — and E Lé, ys 2) = fs yz), 


the integral equation of the problem may be written as 
follows: 


b 
2 e 
l g? to, | 
D. 77 Up db an Pid dn sl Aen | de with 2—t (VIII. 18) 
b 
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By means of transformations, the equation (VIII.18) 
results in a singular integro-differential equation with 
respect to circulation. 


Let us consider that f(z,y) = ID sche satisfies 
the equation 


otra chen). 
Then | 


U = Ge + i- | T (n) ei dei + fan) | a . (VIII.19) 


+ 
— 
St - 


D, = Ono H E { ^ti At j MAG dn}, (VIII. 20) 


e 
e| 
Ee 


E 
1 
on = Ung“ pec f p jh fne vai . (VIII. 21) 
| -1 
It will be illustrated in Ch. XI that the problem 


dealing with a foil moving in a three-dimensional flow can 
easily be solved by this method. 


For the case of the submerged hydrofoil moving in the 
three-dimensional flow, the function k(x, y, z) can be pre- 
sented as follows: 


l Ze A -+ vsec? O 
Spär x | d'eng (MB. 
—a H 
After computation we obtain 
+> | 
FG) = In R—In R -- Bei ) gore. dA, — (VIII.22) 


— — ep 


2 


Let us represent f(z, nl in the form of two functions: 


Fn) — fio + fi @ (VIII.22) 
hQn-InR--InRA, | 
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A 
— 


L (z. n) =— Re 2v f e g^ Ur CE mine) sec 646, 
-5 l 
R=VG WFE, R =V FEF. 
The function f(z, n) satisfies the Laplace equation 


with regard to the variables z and T) while the function 
fo(y, n) satisfies the Laplace equation with respect to 


the variables z, 7) sin 6. 


Then we will have 


2 
"09 an ,4 [95-7 Gris 
— dee 
ber: 
— 9. quen ma tym l 
Frame Rev fe lg do |an (VIII. 24) 
Ja... 
2 
or 
= i 
LF anl a h 
| E 
Py) = sii a (y) — d | di|g—u Wett" 
"E Xn 
R ~ 
f sec? @ 
v [ice cos v sec? O (y — n) sin Oe 9?" qo Wal (VIII.25) 
ó 


The lifting force and the drag for the submerged hy- 
drofoil are ly determined in terms of l(y) by means 
of fornulas (VII.47) and (VII.51): 


l 
Tg 


P == Qu, A T (y) dy, (VITI.26) 
b. 


— @ l 
Q == ij" ofr e La — 6 (—» | dud (V111.27) 


8.3. The Solution of the Integro-Differential Pquntion 
Applying the T-Parameter Method 
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The equation (VIII.15) represents the generalization 
of the Prandtl equation for the case of the submerged hy- 
drofoil motion and belongs to the singular integro-differ- 
ential type of equation. The presence of the regular part 
in the nucleus makes the solution of this equation more 
difficult and does not permit the use of the aerodynamic 
methods directly. 


The generalization of the aerodynamic methods here 
results in the absense of the analytical solution, even 
for the most simple case of the hydrofoil motion with the 
optimum distribution of circulation and requires numerical 
calculations for each submergence of the foil and for each 
mode of hydrofoil motion. 


One may use other approaches to develop the methods 
for evaluating this problem. This is based on the fact 
that the corresponding problem for a fluid with the infi- 
nite boundaries has already been solved, the deviations 
from this solution are small, and that the theory of per- 
turbations [84] are applicable to this problem. 


It is of interest to obtain an analytical solution 
at least for the simplest shapes of hydrofoils. We can 
expect that the effect of the hydrofoil shape in the plan 
view will produce small values (of the second order) in 
comparison with the effect of the free surface. Then, 
this solution would be adequate for a number of applied 
problems and practical calculations. 


Àn asymptotic method of solution is given below. It 
is based on the utilization of the T-parameter. For eval- 
uating the equation (VIII.15), let us introduce a submerg- 
ence parameter 

c= VAH + 1 —2H. 
We will seek the solution in the form of the series 
PY= Tey) + ORY) + v Tz) + oe (VIII. 28) 


Then — NM p 
D" (y) =T oy) + Ti (y) + vT2 (n E... (VIII.29) 


Taking the following expansion of the regular part 
of the nucleus in the form 


GU) = X Ga (V1II.30) 


n=l 
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we obtain the recurrent equations for determining l'i(y): 


= = +i. — 
Ze (y) ^ (y) "T 1. D gz 
rU. a) — j e (VIII.31) 
HN + i 
2T À | ff 
e rry r, GG ne - jr (VIII.32) 


The first equation represents the equation for the 
finite-span hydrofoil in an infinite flow and its solution 


will be To(y) = (y). The remaining equations have the 


structure of a singular integro-differential equation for 
the finite-span hydrofoil and for their solutions the aero- 
dynamic methods can be used [19, 39]. 


Thus, solving several equations, we find the asymp- 
totic solution in the form of the series (VIII.28). This 
series can produce converging results in the entire lower 


half-plane, since when 0 < h «c, 1 » T>O. 


Later on we will need the expansion of the regular 
part of the nucleus with respect to powers of the parameter 
T. This expansion can be written in the following form: 


G= Kee — (VIII. 33) 


$—2,46 p=0 (s E 2p) 


where Gs, p is determined by the formula 
— E 57S Ap eo 
M se (2) — 
— = ? E EE s 
s, f p(s—i—p)...6 +1) \° ^ 


— RE ) 
KAI? 207 "aLL 
Let us use this method for the case of the submerged 


hydrofoil motion with the clliptical distribution of cir- 
culation. Then, the solution can be written as follows: 


= . im — — 
hcc 


d ud 
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nó = peg yy VY 


-l e H 


WW 
| G—1—B...0* n nt" 
— H — 
pu 
dE ee | | E (VIII. 34) 


Making computations, we obtain for the first three 
functions the following: 








- dot l = ) 
D, (4) = — = 2 So Gah 1 — p° 
«(rA dE | 
E 4 2 
D, (9) = —- Ee" 29 Gui — Duer 
d 4 +) dÉ +) 
— Y ? Gio Vi— a 
| (1+ 0] ) 
s (9) AS 28 Y 3 Ge, — 3G6,1 + 
ez $ y 
m ZE ae | 
+ Tg Ger (au pelt 
Mrs z] | 
UI — 
ende rcl ee 
melt SEY 
, Y) 
where WV = sd is the function which defines the effect [262 


of the free surfaco on the angular coefficiont in the ex- 
pression Gy = f(a) for an infinite-span hydrofoil. 


Designating the angle of the flow downwash by the 
series 
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Aa, = Aa, + 1Àa,, + ra, 4- ..., (VIII. 36) 
9oY ` ay 2 Y 
Age m —— + M47 3— Ot | 
d +3) | (re zu) 
? 3 
m7 —— 9 Gu — Daun — 5, — Gh 
d *iY) Eat +7) 


) . (VIII.37) 
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Let us write the basic formulas for calculating the 
lift and the inductive drag in the following form: 


Ci — CES (VIII.38) 


l — ——— — 


A 
WER (VIII.39) 


For the correction in the first approximation we have 


LS (ITT. ho 
t = 1 + 0,5G20T? + (Gay — 0,75G40)t* + (1,5G6,2 + 36e + 
+ (LEO det + (2633 — 7,5043 -+- 9,375Gs,1 — 3,82810,,4)  +- 
4-(2,5G 10,4 — 13G10,3-4-32,81 25G 10.2 — 30,6247G o + 10,3359G,o, 9t? + 
4-(4G 12,526 , 25G 2, 4-4- 87 5G 12,3 — 137,8G123-- 103,359Gi21 — 
— 29,7773G 12,0) x + ... 


When W) > 0 [263 


¢ == 14-0,5c + 0,25:--0,0625c* + 0,0469: + 0,02577! + 0,018802, (VIIT./1) 


"m 4h 4h - h, 
ey T aisa T): h= 


bg is the central chord of lhe hydrofoil. The more accurate 


value for the correction (op is determined by the formula 


where 
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dr 
| — oF M 
dE 
where 
YG 
M — SE EU? 
| T 
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P 4 Sean 


For the series of functions Gg, elil the following ap- 


proximate formulas were obtained: 
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Using the expressions (VIII.43), the evaluation of 
the function Gg, pO» for the values of the argument O « 


< A < 15 has been performed. The results are given in 
Table 5 and in Figures 16-18. 
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The function ~ for a number of values of W and h have [268 
been computed by formulas (VIII.40) and (VIII.42); these 
results are oxpressed graphically in Fig. 19 and can be 
used in practical calculations. 


In Fig. 20, the values of t, obtained by formula 
(VIII.41), are represented by curve 1 and the aerodynamic 
results for a biplane with identical wings [39] are shown 
by curve 2. These results are in good agreement. 
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8.4. Wing Drag with a Constant Circulation Along the Span* [269 








*This part was written together with A. I. Yukhimenko. 





The simplest T-shaped vortex configuration for the 
wing may also be used to obtain the analytical results for 
the submerged hydrofoil. 


Let us replace a submerged hydrofoil with a horscshoe- 


shaped vortex. Lot us determine the induced drag of such 
a hydrofoil by formula (VIII.24). When Fr >œ, €=1 rg 
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where c is determined from the solution of the biplanar 
motion problem consisting of two Tl-shaped vortices. 


Function c may apparently be determined as follows: 


4, AQ 
c GR 
where AQ, - the additional drag on the foil under the free 
surface; 
Ha - the induced drag on the foil in an infinite 
flow. 


Let us determine Q, from the complex potential for 
the flow in the yz plane as followsi 


r t—R 
F'() e = fo 
or along the span t = y 
T 2R 
e 2n y — R 
from where 
+4 
H) _ of [+R 
Q,— =e f Tody =$ 2n Ae (VIII. Ai) 


and for R S w= 1,04, according to formula (VIII.44), we ob- 


2 
tain Q, = zer : 





For 5Qn we have 


+1 
a 
AQ, = | Wdy, (VIII. 45) 
—1 
where W = Eu V. 
= 
We obtain the expression og | Way, (VLII.46) 


—! 
Because each trailing vortex produces the same in- 


duced drag, let us examine one vortex only and multiply 
the answer by two. 
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The vertical velocity W of the axis of the single 
vortex will be determined by the expression (VIII.19)i: 


oth | @—x) -2 uf 
= 2Re 20i (ett KS g e ` " J 
y — xs — 4iH 
Then e 
— Re de wl fot rd rx PR 
4 v 
=! 


l SN 
— — | dy. 
i-a) d 


If we determine the integrand function by (VIII.33), 
then for g we will get the following: 


- | Les $—1—2p 
i (y—» n xo) ` X 
ees 1 — 2o 
—15—2,4,6...  p-0,l.. 


x (6 1—9).. (p+ 1)(—1)2 


ja d 
^ 14 


ge Gd 


or , 
co 2:7 
1 A | Wi ia — Xo)? ES (— hees d to " Je 
4 Ze (s—2p! — 


s=2,4,6., po. T 
V m 8 ip 
G 


x — +E TG, 


Assuming un = 1.04 we obtain 


a == OPO Oto — Ti (1,0824G4,9 — 1,04086,,) + 1* (3,0031 G6, — 
— 4,3297G6,; + 1,561204) — T° (9,373276, — 18,0186, + 
-+ 10,8243Gs,9 — 2,081 6Ga,3) + 1* (31,2062G 10,0 — 74,9802G A 
L 63,0651G,93 — 21,6480G,o4 + 2,002 ioa) +... (VIII.47) 


For the limiting case of high-velocity motion (Trp > 


> co) Gs, p — Ly and then 
g = 0,5201? —0,0416r4 + 0,23460° — 0,007442 1 0.238510. (VII1I.48) 
obtained 


The Frandtl data for the evaluniion of o, 
under the assumption of the elliptical distribution of 
and the data receiv 


circulation (curve 1, Fig. 21) [39], 
from formula (VIII.48) (curve 2), ure nearly the u.c. 
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Fig. 21 


8.5. The Velocity Potential and the Integral Equation 
for the Submerged Vertical Hydrofoil 








Let us examine the problem of motion of a submerged 
vertical hydrofoil under a free surface. Using formulas 
(VII.3), (VII.33) and (VIII.6) the velocity potential of 
the vertical foil is found to be as follows: 


— 


] d d ] RK Jett 
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o=- ro J f "s 
8 GC f 
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n o 
Re f dO f gota Sin Q Qe k ox?) 
cosQ | ` 


x sec? 9 sin OdO -+ p» Ser Vv sec?) dà — 
"a ò 
— J sin A (y —n)dÀ |ds. (VIIT.49) 


The corresponding components of the induced velocities [272 
along the axes are determined in the following manner: 
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x di | P cos (y — n) d ds, (VI1I.50) 
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schol JE A i44 A x 


x Dai P gto Hao pcose — sin 8 (à + v) sec? 8 
A — vsec?9 


3 (VIII. 51) 


Using the assumptions of the lifting line theory, one 
obtains the expressions for the induced velocities as fol- 
lows: 


Ve 4 | Ad e GC fem cos À (y — n) dà — 


enee 


(240-41 Wn) sine 
woswos |a (VIII. 52) 


Using the expression (VIII.52), the integro-differ- 
ential equation for the vertical hydrofoil can be written 
as follows: 


Ay `, 


O fpa dog 
nona et ar Plz zat 
hs 


Ze 
+ 4v | Gi 5090 sim: nl d (VIII.53) 
ò 
This equation may be given a different form: 


ha eo 
I (2) * Ua (z) a, I (2) — ia | ]* (D [s — | "as LOA d 


is 0 


ds 2 (aee y! — Y 3! (VIII. SH) 


hence it follows that in the limiting cases of nucleus mo- 
Lion, the equation will be as follows: 


l | 


I (z, £) = 
"Y ae "240 
"pe the "plus" sien corresponds to the case of v 70, 
^] Sne "minus" sign to -v > co. 
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Instead of the integro- -differential equation (VIII. 
54) for determining circulation l(z), G. V. Sobolev sug- 
gests using an approximate integral equation which he at- 
tempts to solve by means of the successive approximations 
method, taking the circulation obtained for v 0o as the 
zero approximation value. As seen from equation (VIII. 54), 
the sign of the real part of the nucleus changes when O « 
< y «coo, so that the zero approximation value for the ar- 
bitrary values of v will not be appropriate. Good results 
will only be obtained for large values of v. 


8.6. Determination of the Velocity Potential Using the 
Integral Formulas 


Let us examine the velocity potential of the submerged 
hydrofoil using the formula (VII.43). 


Let us write the integral representation for E using 


the expression (VII.34): 


dE ch. ef 1 T Gei? My—T)k 
— lege fî: di a e Eg (VIII.55) 


Similarly, from the differential equation (VIII.4) we get 
the following: 
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V d pone dts — d 

AeA u a e 
J VEFE yi 

It follows from expression (VIII.57) that 


ell HIM +), — ] Ai a +») 


—co 


. (VIII.57) 
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Q (A, k v, 
P Vie i 
A, k) i 


g^ to 


N (8, add (EI EE ome 


Q (6, k) = — v. 


The zero values of function Q(A, k) are determined 
from the equation Q(A, k) = 0. Then, using formula (VII. 


43), 
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Qe "elle (9) E t e äi e O 
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+ 2v Én SCT: 2 (2k + im ee 9 — cosh, (x — E) dk + 
kg oe 
ee Te — T 
j S ell EO piua ile Je VEI " d 
+ 34 Va : EN t TA di tlds. (VIII.58) 
—6e —o 
When x > -*, potential y has the following form: [275 
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l d! d eg" Fo Dem 
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(VIII.59) 





The potential of the foil motion near a solid wall is 
determined from equation (VIII.58) with v >œ 


B d | ( d E? 5 EA VE ern (24D, I(y—) di 
Of = — x | VY OA E d 2) Iki 


To Lea — 
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With x > -oo 
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— d d ] dp e 010, At 
e MID Fete ef C depo (VITT.61) 
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For small values, vavik. Then the asymptotic value 
of the potential for small values of v is as follows: 


Bean i 
"lte ER e * "jp + 


n gis Df Gm 


"pe Mr peque 


— 


— A ds. (VIII. 62) 


With x > -oo 


gat eel m 
— 1)" VE Jj ida Ze el? nj d 


gh Oulu m | 
+ 2 f: wos TET dk " (VIII.63) 
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Let us determine the components of the induced velo- (276 
cities from the ce. A equations: 
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(yn), (GE. ( SOM 
e e ——— 4v 
Ne I | al (VIII.65) 


" i 
The integral equation of the [CORR is obtained, as 
usual, from the expression (VIII.64). 


The configuration of the free surface is determined 
by the formula 


ais g) = A e, Gg. 9). 


With x > -co, my has the following form: 


Le 
! V 322640 aa, Lo 
i : 
Pr aw = ZA (6) D tiec P oan zech (V III. 66 ) 
or reel? is 
oy eo d ( Wie 2 SE 
Ta tox ag o— Hu we n) (VIII.67) 
8 9 


The asymptotic formula for py | with v = 0 will be as 
followst: N 


m= lan e" OVE cosk(y — n) sin vk(x —t)dkds. (VIII.68) 
; ö 





Let us examine the values of py when x > -oe: 


du 
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1 à Ca d 
Pye An k d — | -F pitt se k(y--q)dk— 


— 8v 
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GES 





^ V 2x24 arte) C : 
) e” “o (k3 t- Aq) Z cos Adr — E) sin & (y — n) a ds. (VIII.69) 


0 
wm 7-5 


For the limiting values of v E 


to co 
— l. ER Nu URP ug EE 
Pa ja IN y (8) [- ay | o Géck botz aäiude, (VIII.70) 


but 
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we have the following: 
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aj 


9 l 4(z — 0 ( — ) 
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| Rr Gwe OF 


then (VIII.70) may be rewritten as follows: 


EES e-du- (z-- (y —) 
Pe = 7a J f le Ze Ue) ETI) 
Hence we obtain 


j p 
(7, e GAN = + E M v (0) Gomer ds. 


9 = 


In the second relation, the "+" sign refers to the 
v => D case, while the "-" sign refers to the v > œ case. 


Thus, when passing through surface Z and the = surface, 


symmetrical with respect to the xy plane, the induced ve- 
locities Cy undergo sudden changes. In the limiting cases, 


the value of the change on the b surface is equal to that 
occuring on the & surface. However, for v 70 and v >œ 
the signs of the change are opposite. 


8.7. Planing of Lifting Surfaces 


The methods developed below make it possible to solve 
the problem of planing of lifting surfaces. Let us exam- 
ine a three-dimensional problem dealing with the steady- 
State planing of lifting surfaces. If we apply Cauchy's 
integral to the points on the free surface, then, in the 
linear approximation, the boundary conditions on the free 
surface will be expressed as follows: 


Qf, gn-0 outside s, (VIIT.73) 
q,-Fgn-—--p ons, (VLIT. 7!) 


where p is the pressure at point x, y on the surface s. 


Differentiating the expressions (VIII.73) and (VITI.74) 
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with respect to time, we obtain the following: 


qv, =— BP, + v9, =0 outside S, 


x, 
Prs — HP, + VP, = ZC SE 


and then, for the acceleration potential we will have 


e. — 18. + vO, — 0 outside s, (VIII.75) 
e., = pOs-+ vO, = Pas on 8, (VIII.76) 
2. 
pa. 


Let us examine the fluid flow in the lower half-space 
only and let us write function p(x, y, 2) in the form of a 
two-layer potential as follows: 


=ar JPEN 3, -Las (VIII.77) 


We can look for the acceleration E in the fol- 
lowing form: 


] = 
a= gy | [PEW Fens nde (VIII.78) 


where f(xyzt5nut is the unknown harmonic function in the 
lower half-space, with the exception of the surface s, 
which envelops the planing surface from below. 
` Let us take the integral expression for L in the fol- 
lowing form: 
+n 
T. on 


now we can express the unknown function F as follows: 


el: gti d^; 


Än o. 00 
l F (x, y, z, E n, 0) = ps | do jection (A, 9) dÀ 
0 ‘ 


— An 


Using expression (VIII.76) and employing Lhe Fourier 
method vo obtain the following: 


à? cos: O 
A(h, 9) = ^ Revs? © -p dj cos Ó — v' 
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and then the potentials 0 and @ will be expressed as fol- 





lows: 
e (anf et Arcos - 
e| [om je feto rios (VIII.79) 

—X 


E ` erte cos 
?-—u- leegen (VIII.80) 
= 0 and for 


For v > o the acceleration potential 6 


i i 4n e , 
Sos [Jon a fima 


-p, which agrees with the formula (VIII.6) 


y — co 


or 09 = 
Let us now calculate the value of the induced verti- 
cal velocity as follows: 
e Huh z ces D 
— Sen : 
[280 


After the separation of the remainders we have 
eg 43 cos 9 N 


+n 
; 3 
Vs 77 7 dnt, NG (9) Ü do f "Acos8 —wv 
8 -f 0 


+F Y teha 
TN e roi 
+. 2niv? Re dQ |. (VIII.81) 
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At large distances behind the hydrofoil 


~ 


— eje gaatt cect Odds, (VIII.82) 


A a (VII1I.83) 


af — ve X n * 
Ais (9) Re d | ⸗ F 


Tt follows from (VITI.83) that behind the planin 
^ a vortical wake is formed, which produces a verti- 


Ce Iaca M ` 
cal velceity directed downward; with yv — 0 the vertical 


or 
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velocity will be formed by the wake of vortices only. 
Q, — = x | [50 f cosa o — maa. (VIII.84) 
v0 : ~ 


For an arbitrary lifting surface, the integral equa- 
tion is derived from the expression (VIII.81) as follows: 


+n en i pis 
reer. i e eitt cos 
2V9 M el) i | , A cost o- v Tue 
8 —n 
D 
no ju cna (VIII.85) 


In the equation (VIII.85), after the final results 


are obtained, it is necessary to direct ¢ toward zero from 


the side of positive values. 


Using the lifting line theory approximation, one may 
write p. as follows: 
I T " — a U-H- 9) sin 9J 
aer p(n) v? Re | e"? . Sc Od,  (VIII.86) 
—b 


TY 


and then the integral equation in the lifting line theory 
may be written as follows: 


* i Qo 
D] . 
p(y) = f) |o + yu | p (n) v Rex 
0 
o3 — 
UN ; 
eoa g U t IL) sin 9] 
x |e sec! OdOdn |, (VIII.87) 
or 


45 


p(y) -fG)| a (y) -+ — p(n) xX 
| 0 





X d eed ect Las (VIII.88) 
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When v >œ, the nucleus of the equation is equal to 
zero, and when v 5 0 


= — o e 
VER Ët eege 


e D 


Let us write the equation (VIII.88) in the form of 
the integro-differential equationt: 


+> 


ro len le Lem: 
— 
x [en eina i -ie-uen| (VIII.89) 


With v > O the equation (VIII.89) transforms into the 
Prandtl singular integro-differential equation as followst: 


p(y) = nrus- sel inl (V111.90) 


However, the angle of the downwash, determined from 
this expression, will be double that of the hydrofoil in 
an infinite fluid. 

The function f(y) in the expressions can be taken in 
the form of [(y-9a(ya , where a, = Poe. 

The lifting force and the induced drag are determined 
through P and the vertical velocity as follows: 


"EN P= dag is (VIII.91) 
| ea 1-2 y—) 
=~ wd p(y) | p(n) NE an (VI1I.92) 
Vx 
"ox didudy 


The equation (VIII.90) is solved by the acrodynamic 
methods, while the approximate solution of equation (VIII. 


263 


[282 


] 


89) for small values of parameter o= Fp may be sought in 


the form of a series: 
P(y) = po(y) + ep, (y) + etp (y) +... 


The approximate results can be obtained by employing 
the method of the parameter T. However, in this case one 
should evaluate a great number of approximations and com- 
pare the results for correlation, because, in the final 
result, T has to converge to unity. 


If we determine Cy and Cxi for the elliptical lifting 
Surface in the plan view from the formulas 


. a i 
C, = PEE PE + a.) 
| + zi be 
Ge (VIII.93) 
Cu e 
then the value of {| determined in terms of parameter T [283 


will be 


r = 0,5G2,0 f0) + G4, (0) — 0,75G4,o (v) + 1,5655 (0) + 36s (0) + 
+ 1,5625G6¢,2 (0) + 26s, (0) — 7,563; (0) + 9,375644 (@) — 
— 3,8281Gs,0 (e) + 2,5614 (0) — 
— 156,» (o) + 32,8125G,6; (0) — 
~30,6247G,o,1(0) + 10,3359G,o(0)4+ 
| + 3Gi2,5 (0) — 26,2565, (0) + 


+ 87,5612, (0) — 137,8Gy29 (u) + 
4-103,3596;,,1 (e) — ` 
29,7773 elt - 0,90. <VIII,94) (VIII.94) 


For W: œ, the formula (VIII.94) gives b, = O and for 
u s 0, b. = 1.80 instead of the exact value of 2. The 
graph of € as a function of Fr is shown in Fig. 22. 


8.8, The Pasic Relationships for nn Optimum Submerged 
Hydrofoil 


The solution of the problem of distribution of circu- 
lation that results in minimum drag and the determination 
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of the corresponding parameters of the hydrofoil is of 
great practical interest. 


If, for the case of infinite fluid, this problem has 
a Simple solution, with ordinary elliptical distribution 
being optimal, it is not, however, possible to produce 
such a simple closed solution for the submerged hydrofoil 
and the optimal distribution is more complicated, depend- 
ing on the depth of submergence h and the Froude number 


kt The optimum condition for the submerged hydrofoil 


is formulated in the similar way as in aerodynamics. 


If the lifting force and the drag are determined by 
formulas (VIII.27) 


— H 
4 Ld —b | ` "T 
ia 
Q=ef T (y) wdy, 
Wi 


then the problem for determining the minimum drag with a 
constant lifting force leads to the condition 


6Q - ôP = O 


or KR +6 

| | 6 F'idg — ne oT dy -= 0, 

CA ZA pe, ee 
ve VITO 5) 

| eT (o — c) dy = 0. 

Tb 
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Since the latter condition must be satisfied for any 
6f, then 


w = const. (VIII.96) 
This condition determines constancy of the induced 


velocity along the span of the foil with an optimum dis- 
tribution of circulation. 


If the integro- -differential equation for the hydro- 
foil is taken in the form (VIII.15), then the condition 
(VIII.96) leads to the equation 


+1 
| i aj- 


where @ is a constant. 





- -6(— J D, (VIII. 97) 


The equation (VIII.97) can be reduced to a quasi- 
regular equation. Let us write it in the form 


The solution of this equation, unlimited at the ends 
of -1 and +1, is defined by the formula similar to Cauchy's 
conver.:ion integral [15] 


p POVIE, ` 
Pie ee E y) 
ai ml vu 


Here, the constant a0 is oe to equal zero and 
DECS I^ ()6 (y — 9). 
x 


Then, aftor calculations, we obtain 


+1 
= ; l 
I’ (7) P 6à = Viz) I" dsx 
nV 1 — 
US NECS 
" — d "T 
x | VIZ gaa (VIII.98) 
i y-—1 . 
where 
Pee | 
e) m if] — 42 


The equation (VIII.98) can be written as follows: 


+1 
Vi) = ioa | TKE ads, (VIII.99) 
where E : 
z Lum [ME 6 Gandy 





TERETI OLEE 


The circulation [(y) is determined through ꝙ (nl by 
the formula 


If the circulation P (y), which has been derived from 
equation (VIII.97), is written in the following form: 


Frën vn Cart 


then the constant ® can easily be found from the basic 
integro-differential equation 


Cy Dn. ch 0 
(y "VIO sl (VIII.100) 
Then . ` 
i spt, (VIII.101) 
En Lego 
2t n An 


Thus, in order to ensure optimum distribution of cir- 
culation along the submerged hydrofoil span, the correla- 
tion between the distribution of angles a(y) along the 
span and the relative span A(y) has to conform to the rela- 
tion in (VIII.101). Since this relation is satisfied 
along the enire span, it is convenient to determine @ 
along the central cross section (y = 0) as follows: 


a (0) 


De oasis EEE LO? 
prox 16) WY DEBES 
|2* on at 
For the constant angle of attack along the span, tne 


relation (VIII.101) produces 


V1 — yi (5) consi. 
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We will define the circulation using a series 


ri) - Vi ta + PA PA td. (VIII.103) 
Then for the lifting force we get the following: 


T AA An Bre 7 
C=A\ TG dy =152na ( a po, A+ z A +e)» 
i fros SLL BEE 
ME ` 
ae 
The relative span and the span at the central cross 
section of the foil are related by the expression dy M. 


where k4 is the coefficient taking into account the shape 


of the foil in plan view: 
m. 
k= x] Vi — Wh in) dn. 
—) i 
Here f1 (N) is the function which is introduced by the re- 
lationship 





a s. VI— at 8) = 1. VIII.10^ 
Now the formulas for @ and Cy may be written as fol- 
lows: 
5 dr P - E X 
GO + AK ) 
l (VIII.105) 
EE E EE 
l Q1, 1t gat gT Ege 12g ^5 
Ta’ EE E a Ce DEER 
l p — Es 
i sc Akı 
For an infinite fluid, A. = 1, k4 = 1, and then we [ 287 
again obtain the known results 
2a d —— E aq, a 
Dn, oce EC, Ae 
dl +3) Ta 
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With a = const 


A. 
Af AL e 


For the coefficient of the lifting force we will ob- 
tain 





C, = —. (VIII.106) 
LA2t 
a 
The drag coefficient will be determined as follows: 
C, = DaC,, 
from where c! 
Ca =t, VIII.10 
where mA i ?) 
] 
Saray DES (VIII.108) 
A+ f+ yt... ` 


is the correction for the influence of the free surface 
on the drag of the submerged hydrofoil. 


Formulas (VIII.106) and (VIII.107) are also obtained 
for an arbitrary distribution of angles of attack along 
the span without any difficulty. 


Formulas (VIII.106) and (VIII.107) are also used when 
determining the hydromechanical coefficients of the hydro- 
foil with the elliptical distribution of circulation. For 
that case the formulas produce the approximate values of 
Cy and Cx, while for the case of an optimal submerged hy- 


drofoil they produce the exact values of hydrodynamic co- 
efficients determined in the lifting line theory.  Simi- 
larly to aerodynamics, the formulas (VIII.106) and (VIII. 
107) may be used for determining coefficients Cy and Cx 


for the hydrofoil of an arbitrary shape, provided we intro- 
duce small corrections which depend on the shape of the 
hydrofoil in the plan view. In aerodynamics these correc- 
tions are determined from the solution of the Prandtl 
integro-differential equation [19, 38]. 


For the submerged hydrofoil this type of approach is 
inconvenient, since one may not be certain that the corroc- 
tions, which characterize the shape of the wing in the plan 
view, are the same for various modes of motion. 
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With this approach, instead of t in formulas (VIII. 
106) and (VIII.107), one should use (1 + T)! and (1 + 8)2, 
respectively, where t and 6 can themselves depend on fi and 


It is more convenient to account for the effect of 
the free surface in each formula by a single function which 
can be obtained from the solution of the equation (VIII. 
15) and to write the general formulas as follows: 





au 
“= 6 (VIII.109) 
l tux 
C = C, ` 
2= Si Ee ! (VIII.110) 


where functions (4 and {9 differ very little from each 
other. 


8.9. Determination of the Optimal Distribution of Circu- 
lation Along the Span of the Submerged Hydrofoil* 


*This part has been written together with P. I. 
Zinchuk. He also suggested a solution for the semi-regular 
equation. 


For the submerged hydrofoil moving near the surface 
of a fluid of infinite depth, the equations (VIII.97) and 
(VIII.99) are solved by using the expansion (VIII.30). 


Let us obtain an approximate solution of the equation 
(VIII.97). Let us find it in the form of the series 


I^ (2) = Kay + eT?) + To) +... 


The nucleus G,(y) of eqation (VIII.97) can be present- 
ed as follows: 


Gy) H Cle. 


Then ges 
bt OW 
IR — f: 
Il Ie = " 
i Y —^ : 
+1 ne, . 
— dn = 4J 0)G,g—aWdn 
SÉ We L 2 ' 
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:15. die — | T6000, — d eg: -8)dn, 


Phal EEGEN 
—* fie — Y T Q0, LG — 8) dn. (VIII.111) 
breng 


The solution of equation (VIII.111) will also be de- 
termined by the formula of the integral conversion. 


The function G,(y) is obtained from the formulas on 
page 242 


e —1—p... prc o (a 
Gn (y) == y diranto ET, ol ) 


By solving it, we obtains 


»- Qn 
A r0 7 "em | 
— | n G 
EE * (VIII.112) 
— ® 3 3, = 
— Ap AN | dE touta F Cea) — F Ca) 


men -LVF Ws Ge, - (-8 «o. -g Ma) 


3 
— e — Ga +! 16 jg unas + S Geo 9 J Gs, t3 Os ke +. T 


+ [o (2 Gs,o — Bau + = ZER ep Los]. (VIII.113) 


When Fr. e, formula (VIII.113) becomes 


nj - P Vi—y CES RM ek 
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The solution of the integral equation (VIII.99) can 
be obtained by the iteration method. 


Introducing the resolvent of the equation we can 
write the solution as follows: 


: +! 
1 = mx l 
oD -18—a AUC (sx lé (VIII.115) 
* 


L- WN ent Iw... 
where n (s r-a) h(a) Ka@) ig the resolvent of the 
mal . 
equation, and Kg(8,T7) are the iterated nuclei. 


For ae torm nong the resolvent let us take the func- 
tion G(y - 7) also in the form of (VIII. 30). 


For determining the iterated nuclei we have the re- 
current formula 


Kay = f K.G/0 K, (sat. (VIII.116) 
MEC | 


By solving it we obtain the following: 
— 1 EES, uf 
Ki Te ageet? -Pe8)- 
Le 1 THAN 
—+ fou] 5 REEE E Sr — §° + 
: af 1 i e Ex 
etc LE 
: x 1 TES 
ria -+ sE (g — M wen 
ert (1 By 435 ]— wën 1 tyes 
oiy len Da )4-n's — 8617 | g 2 
) jm 
Gd -+ E GE i + ell 


-,-- ` 5 [ 
-2*45) |- [eng + CM t 8 pity $-—. 
T l e l 
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+ enis E 5n Gah [291 
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—— e ees zo - #)— 
sf lc pF) an cg 

= 
te | 
vs 


Kafe pe | ye gid + don (; IER i) — 


a)i] + sonn (3 D 2 F5 d 
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à — — : — 292 
— 264044 a |- [ee (— Bist ast E L29 
+ 3 ge + TuS TAP )— 40 La 42) * 
+ 301.6935 t6, La EE ey) — 
= 90,441 t g95)- — uns je + Gro * "e — 


35 - ] -,- 
T ins LT 8 ERE y Ärm pP nä D z?)- 


a | — Gy Gs Cv t Zei 3n's + 16r s? MN al A 


4 — (z T tx É emt: Mat? + Gs, Lu + 


xt RT La 4 "9 4. — 5 ra 
T 05 + Casto (7 1s —908— bai + Gua E gg +. 


+ FF) eus (— are Lage age aal 
— Dau tane — 4n*s) — 60, Goin s | , 


n's + 


Ps ` 
D| om e + 
e 


K, (s. n) = Y 2074 Lora? as + 


" 5- 1 -,- 
£33 ajapo] [se (s ns + 7 ist 


| 3 -- 
+7 2 49] His d et, (s "3 Tu Lgs Bi Lë 
randi ti + SE P GË Wé 
26,4640 [ 3-8 wit Sas) +90 
— 607,004,0 de -ns + j^ s + T 2,004,173 
l- 12- 
Ki (s, n) = y yr" Gaz 3 aus 0. KI + 
: [293 
ters 8 di — Gi, mS J : 
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K,(s, m) = 





y 


Substituting the value of the resolvent into the equa- 
tion (VIII.99) and integrating we arrive at the solution 


n i ] = Gm 
== Toss ce 118. (VIII.117) 
I= 16 


a ic rl 
+ ge) oss t "IP EE 

vil: 0.0.3 t O(g +ga) 

— 4045 (— rt ZF) + aga eigent 
Ae (oin 8) - $0.01 gäe A — 
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— 1503 - ET 3694 | 1174, 9 
16.3 + Gu ( — 128 $-— d6^ — — KC )- 


275 


[294 


-m (7 Sag? ie? SS 4?) eno (- rer? 
ty Le Zen $?)* Se p 4]... » (VIII. 118) 


from which it is easy to find the optimum distribution of 
circulation along the span: 


—— —— MEE + 
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(= —Xð tS Lage — 16 SR + T G1 — 


S Bam Ball, —J 


e(t g Onat m) |P oo M J. (VIII.119) 


Equating the expressions (VIII.103) and (VIII.119) 
gives the following: 
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+e » Safe $ Din + g usa — T 0200ra + 
Tx i660 e Te Dag T 236191 — > 7 fwa), 


A zs y Oso + dë - bod x " + iG) , (VIII.120) 


A, = -j tI Gio, 


With Fr > œ the coefficients A; will be determined 
from the formulas 


— — df n 
ENEE EE OC 
A, — ipee 
Ke | | 
eene. ` emn 
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ER 
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and the correction ¢ will then be as follows: 
t=— —. (VIII.122) 
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Using formulas (VIII.41) and (VIII.122) the following 


is obtained for the function AË — Le with an accuracy up 


to ri 2 8 
AE = 0,0469:* -+ 0,002311» — 0,0143:!5, (VIII.123) 


Formula (VIII.123) determines the decrease in drag 
for an optimal hydrofoil as compared with a hydrofoil el- 
liptical in shape. It indicates that the optimal hydro- 
foil can be more advantageous in regard to drag by 4-2% 
as compared with the wing with an elliptical distribution 
of circulation. The advantages of various wing shapes can 
be evaluated by calculating the load distribution over the 
foil and comparing the results with those obtained from 
formula (VIII.122). 


For hydrofoils of arbitrary shape in the plan view 
one may obtain optimum distribution of circulation by mak- 
ing the appropriate washout according to the formula 





fy) = . 4a, (A, + A: + JA; + PAPA) 
t" — | hüm cp (VIII.124) 
i 0 


Extensive computations of functions A; and ¢ (Tables 


6 and 7) were performed using formulas (VIII.108) and 
(VIII.120). Figure 23 shows functions | for the optimum 
distribution of circulation for different modes of motion. 
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0,250 0,8912 1,00! 1,167 1,275 1,351 1,382 1,395 1,391 1,342 1263 
0,275 0,8922 0,9810 1,116 1,216 1.290 1,326 1,344 1,343 1,304 1,236 
0,3 — 0,8952 0,9598 1,084 1,167 1,245 1.280 1,302 1,303, 1,272 1,213 
0,325 0,5993 0,9621 1,060 1,135 1,205 1,2431 1,266 1.269' 1,244 1,192 
0,350 0,9039 0,9578. 1,042 1,106 1,175 1,212 1236 1,40 1,220 1,175 
0,375 0,9089 0,9552 1,031 1,090 1,150 1,186 1,210 1,215 1,199 1,159 
04 0,139 0,9547 1,001 1,077 1,431 1,164- 1,188 1,193 1,181 1,145 
045 0,9236 0,9554 1,006 1,058 1,101 1,130 1,153 1,158 1,150 1,122 
0,5 0,9323 0,9578 1,00! ,1,036 1,076 1,106 1,126 1,132 1,127 1,104 
0,55 0,9401 0,9608  0,9975' 1,026 1,067 1,088 1,106 1,111 1,108 1,089 
0,6 — 0,9468 0,610 0,9951 1,021 1,052 1,073 1,090 1,095 1,093 1,077 
0,7 0,9577 0,9702 0,9931 1,014 1,034 1,053 1,067 1,071 1,071 1,010 
0,8 — 0,9658 0.9751 0,9926 1,006 1,025 1,041 1,052 1,056 1,056 1,047 
10 0,9766 0,98259 0,9936 1,002 1,012 1,025 1,033 1,036 1,037 1,031 
Lä — 0,9831 0,9872 0,9951 1,000 1,011 1,017 1,023 1,025 1,026 1,022 


The analysis of the results shows that the optimum 
submerged hydrofoil is fuller in shape (and, therefore, 
fuller in the plan view with a = const and Fr » oo) in com- 
parison with an elliptical hydrofoil. However, from the 
essence of the problem it follows that in the limiting 
case (h 5 0, Fr ə œ) the elliptical form will again be 
optimal and that for a certain shallow submergence depth 
the hydrofoil will have the fullest form. This fact has 
a definite practical value, because by taking the techno- 
logical strength factors into consideration it becomes ap- 
parent that the manufacture of rectangular hydrofoils is 
advantageous, and the motion at various modes, correspond- 
ing to the maximum fullness, can produce a definite saving. 


Regularization Methods of Integro-Differential 
Equations 


As was noted earlier, in the regularization of the 
singular integral equations it is important for the the- 
ories being developed to obtain regular integral equations, 
because they offer a new approach for the study, based on 
the well-developed methods for solving integral equations. 


8.10. 


Singular integral and integro-differential equations 
for the submerged hydrofoil differ from the equations for 
an airplane wing because of tho existence of a regular in- 
tegral operator. Therefore, all the regularization methods 
used in aerodynamics as well as certain exact closed solu- 
tions can be used in our study. 
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The Prandtl equation can easily be transformed into 
a quasi-Fredholm equation [15, 78]. Iert us use this ap- 
proach for obtaining the quasi-Fredholm equation for the 
submerged hydrofoil. 


In the general case, the integro-differential equa- 
tion for the submerged hydrofoil may be written as fol- 
lows ` 


ee — frou and (VIII.125) 


or 


Ap (m et HÄ 


GE etai] (VIII.126) 
oe aie 


The solution of equation (VIII.126) in the class of func- 
tions unlimited at both ends of the line of cut is deter- 
mined by the inversion formula of Cauchy's integral [15]. 


r dn 
us : 
where aọ is an m constant. 


Integrating this equation with respect to y, we ar- 
rive at the quasi-Fredholm equation 


: +1 S ] sk T 
I' (y) + f Ki (y, n) T (0) dyn = F (y) + C, + Cs arc sin g, (VIII.127) 
(8 21 — i 


where oU XS n7 2 
2 i= nis jn End ir 


alim KIC 
K (y, = - 
MEETS (aa nem), 
+ 
Fy) = à, J^ Kt gegen 


zm St: 
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The arbitrary constants C4 and C2 will be determined 
by the conditions at the ends of the interval. 

This method may be applied to equation (VII.25) and 
to its modification which includes the case of submerged 
hydrofoils. 


For the general case, the equation (VII.25) may be 
written as follows: 


SAT tw ft, (303 
+z) y> (1— WC -x)^ m 


P(yO.(y du ` (VIII.128) 


where Go(y, n) is the regular nucleus which takes into 
consideration the free surface effect. 


In the similar manner we obtain the equation (VIII. 
127), where 


(eren 


A. 

= us ia eer dt; 
wm M i= yt —V (1—9) (1 — sl = 
Oyen) eg (1 E HOt 
Ld yug 


AN T Yü—35-—35 
Fy) = ls? — yn 4 V(0—95(1—3) 


Solent sient d 
yn—V SESCH S e 


—— 


The equation p m can be reduced to a regular 
equation using a different approach. 


Let us transform the equation (VIII.128) to the fol- 
lowing norm 


el? En en- A En Way (eem: = Mo 
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d 44 * 
—g | 600.9, dn. (VIII.130) 
. M 4 B i 


Then, using the inversion formula, we obtain the quasi- 
regular equation directly: 





ta Ree 
oUt ge Jet ER dä e FU. (VIII.131) 
where t ges | 
2 LO . 
belii 170-1 
|! TYI—-2[1—Vi £X (00—35 
K (y, v) = "tyi eal = — 
EP l 
45 LZ wan ts 


The circulation f(y) will be found from the formula 
Ak -jz22 e gite 


Let us proceed now to a more complicated problem of 
obtaining the regular equation using equation (VIII.125). 


An effective solution of this problem for an airplane 
wing is given by I. N. Vekua [9]. The solution has also 
been obtained by L. G. Magnaradze [78, 91] using a differ- 
ent approach. Similar results were obtained by G. F. 
Burago [7]. Although he obtained his results before I. N. 
Vekua and L. G. Magnaradze, Burago did not publish them 
in time. 

I. N. Vekua obtained the new integral equation by 
solving Rieman's boundary value problem to which the 
Prandtl equation is reduced. 


If we denote 


R : l 
a - [euti ren 
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and 


Bg - i. (VIII.132) 

then the equation (VIII.125) may be written as follows: 
8n CF, iata ( ) 

— — | — VE dn zn. VIII.1 


Let us examine the case 


ry) =T(—y):; BU =B; 
a (y) = a(— 9 y €(— 1.1). (VIII.134) 


Now we can apply Vekua's method to the regularization 
of equation (VIII.133). 


This problem can be analyzed in greater detail [9]. 
Here, we will confine ourselves to the case of 


B (y) = aN y € (— 1, 4- 1), 





where p(y) is the analytical function at the segment (-1, 
+1), which satisfies the conditions 


pu)9, ply) =pl(—y), y€(—1; +1). 


There apparently exists a single-link area T, which 
contains the segment (-1, +1) and which is limited by a 
smooth closed curve L. In addition, the function p(@) is 
holomorphic within T + L. Eliminating points in the seg- 


ment (-1, +1) from the area T, we obtain a doubly-connected 


area DR, in which function A =V!1—@ is holomorphic. 


p(s) 


Later on we will analyze a branch of this function 
that satisfies the condition 


By. ly) =—B_(y) = BW) > 0. 


Let us assume that functions T(y), aly) and ["(y), 
continuous according to Gel'der within the segment (-1, 
41), are 

De (ui — BE ons mu RD 
DI = E A< 
m (1 — y? l 
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Let us analyze Cauchy e integrals 
a | See. (VIII.135) 


Differentiating with respect to ¢ and integrating by 
parts using the condition (VIII.13^), we obtain 


l I" (n) ra 
® ek gj rn vote | (VIII.136) 


For practical purposes, of interest is the case when 
r(-1) = r(1) = 0. However, this problem can also be ana- 
lyzed by disregarding the above restriction and using it 
in the final results only. 


The functions #(¢) and 8'(€) are continuous to the 
points within the segment (-1, +1) from both the upper 
and lower half-planes. At the ends of the segment (-1, 
+1) the function (t) can have only the logarithmic-type 


singularities, while the integral term (VIII.136), at these 


points, can have singularities of the order of less than 
unity. 


Using the Yu. A. Sokhotskiy formulas we obtain 


dk 0, II 


VIII. 
[re Ha ag 6) 4-9: NI «m — 


Then the equation (VIII.133) will be in the form 


S ot 
©, (y) + 8 9:0) Lor HAS Se SE — M. (VIII.138) 


Let us introduce a new function 
" D | 
F (t) = - [ve $e vr-e. (VIII.139) 


which is apparently holomorphic in T* and continuous up 
to the points within the segment (-1, 41) from both the 
upper and lower half-planes. 


The equation (VIII.138) will then be as followsi 
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F) —F- Gh Ato BUY T+ ts. (VIII.140) 


According to Cauchy’ 8 formula 


OP TER dnt 57 E — (VIII. 141) 


where È is the point which belongs to the area T*. 


However, considering (VIII.139) and (VIII.140) it 
follows from formula (VIII.141): 


UI A a EU dy. 
dics » “1 — rira am gf" 


H? — (Gen ji Vio les 
Using the formula and — s theorem we obtain 


aria d Vi-no' (dy, 
yi—sqn—-t Vic Zei 1—6 





Then, due to the fact that Biy)= yi-? and based on 
(VIII.138), PU 


Vi-7 Om pidi ` 
ke B() "EI ral AMA Dë 








S 
T (o) 1 ('e(mdn,. p) dr dn\ _ 
-—| pO) — PO. r (o) de. (VIII.143) 
Then LN 
H — +1 
w i 8(y V 1—$ 4 (po) — (Qr 
FQ) = — | ————-dq——|-—2— (c) do + 
x J 7 di T J g—t 
ir (1). (VIII. 1i) 
rYi—t’ 


and by passing to the limit we obtain 
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äer, Mis 14 feiss CS LR LC au EL (VIII.145) 
"4 


From the expression (VIII.139) we obtain the following: 


BO - 720, 
Sa? (VIII.146) 
eu: Gan u- d 
Integrating these Riek we obtain 
ec, 
EU = TA Qc — Hi 
e (9d (VIII.147) 
e - " 
0) = e. (0) wo Nana) ` yi: Ld 
LUE (VIII.148) [308 


Because function Ply) is even, from the expression (VIII. 
135) we obtain the following: 


1 
GE EENG 
It follows, therefore, from formulas (VIII.137) and (VIII. 
147) that 


Py) = ronn: f ASON r, () + Fon) ida + 


+ fegan, w- A. (dn (VIII.149) 
-" | 


Taking into account expressions (VIII.109) and (VIII. 
114) we can write the — as follows: 


o= =T (0) cos 8 (y) + T (1) oy ( (y) +f SE 5)T (9) 4s + ga (0), (VIII.150) 
where 
o (0) = msn, ni (VIII.151) 


1—7? 
d ya 
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näi — — antt) -—agtua - A 


A J— sj urn 
x 


"TR 2 fens SERA (VIII.152) 


Introducing into equation (VIII.150) the condition 
M1) = l(-1) = 0, we can rewrite the equation as follows: 


Fi =F ( cos Ó G) + Wl Reg *g&() (VIII.153) 


At this point we can substitute B(y) given in (VIII.132) [309 
into the expression for go(y) (VIII.151): 


£o (9) = g G) Al (9 — 8 ())dn i C, (n — 9) T (c) da + 


wv 


eet 
dl MAE Vie Ef aoro (VIII. 154) 
s) - i [iiis tiem 
r opaco inf SON a | (VIII.155) 
V1—1 | 


If a = const, 


dcos dt 1 mcos [0 (n)—8 (0l 
npe 1s | [tto en tyran 


The equation (VIII.153) will now acquire the following 
form: 


i +1 e — 
T (m) = T (0) cos 0 (j) + | Ki, o)T (o) da + g1 (y), (VIII.157) [sic] 
l E -i i a or 
where the new nucleus K4 (y, co) is defined as follows: 


e 


doit) i = Kalte — — Lan oin ( — 9 (y)} d A 
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In the future it is important to analyze two cases 
which correspond to the following conditions: 


cos 6(1) Z 0, cos e(1) = 


For the case of cos @(1) # O the equation obtained 
will result in the Fredholm equation we were looking fori 


— (VIII.159) 


where 


(1) cos cosB(y) , 


Kuo) Kid C dern 


For the second condition of cos @(1) = O we obtain 
the following from equation (VIII.157): 


+ l ; 
| [Ki (l,o) riodo +g (1) =0 (VIII.160) 
sl , : 


and this brings us to the EECH system of equations: 


NC T (0) cos (y) "j Kw o) T (c) do + BW, 


(en T Les °-.  (VIII.161) 


The first of these equations contains the indetermin- 
ate constant [(0), which must be determined from the sec- 
ond equation. In case this constant is not determined 
from the second equation, then it must be chosen so that 
the solution of the first equation would give the Prandtl 
equation. 


Thus, instead of the singular integro-differential 
equation (VIII.125), we will obtain Fredholm's equation 
(VIII.159) and the system (VIII.161), whose effective solu- 
tion may be obtained for various wing shapes. 


The following section is devoted to the derivation 
of one such solution. 
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8.11. The Solution of the Regular Integral Equation* 





*This chapter was written with A. V. Miodushevskaya. 





For the airplane wing for which the function 
Vi-y¥ 
is rational, the nuclei of the equations resulting from 


the transformation of (VIII.159) and (VIII.161) degenerate 
when h oo G4(y - 1) and the function l(y) to be determined 


is found in the explicit form within the quadratures. Let 
us present two examples of such solutions obtained by 
I. N. Vekua [9]. 





For the elliptical wing 
B(y) = B,V1—y'; ply) = const, Kale, gl 0 


and 
P (y) = T (0) cos 8 (y) + go (y) . 
Oy) =xacsing x >. (VIII. 162) 
0 
When a = const, the formula (VIII.161) acquires the 
form 


P (y= ËTT E ue 


For the condition l(*1) = O we obtain the known results 


'O= 11 VIT. 
Let us examine a wing which is described by the func- 
tion 
VI alte 
Bd = B,V1— Desch (VIII.163) 


where v and p are constants and y > -1, v > -1. 
In this case 





K (y, 1) = LI =) Zi EJ" o, (y), V1II.16h 
(y, v) ES uot v () ( 164) 
D d -{ ët u — de 
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cosa (y) ("cos 10 (o) 30 a? 
en Vis T+ we T LL, de. mt 2..) 


0 (y) = HE cing + iu MAE 1 (VIII.165) 
with v Z 0 7 i E 
geckeg R acsing — ZS yV i—y*, (VIII.166) 
with v = 0. ‘ | 
Then Vv. 
a pen ZE E Le, (VIII.167) 


From this we find 
NEIE T" SH x 


=| 
x[tro—of CH e. (VIII.1¢8) 


Formula (VIII.168) gives a solution to the equation 
for the aircraft wing in the explicit form for any angle 
of attack and shapes described by the expression (VIII. 
163). This formula is of great interest because (with 
various parameters) v and u are applicable to a great num- 
ber of practically important types of wings. 


For the submerged hydrofoil the rationality of the 
function p(y) is not sufficient for obtaining the integral 
equation with the degenerated nucleus. 


Lot us examine the foils for which 


pU) - S1. 


pt E pay”, © iy) = = D» gath, 


Kail k=0 


p(c)—p(n) ` aen = ee). RES? k=l 
LC oam 2, ^ Q7. 


g—1 «9199 (n) (c — n) "ud 


where n - the larger of the numbers r and g; 
Ry. Cl - a polynomial of the order not higher than 
n - 1. 
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Now 


| Ko. 0) = $87 “UW, B | 


| Fi Së (VIII.169) 
Ry (n) cos e (n) —9 Ww) 
n= t (Hs VU e do. 


If we could now represent the nucleus K4(y, c), which 
is defined by the G4(y - N) function, in the form of 


à 
à. ulo), the nucleus K(y, c6) would become degenerate. 
iml . ' 


From the expansion of (VIII.33) it is easy to obtain 
the expansion of the function G4(y - M) along the expo- 


nents of parameter t= V 4R3 4-1 + 1— 2h; 


Offs — 1— 4)... EA) 
Du: -a ei —GkR—1—25 * 


hæl 
x (— 1y-! * (A)(y— qai, 
but since 


2n—1-—2k n om ` 
y= ^ ts LEE ER 


then eS n—l 2n—1—2À o l y 
O WI da MIER ` 
6. — Se EE KW Hin — 1 — 2& — D A^ 
; n:-l &- H 120^ 
x (— IJH Gana Di tira (VIII.170) 


Let us limit the expression (VIII.170) to a certain 
finite number of terms n= N. Then, the highest power n 
in the expansion becomes 2N-1, and therofore we have 


2N-—1 


G (y —0) = È nos C s M (VIII.171) 


“m=0 


where Val, T, 1) is a polynomial whose power does not ox- 


ceed 2N - 1 - m; AT. 


Now we may writo for the nucleus 
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Kin = Ko(y. 0) — moe (o T, A) x 
e.. A mal 


4 e 
LI 


st. 2 — 22 ge 
x jr sin (9 (n) — 9 foll dn + k $ De (o, T,A) X 
, ` Mwl N 


J ()—9 Bilan) wn E Can, 
Mi^ "EECH X. 


and for the integral 





i ims m-—3 C . 
= } | —t m W a C — 1) Al 
| fe Ca 4c wa 9 "TOU r3 
e s kav24 . 


2N —1 


K, (y, 8) = Kin, 9) — I 2 MUn (o, v, A) 9 sinlo — 8 (it 


ir m y t 


cos[8 (n) —8 W fom. - a D 
UY e à cU) 


40,24 








Let us introduce the designation 


Dn (yy =: È fan: cos 8 (n) — © ()) 
() ali TE Bas Vi —* 


m= (I- i21" d 





— M "sable 
; De . p eam) o (VIII.172) 
p —012,4 pt , ¢ x 
Then Die sc 
a UM d 
. K, o0 = ? ^t W— 2 Um (0. T, " Dn (9. 
mað `. SECH 


Introducing the — designations for both summa- 


tions k—1 


g Sek — 
A, (a) = {ro ` | eben ` l 
viai) ai TEE 


d u, (9)... Doreen x 
BUT Dd Ca Leh MEIN | 
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we obtain 
IN tan e 
Ki(y,0) = $; A (0) B; (9). 
tæi TE 


and the complete nucleus can be written as follows: 


KU. a P (98.0) 


B.Q) = B; (9 —5; (1) =u (VIII.173) 





Thus, the approximate evaluation of the function 
G (y - N) by means of the expression (VIII.171) leads to 


the degenerate nucleus of the basic integral equation. 
Let us examine the case of cos/@(y)4#0. Let us desig- 
8 | 
nate f A (9)T (0) do =I, Then by using the regular approach 
— 


we obtain a system of algebraic equations 


2N +n 
T,— à; Gul s = go (VIII. 174) 
Ae) 
(es 1,2...2N La 
H` | 
Cu f A (9) By) dy, (VIII. 175) 
21 
ET 
aim | AO. (VIII.176) 
-l . 


Thus, for determining [' we obtain a system of linear 
equations with the determinant 


‘ l {=f 
A= — C d =| . 
l || e; al iA 0 itk 


If 4 Z 0, the system will have a solution and the 
circulation is determined from this solution according to 
the formula 


"ar Sach "SBT (VIII.177) 


í 6 ` Ae 


296 


[315 


Let us examine the problem of motion of a submerged 
hydrofoil, elliptical in shape, in the plan view. 


Let us limit the expansion (VIII.170) to a finite 
number of terms, i.e., ton = 4. 


G,(y —n) = Lane ^n ck Ag? 
A= Aunt Aun? + Aun? + Am ` | | 


Ay = An + Asan? + Ann’ + — FE D 
A = And: Aun + Ant. | Zu m : 
` A es Aug + Aust + Aun Ae 4 

^ = Aut Aun? KW Së 5 ets See 

A, = 4. T An? 

An es Ann 
A, == Ay | 


Ay = — iaa — 2164 — 3:84 — 41085 —. [316 


du = Guo + —R + IlOo. 


Ais = — Ben — DD 

A, = vi Cae . H df a 

Ay = 1363 + Zei + Iloa Lire ^^ (VIII.178) 
Ary = — Briten — 126054 — 3010.5 ES 

Aa = 51566, + 301164 — an 

Ais = Gao "ale: 


Ay, = dec + 12868 $ ene l g l "mt ur 
Ass = > 10s — eech abs E 
As; = Z lag l i E E J 
Ai = — TGs — 41'Gs, - — po E — 
Ay = 101 6,. 0 e Boch ` ) 
Asi = — 51005, — 3016, 


Au = 351 Gg | | "ES. 
Aco = Gan + 6r Gi RT TN d : i r S 
Aa => Bläi cC Ab E 
Any = ER Lug WA C» 
Ago = — 1* Cao EE . E dë 


Let us evaluate functions Dg(y). 
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d af d A 
TEI lef ds 


D 
VI 


Determining the integrals, we obtain 


Jaa (m'sin8 (n) dn = { sin karsinnan, 


Ra = Prestan 


P E 


Substituting, we have 
' arcsinr = 9, 
sing =; 
dn = cos@, 
ai = sin^o, 
sin arcsin v e-'sin kọ. 


The integrals Jy, En» Tn and Rp may be written as 


follows: 


, 
"A f sing sin kp cos kodo, 
6 


B, = ) sin" pcos bp cos gd, 


d i ` e 
T. E sin Ee sioun gdo, ` 


v D 
Ra = feos kọ sinn oda, 
0 


Expressing sino through sincs and cosines of multiple 
arcs in each individual case and substituting 


H 
H , , 
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eos a cos B= 3 cos (a - f) + 1 cos (a — f) 
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sinacosB - i sin (c + 6) + gin (o— D. 


sina sin p = 4 es (a — B) — 4 cos (a + p. 
we will receive values for these integrals. 
If we designate 


ge-A- Lut 


CS EE 
^ Wë Wei ell "7 fn 
Ke 0,2,4 . 


mal pes "` E E" 


. &: 


me2k-0s5s-3. NE SEN 


m= 3, k=0, E 12A 
A Y 


m= 4, k=0,2, TIE $e BE — 


| m= 5, “he 02, a — 


p. 
16 ' 
m= 1, 0,2, 4, REEL e di 


then we obtain the final EES 
D, — 0, 'q-arcsing ` 
D. (A — | £0849 VI 1. 
1 t - Sam: 
sin kọ yV1—y 
pi - (— zi x -2 ` ak LA 








2(k + 2)~ 24k 
p 


EE +y Tr =H x — 


m NE S. E 3 
x( 2 (&--0643) ` — 
* k- Lë 

Dy) =|- FEES) E] sns 
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phg | [319 


| 99 k+9 E 
205-3) RFS 8 (6-1) (2+3 EFS) 
(k + 9)cos kọ 
"Secure TS] 
6(. kr 19k 4-40 : 
i wd 


. (VIII.179) 


e ELE +a e+ Set 


8 k4+12 ` 
4 (k + 2) (k + 4) (k + 6) 


De sl (ka + 16k +75)coskọp ` 
16 (& + 1) e 3) (k + 5) Grat 


` or F 
bu vr = SETS ETH 
T (0 364 15j^ 
m E BEE T 


k* -4- 16k + 75 
WIENER OH Sall 


A : 


Evaluating g(y): 


- (1) cos 8 (y) 
d "od: — 


gi) ELO " TORT dy tals cos [9 (n) — d H da x 


VI: 
: Ka A ‘ 7 7" 
— «| OV Tee 
A —1t ? 
=] 
t g (y) = EFT} | — yf, 
cos D (y) 


B, () = By) — BQ) c y — 


B, (y) = — D, (y) 
B, = 0, . 


[320 
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Ba 1 Yt 
ural — x) 
a= TARDIU TII IIR EFS 


a STOP (rtt * serta * 


— HÁ ` 


(VIII.180) 


k+ 
ZS 8(k + mersus) 


a= Aurélie E A 


3 (k -+ 15) 
+ FETE DEN 


k3 4 16h 4-75 Ge 
Tmeecmngt? Wed 


The functions B3, Be and By are of the form f(y) + 
+ RI Fv). Let us proceed to evaluating the coefficients 
of the system ae 174). Taking the integrals in the fol- 


lowing form: P, = rv T= Hay, we will obtain the expressions 


for cik and gj. Because C12» C14» C416: C18» E1» C32: C34: 


C36: C38: 83» C521 Gel: C56, C58, AT C72» C74» C76» C78 
and g7 are equal to zero, the [f], [3, Te and [> are also 
equal to zero. Thus, we arrive at a system of the fourth 
order, the coefficients of which are determined in the fol- 
lowing mannert 

Co — l + ës + bAa + CAgi + dä 

TT P PES MES EE 

Ge = a4; + DAG, 

Cg a = GAgy 

Ca = 3a Ath Aa + cA + d'Al 

Cu = 3 (a due LB Au t c'A« + 1) 

Cu = 3 (o Aa + 6’ Ags) 


Ca = 3 (a' Ago) 
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Cu = 5 (a^ Ag + b Ag t C Ag + d'An) 


- Cog = 5 (TA LR Ae Lë Au 


Cas = 5 Le" Ass +. Be +. 1) 


nm BS del 


i Cr = 7 ("Aro + UA + d'An + d'Al 


Cu = T (Ai. + b” Aus + € del 
= 7 (a Ag + 6° Ags) 
Co = 7 (a" Ago + 1) 


| n= alV Ag, + OY An + cN Ay + VA 


~ ge = aV Aa. + OVA, TVA. 


art men, n e 


KE Au DAR o eM m E 
m aA — Pin 


" b 
-— b= 








| EN "gen! +D 


e 


Se? "ër e d i2 | E Get IS i 


FA EEF EE 
d= 9 4- 5k 


T ?8( 1g 3) 


7k 4- 12 


d ~ 856 (k j 173) 


— Bës + 34b 4 45 

128(k 4-1 1) (k + 3) (64-5) 
(0h. - 45k + 64. 

Ee — 356 RE I) (& + 3) (& + 8) +5) 
ML Zb 4 131k + 150 

T1024 (3. - 1) (43) (hk 4- E 

BS 9 (0 + 15k? + 71k 4. 105) 

128 (4-1) (44-3) (44-5) (+7) 
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(VIII.181) 


ME. dag. 8h +15. 
UGE DG rarer e [322 


— TË? + 96k* + 389k 4 420 
* $56(£-- 1) (B+ 3) (£5) (E-- 7) 


e = _ 2143-1-278A*4- 10524 4-1050 
= ——— ee 


, 334? + 428K94 1595k + 1500 


2048 — piety BIEL 
anm an * 
- RET b d" "wt! +1) 


After solving the system we will obtain fa, fy, l6 
and Ug; l'(y) will be as follows: 


T (y) = VIP Sr (VIII.182) 


^T eT te rata [trem TR Yin +94 


are + 16k + EN Mare SS GE 
"en EE 


A g Tah 4 15) as 
bg caval e? RX a) 


007r 
"- = sales (viti): ^T RET 


a D D 
J i. 
D D CAM D s, * 
D . * 
— Nae 
, 
. at ^ v 
e i id 






4T 
—— 





^ 
de H 





The function 64 in this case will be determined by [323 
the formula 
m 2 n 
D ss SESCH EWEN (VIII.183) 
Gett: 8 Ter 


The calculations for the elliptical foils with various 
Spans were performed with the aid of a computer. The re- 
sults of these computations are given in Table 8. They 
are close to the results obtained by means of formula 
(VIII.40). 
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A, 0.1305 

A, 0.1253 

E — 17191 

0,05 A, 04863 
A 0,1186 

A, —0.1076 

A, 00862 

t 1613 

0,075 A, 0,4996 
A, —0.0824 

A, 0,0592 

E 015400 

01 A, 053116 
A, 0,090 

A; 0,0106 

g ` 14720 
0,125 Ae 0.5223 
r. 0,0765 

Aa —0,0477 

A, 00279 

Fo Lin 
0,15' A, ` 0,5317 
A, 00043 

A, —0,0361 

A, 02192 
1,3697 

0175 A, X 0,5399 
A 09057 

Ay —0.0274 

A, 00133 

E 13241 

02 Ag OSI 
A, 0017 

A, —0.0208 

As 0,0092 

č- 1,2885 

0,225 Ag 0,5534 
a . 0,0372 


[Typist's note: 


1,5196 


0,5161 
0,0783 
—0,8472 
0,0264 


—1,4550 ` 


0,5263 
0,0655 
—0,0357 
0,0182 
1,4003 


- 0,5353 


0,0545 


` —0,0271 


! 000126 


1,3539 ^ 


0.5431 
0,0452 


1,3143 


0,5498 . 


0,0374 


* ^ 04532 


1,8545 
04702 ^ 


Be Wi ` 
' , 06120 


4 


00795l . 


* —0,0469 


0. 02554 


1,4822 


0,5228 
0,0663 
—0,0355 
0,0176 


1,4235. 


0,5322 
0,0542 


- : 
> 4 
P s 

P D 


—0,0268 ` 
0,0122 ` de 


^ 13737 


0,5404 


0,0455 


1,3313 


0,5473 
` 0,0376 


Table 8 


: And, 
- 0,4034 ..:. 03548 - 0,3370 
ta 0,1777 , (02140 0,2296 
—04306 . ;—0,1218 | —0.1180 
, 00804 ~~. +. 0,0484- e ` 0,0359 
22624 - " 2,7339 -` 2,9236 
0,4275 ` ` 0,3866 0,3721 
. 0,1525 0,1791 0,1904 
—0,1011 ..—0,0942 —0,0909 
0,0564 . . 0,0346 0,0258 
2,0662 ^ ^ 24300 ` 2,5683 
` 044939 :: . 0,4154 -. .. 0,4039 
D1283 > `. 0,470 `.: 0,1550 
s —0,0773 ..—0,0718 ." —0,0690 
* : 00393 ı . 0,02452 ` ' 0,0184 
1,9063 - 2, 1872 .. 2,2870 
~: 04687. = 0,4409 : 0,4320 
10639. , 0,1192 0,1245 
—0,0587 `~, —0,0541 —0,0518 
. 00274 . 00173, 0,0131 
SS 17750 5 1,9924 063 
C. 04856. 04631 ^." 04565 
- 0,0874 0,0058 =". 0,0992 
SE —0,0442 —0,0405 —0,0385 
9.0190 0,0121 0,0092 
1,6670 1,8355 ` 1,9856 
0,5003 0.4822 0,4773 
0.0714 0,0767 0.0787 
—0,0333 —0,0302 —0,0286 
0,0132 0,0035 0,0065 
1,5773 ` 7084 ` 1,7431 
t: 051390 ^ ^ 04984 .° 04951 
";. 00581 -` 00613 ` 0,0623 . 
. —0,0250 ° —00225 .- —0,0211 
- 0,0092 *-* 0,0060 ^-. 0,0046 
1,027 °° 16050 °° 1,6282 
052309 . 0.5122. 0.5100 
0,0473 0,0490 0,01% 
` —0,0188 —0,0167 —0,0156 
00064  '" 00912 0.0032 
(A401: 1.5203 1,5352 
0,5333 0,5239 0,52? 
0,0356 0,0393 0,0293 


p. 304 mates to p. 


of Table 8 are similarly paired.] 
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8 (cont.) 


Table 
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a = 3,460579 | 
4 03119 . à 0,2983 . 0,3093  . 0,3658 0,4535 0.7372 0,8174 
^ 02579 0,2811 0,3279  ' 0,3049 0,2620 —0,1259 — —0.3588 
—0,1114 ` —0,0106 ‘ ——0,0538 0,0088 0,2283 0,3303 
..,.00152  —0,001I9 —0,0410 .-—0.11048 .—0,1032 —0,1758 —0,1972 
: 9,963 3,3234 . 2,3908 23816 15 0,4700 0,2466 
, , 03526 03438 - — 0,365? 0,4252 0,5080 0,4276 0,7983 
`." 0,2098 0,2253 0,2449 2135 01568  —0,1193 —0,296! 
.,*-0,0846 —0,0781 —0,0525 “—0,0226 0,0282 0,1647 0,2164 
0,011}  -—0,0010 —0,0305 —0,0729 ` —0,0737 —0,01163 —0,1269 
2,7526 28184  —2,4793 . 1,9487 1,3643 0,5140 0,3507 
" 0,3896 0,3852 0,4152 04743 ` 0,5482 0,7160 0,7629 
0,1680 0,1774 : 0,1803 0,1462 0,0910 —0,1053  : —0,1898 
0,0633 ^ — 0,0570 ^ =-0,0325 ` — 0,0058 0,0320 0.1180 0,1459 
. 0,0080 . —0,0007  —0,0223 . —0,0482 . -—0.0819 —0,0769  +-0,0826 
~ « 2,4068 2,4296 2095] - 16438 ` 1,976 0,9578 0,4445 
0,4224 04215 ., 0,4569  ., 05131 0,5767 07012 ` 0,7361 
0,001328. — 0,1378 0,1310 — - 0,0978 0,0499 — —0,0900 ` — 0,1443 
«0.0468 00413 . —0,0198 . ` 0,00234 .. 0,0296 0,0846 0,1005 
... 0,0057 . —0,0005 —0,0161 ^ —0,0319 ` —0,0362 —0051i ` --0.0542 
4: 213970. , 2,1309 1,8098 ` 1,1301 ; — 1,0836.' ` 0,5998 0,9177 
„+ 04505 _ 04526 0,4910 ` : 0,5426 0.5963 0,6932 0,7153 
0,1040 `. 0,1062 00941 ` 0,064% 0,0246 . —0,0757 — —0.1116 
—0,0343 ` —0,02906 ` —0,0118. 0,00576 0,0251 ' ` 0,0609 0,0705 
0,0041  $— 0,0004 -—00115  —0,0213 ` —0,0251 pcc —0,0359 
1,9281 ^ (19011 1,6994 1,2805 1,0076 0,6337 0,5786 

, i 

04745. 0,4787 0,5180 0,5645 0,6092 0,6832 0,6988 
0,0811 0,0813 0,0671 0,0409 0,0092 —0,0632  —0,09375 
-—0,0251 — -—0,0212 —0,0068 0,0007 0,0204 0,0442 0,0501 
0,0029 ` —0,0003 — —0,0081 — —0,0144 — —0,0173 — --0,0229 ` — 0,0210 
y: 1,7605 ,... 1,7239 1,4444 _ 1,1761 0,9585 0,6743 0,6296 
0,4945 ` ` 0,5002 0,5391 0,5803 0,6373 0,6743 0,6855 
0,0631 0,0621 ^. 0,0475 0,0253 0,0002 8 —0,05325 ` —0,0693 
—0,0183 ' —0,0ISI - . —0,0038 0,0065 0,0162 0.0328 0,0301 
.' 0,0020 | —0,0002 ` -—0,0057 —0,0091 . —0,011I9 —ON155 —0,0102 
1,6299 1,9807 ." .1,3302. , 1,035 0,9279 . 0,7004 0,0723 
0,5112 0,5178 0,5553 0,5915 0,0222 0,5555 0.6747 
0,0192. — 0,0475 0,0335 0.0149 = —0,0017 0,0436 — —0,0554 
—0,0133* 000108  —0,0019 0,005834 ` 00128 0,5238 onI 
0,0014 —0,0000 ` —0,0040 0.0003 sl TOG —05:19 
1,5261 1,4797 12408 1,0932 0,2023 0/7351 de 
0,5250 0,5322 0,5677 0,597) 0.0229 (LIZ Déi 
0,0384 - — 0,0304 0,0236 0,00520 | —0,0073 —0,0962 —Uv,014G 
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Table 8 (cont. ) 






w/t . 
D z 0 0,06 9 0.1 ; d 0,4 0.8 i 
A . : 
As —0,0158 —0,0156 —0,0154 ` - 2-001041 ':. 0,0125 + — —00116 
A4 0,0064 0,006 C 0,0059 - WR 0,0046 : ; 0,0030 "EE 0,0022 i 
t 1,2578 a 14.2950 . 7 43875 - 14905. :. -7 -1,4593 
0.25 Ao 0,5589 0,5557 0,5536 at 0,5413 6339 0,5332 e e 
A, 0,0309 0,0310 > 00311. rv 00316*' 0,0316 0.0314 |: 
A, —0,012I —0,0119 «0,0117 —0,0107 `` ,0093 ^: —0,0086 ` 
Á; 0.0015 0, : ` +. 0,0032 `.. 0,0021 = 00016 ' 
GC t ‘ l ,2313 - a 9429 ` 1,3926 Re 1,3970 
03 Ao 0,5678 0,5653 . ._ 056538 0,5543 sa. 0,5495 :* 0,5497 
. ‘Ay , 00215 * 00215 * © 00215 - 0.0213 . 0,0208 * (0,0203 
A, —0,0075 —0,0701' —0,0692 =0,0062 ,0053 —0,0048 
Ay. . 0,0023 0,0022 . 0,0021 - 00016 . 0,0011 0,0008 
di ).1882 *, 12038 . 1.2134 1.2724 B 1,3037 1,3027 : 
035 A, 0,5745 — OSmS.. " ap .7770,5699 | `- 0,5609 + 0,5616 
A, 0,015! | 00151 - - 0.0150 ..; 0,0146 0,0139 °°. * 0,1344 
A, —0,0043 —0,0042 M (70,0037 —0,0031 `` - —0,0028 . 
Ay 0,0012 000101 .. 00011... . 00008 . 0,0008 .. +. 0,0004 
t 1,1552 . 1,1674 - ; l A, 1762 A i ' 1,2203 ** 1.2402 . M2364 
04 Ao 0,5798 ' _ 0,5781 | 05710 rt: 08712, - 0,5693 , -.. 0,5702 
+ Ay 0,0108 0.0107 . 00107: - 7700103 © 0,0096 , 0,0091 : 
A, —0,0027 —0,0026 .  — 0,0025 2 —0,0022 ; "` —0,0018 .-.—0,0016 = 
A, 00000 - 00006 : 0006 -- cd 0,0004 A - 0,0003 .- «+ 0,0002 ` 
t 1,1297 . . 1,1394 > 1,1458 <- PISF. Dr 1937 > 1,1887. 
045 Ao 0,5838 . 0,5825 0,816 .. . 0,5769 2 ER 1: 05767 
Ai 0,0078 00078 - 0,0077 : 10,0073. 0,0067 0,0063 
A, —0,0017 —0,0016 —0,0016 —0,0014- 7—0,0011 —0,0010 
Ay 0,0003 0,0003 0,0003 0,0002 0,0002 -0,0001 
, 1,1095 1,1176 1,1228 1,1509 d 1,1590. 1,1535 
05 Ao 0,5870 0,5359 0,5352 . | 05813 . 0,5806 0,5816 
"A 0,0058 0.0057 0,0057 - —0,0053 - 0,0048 0,0045 
A, —0001lI x — 0,0010 : =—0,.0010. ;, —0,0009 ~ . —0,0007 ^ ' 0.0006 
“Ay 0,0002 — —0,0002 . : d De 0,0002 7..: : 0,0001 *;- ^ 0,00009 ~- -:. 0,00007 
7 4 10935 e .1,1002- Lh 1045 ek 1,1274 - "At 0325 ` l 1,1270. 
06 A, 0,5917 o 0,5909 ` 0.5903 "05878. 059747 i 0,5283 : 
A 0,0033 ~ 0,0032 0,0032 -' 0,0030 °° - 0,0026 :~ 0,0024 
A, —0,0005 —60,0005 ‘00005 . 1 —0,0004 —0,0003 —0,0003 
P 0,00007 0,00006 0,00006 0,00005 0,00203 + 0,00002 
H 1,0700 1,0718 0,0779 1,0933 1,0956 1,0905 
07 Ag 0,594 . 0,5942 0,5933 05918 ` 0,5918 0,5225 
A 0.0020 ' 0.0019 0,0019. -. 0,0018 0,0015 * 0,0014 
A, —0,0002 — 1,002 —0,0022 — 0,0002 —0,0001 —0,0001 
Ay 0,60002 10002 0,00002 0,00002 0,02201 0,0 - 10-* 
È 1,0510 1,0577 1,0600 10716. > 1,0719 1,0076 
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—0,0077 _—0,0008 -` 


0,0050 . 
,, 00010. —10-*-0,9 '—0,0028  —0,0016 ` 
275432 ,: 1,3967 . 1,832.77. 1,01848 ` 
05364 ` .05439 0,5771 0,6047 
. 0,0302 0,0280 00165 000387 ` 
i—00071 —0,0055 00007 00047 
^ 0.0007 . —0,7- 10-* — —0,0020 — —0,00318- 
1 11,3764 ^. 4,3294, 14366 ^ . 09948. 
i. A 
" 05538 0,5611 ° 0,5895 0,6107 
.. 00189  ,0,0169 0,0081  —0,00051 
—0,0038  —0, ` 0,0003 : 000281 ` 
00004 —0,3- 10-6 0,0010 . —0,0016 
2778 ^ 1231 10754 ` 0,9683 
0,659 ` 0,5727 0,5967 0,6132 ` 
00121". 0,0105 — 0,0039 —0,0020.. 
—00021 ` —0,0015 0,0004 0100185" 
0,0002. —0,2-10-* —0,0005 ` —0,0008 
12150° T1717 * 10405 ^..09576 
0,5745 `. 0,5806 ` 0,6008 ` ^ 0,6139 
0,0080 ` .0,0067 -, 0,0018  — 0.00229 
,—0,0012: —0,0008 .. 0,0004 " 0.00122 
...00001  —0,9- 10-5 4008. -—0,00042. 
, L1604... 14297. ° -1,0203 ; ` 0,9546. <" 
: a 
05306 05861 ^ 0,6032 ona 
.0,0054 0,0044 `: 0,0007 `- —0,20214 
—0,0007 —0,0005 ` 0,0003 ` 0,00081 
.107*-0,8 — —0,5.10-* —0,0002 . —0,00023° 
1,1310 1,1004 1,0085 ^. 0,9554 - 
sent > 0,5901 0,6047 `=: 0,61322 
0,0038 . 0,0030 0,0002 -—0,00185 
—Ó0,0004  ——0,0003 . 6,0002 0.00054 
' 10-*-03 —03- 10-8 - —0,8: 10-* —0,00013 
ie 1094 ^ 1,0796 10015 .. . 0,9578 
"10,5913 `. 0,5951 0,6059 ^. ` 0,6119t 
00019 7. 0,0015 —00001 ^ —0,00127 
—0,0002  —0,[-10-3 0,000! ` 0,00025. 
10-1-04| —0,1- 10-8 —0,3-10-« —0,4- 10-* 
- E0737 "10529 ` (am 09612 - 
0,5950 ` 0,5080 ` 0,6063 0,6107 ° 
00011 -0,0003 00009 .——0,00085 
—10-4.0,8  —0,4.10-* Dë, 10-84  0.C0013 
—10-5-0,4, —04-10-* —O1-10 —0,2- 10-4 
1,0530° 1,037 0,9931 0,9703 
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0,00998 
—0,0057 
. 0,900r ` 


"nee ^ 
. 0,0083 


0,0078 : 
—0,0040 


" (0,8960 . 
0,6200 ` 


` 0,8976 


oe 


0.9238 ^. 


0,6184 
—0,0034 
0,0003 
— 0,0002 
0, 2325. 


0,6154. ^ 


— mäi 
0.6004 


—0,5 G74. 


—-0,9469 


06,5131 
—0,5315 
0,6002 


—0.2 10-4 


Table 8 (cont.) 


0,0176 0,0193 
0,0072 0,0075 
0,7606  . 0,7408 
0.6537 - 0.6583 
`, —0,0300 ` —0,0361 
0,0132 0.0144 
“50,0050 EU 
0,7833 0,7678 
0,6440 ` 0,6468 
—0,0209 .—0,0242 
0.0076 ` 0.0082 
—0,0025  ".—0,0025 
10,8213 ` 0,8114 
0,6367 0,638 
—0,0147 —0,0166 
4, 9,005 0,0047 
—0,0012° —0,0013 
n; 08912. -0,8446 . 
0,6311 `" 0,6323 
- —0,0105 .. “0016 
0,0027 . 0,0029 
.. (00006 . Et 0007 
.. . 0,8749 S 0,8703 
0,6268 ` 0,6276 
—0,0076 e 4——0,0033 
. 00017 . 0,0018 
—0,0003 - —0,cN04 
' 0,8939 - 0,5322 
0,6234 ' 0,6240 
0,0056 »—().0061 
0.0011 (ROM 
—0,0002  . — 6,0012 
` 0,9091 0,9003 
C.561e5 9. 6193 
006032. | 61776 
^. 0,0005 OK 
—012:10-*. DI 1074 
0,9316 0,5200 
06153 0.5[58 
-—' LDOIO PP EPA 
04XX)2 0,0702 
|—U;2-10-* -—53 1074 
0,9470 0,9 (80 


[327 





0,5961 
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Table 8 (cont.) 


08 Ay 0.970 0,5965 _ 0,5946 0,5947 0,5554 
A, 00012 0,0012 ` 0.0012 0,0011 00000 ` 000 

A, —0,0001 —0.0001.  —0,0001' `  — 0,00009 „00007 —0,6- 10- 

A; 000001 10-§-098 — 10-5.095 .. 109.075  10-8-05 04-10 

È — 1,0428 1,0457: -> 10475. 1,0563 — 0559 . — - 1,0522 

09 A, 05985 0,5981 0,5979 0,5066 0,5968 0,5974 
c. As 0000 0,0008 ,. 0,0008 . . 0,0007 ..,.00006 ... 0,0005 . 
A; —00 00006: — —0,00006 00005 .. —0,00004 . —0,3- 10-t 

A, 0,10-5-0,46 — 10-*-044. 10-*.042  10-5-03. 10-§-0,2 0,2-10- 

t 10 10370 -. — 1038 . — 10453 ... - 10447 — —1,0418 

1 ` An 05997 0,5993 0,5991 0,5981" * 05983 0,588 
—:-A,- 0.0006 0,0005 . 0.0005 0,0005 ^ 0,0004 0,0004 
A; —0,00004  —0,00003 ` —0,00003 00003 = —0,00002  —0,00002 

A, 10-5022 o 021 :'10-5.020 10-§-02 — 10-*-0, 0,8 - 104 

— — 1,0286 1,0305 1,0317 . 1,0372 : 1,0365 1,0338 

LI A — 0,6005 0,6003 0.6001 0,5993 0,5994 0,5599 
A,.. 0.0004 0,0004 0004 0,0003 0, 0,0003 

A, —0.00000  ~—0,00002  —10-4-0,2 —10-4-0,2 —10-*-0,1  —0,1- 107 

A; 10-§-0,11° 1075-040 — 10-3-0,1 10-°-08 . 10-*.05  0,4-10-' 

t 5 1,0240 1,0255 1,0265 . 1,0311 - 1,0303 1,0250 

12 A, 0.6012 06010 -.: 0,6008 . ` 0,002. 0,6003 “` 0,6007 
A; 00003 ` : 0.0003 - 0,0003 `:. 00002 | 0,0002 . 0,0002 

A,  —0,00001 : —1074- 01; —10-*-0,! 10-401  10-*.08 ^ "06: [0-4 

, Ay 10-*-052 — 710-*-0,55 `, 10-*: 0,54: Io 042^ 10-*.028 + 021 - 10-! 

È — 10204 1,0217 10225 ,." - 1,0263. 1,0256 | ..1,0236 

Sue, 

Ach 

0,025 Ao 0.3694 0,3623 0,3577 0,3257 `, 0.2943" 0,2811 
| 0,0896 0,0954 0,0991 - 0,1237 0,1504 0,1618 

Aa —0,0998  —0,0993  —0,0938  —0,0919  —0,0391 | — —0,0863 

A, 0,0366 0,0817 0,0784 0057F . . . 0,0350 0,0261 

È 17216 | 18023. . 18575 " 22675 5 27428 | . 29346 

005 Ao 03785 0,3725... = 0,3685 EN 0,3417 3,5. 03150 ` 0,3053 
A, 70,0798 0,0838 060868 a 01041; *. 0,1232 -... 0,1313 

A, —00758 . , —0,0754 . d —0,0752 ^ 00722 . m —0,0677 . `. —0,0653 

A, 00593 >: — 060539 0,0397 `". 0,0247 , 0,0186 

t 716231," ` 1,6905 , 1,7364 20097 7 24356 ^ 25751. 

0,075 Ag 0,3867 0,3817 0,3783 0,3557 0,3342 0,3267 
^, — 0,0691 0,0720 0,0738 0,0806 0,0994 0,1019. 

A, —0,0573 —0,0570  —0.0568  —0,0544 —0.0509  —0,0187 

As — 0,0405 0,0383 0,0369 0,0275 ` 0,0173 0.0131 

E — 15113 1,5979 1,6362 1,9036 2,1907 2,2312 

Of A, 0394) 0.3508 0,3860 0,3630 0.3507 0,3150 
A, 0,0559 0,0008 ` *-— 0,0620 0,0704 0,0794 0,0830 
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0,5974 0,5999 0,6063 0,6097 0,6115 0.6131 0.6132 
0.0006 0005 — —0,0002 . —0,0000 | —0,0008 -—0,0012 ' —0,0013 
—10-*-04  —02.10-4 03: 10-¢ 0,7:10-*  0,8- 10-4 0,0007 0.0001 
—107*.0,2 ^ -—0,2.107* —0,4.107* -—0,7.107* -—0,8.107* —0,1-107¢ —0,1.10-« 
0410 ` 1,0277 ` 0,9929 = .09753 0,9658 - 0,9579 0,9572 
` 0,5990 0,6010 - .0,6063 . 0,6089 0,6103 0,6115 .0.6116 
. 00004 ' 0,0003  —0,0000 . —0,0004 ~—0,0006 . —0,0008 —0,0008 
—10-*.02 -—09-10-9: 02.10-* | 0,37-10-* ^ 0,4.-10-*- 10-*-06 - 0.6-10-4 
10-*- 0,8 ce 10-7 —02-10-* . e 1049 04, ID —04.10  —0,5-10-* 
. 1,0322 1,0214 . 09933 ..: 09794 . 09720 0,9659 0,9653 
0,6002 0,6019 0,6061 0,0083 ` — 0,6094 0,6103 0,6104 
0,0003 0,0000 ` —0,0001 —0,0003 —0,0004 0005 —0,0006 
~10-'-0.1 —0,4-10-9* 01-104 . 02.10-*  03.10-* 03-1078 0,4-10-¢ 
10-°-0,4 —0,3-10-? —09-10-* .—0,15.10-* —02-10-§ —02-10-§ —02-10-5 
1,0259 1,0169 09939. 0,9826 ^ 0,9766 0,9718 0,9714 
0,6011 0,6025 0,6060 0,6078 0,6087 0,6095 . 0,6095 
0,0002 0.0001 —0,7-10-* —0,0002 ` — 0,0003  -—0,0010 ` — 0,0004 
—10-*-.0,6 —0,2-10-§  À0,7.10-*  0,3-10-*  02.10-*  02.10-* - 02-.10-* 
10-*-.02 —0,2-10-? —0,5.10-*:.—0,7-10-* —09-10-* —01-108 —O1-10% 
« 1,0213. 1,0138 . 0,9945  - 0,9851 0,803. 0,9763 0.9760 
| 0,6017 0,6029 ` 0,6059 0,60738. . 0,6082 ? 0,6088 0.6088 
0001 °10-*-9.0 . —0,6-10-* —0,00014' —0,0002 —0,0003 —0,0003 
—1075.04 —0,1:107* — 0,5.107*'^ 0,8-1078 01-1078:  0,1-107* : 0,1107 
10-4- 1,0: —0,9-10-® —0,9-10-§ .—0,-10-* -0,5-10-*, —0,6-10-* —0,6-10-* 
10179 7 Loi ~- 08951 : ^ 0,9872 0,9832. | 0,9799 `- 0,9796 
. a> 
4-2313053 — ee 
0,2637 0.2542 0,2627 0,3016 03585 .. 0,5183 0.5733 
0,1813 0,1971 0,2215 0,2005 0,1590 , —0,0734 — —0.1950 
—0,0808 ` .—0,0753 —0,0543 ` — 0,0284 0.0051 : 0,1413 0,1919 
00112 ` —0,0010 —0,0298 -—00721 —0,0708 .—0,11ĉ5 ` —0,1207 
32119 | 3,3431 3,0157 2,3788 0,4704 0,2513 
:.0,2922 ^. 0,2863 03014 "^'^ 0,344054 . 0,3917 0,5138 0,5499 
01447 => 0,547  . 0,1626 : 0.13764 > 0,0947 ` —0,0699 —0.1439 
—0,0603 -. :—0,0549 © ."—0,0337 -" —0,0102*  ' 0,0231. .- 0,1022 * 0,1290 
0,0080 .. —0,0007 .. —0,0218 .. —0,0476 — —0,0499 ` —0,0733 —0,0787 ., 
2.7618 2,8205 ` 24915 " 1,94742 1,3680 0,5145 0,3586 ` 
—0,3173 0,3144 03340 ` 03714. 0,4156 0,5080 0.5324 
0,1137. 0,1196 0.1178 0,0026 0.0546 — —0,0027  —0.1090 
—0,0444 —0,0395 — —0,0206  —0,0010 0.0232 0.0735 0.686 
—0,0057 —0,0008  —00157 —00314 ` Dou —O0IKA ` 517 
2,4121 2,4158 2,1010 1.6433 1,1939 0,5533 64464 
0,3348 0,5133 0,1607 0a. 401 6,029 NSIN . 
0,0334 0,0914 - 0,0344 0,0612 00297 —00N4 ` —U,CHI 
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0,125 A, 


0,15 


0,175 


02 


0,225 


0,26 


03 


i A151 
0,4062 


1,1833 


0,4314 
0,0094 
—0,00283 
0,0608 
1,1553 


.. 0,0090 
1,3244 ' 
DAIN : 
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—0,0429 —0,0427' —0,0408 `° —00377: ' —0036 
0,0262 .., 00253". 00190 . 00121 .... 0009 
..45200 ~ | 1,5528 . (1,7766 CH , 1,9946, ` Ze 

" 03909 '' 03949'... 03786 .. 03647 0,3606 
00510 ... 00516 - . 0057175... 0,0630 ^ — 0069) 

— 0.0322 7902 (0700304 . ` —00279 ` —0,0265 
00180 `, 201 7", CH — 0.0084 ^ . 0,0061 
14557 sos 14829 ` 1,66 = dnte 1,8871 
0.4031 ^ «. 0,4010 . 0.3876 - .' 03766 ^, oam 
00421 © 0,0426 0,0462 . 0,0499 -` 00513 
—0,0242 . ` —0,0241 —0,0227 ai E 0195 
00124 °°. 00120 ..° . 0,0091 `> 0,0059 ,... , 0,0045 
14008 ` ` 1,4240 4,5800. 1,7093 1,7440 
0,4085 0,4067 : 0,3954 '0,3866 . 0,3846 

. 0,0348 `- 0351 0,0374 0,0396 - .. 0,040? 
—0,0182 —0,18" | —00169 ` - 00152 —0,0143 
*0,0085  °.0,0082 È . 0,0063 " 0,004] . ` -0,0031 
19543 -.: 1,3740 -= >, '1,091.,." 1,6055 ` . "1,6288 
04131 ^ . 041157 Le 04019 d SC 03950 ` “| 03937 
0,0287 1. Ou: 0,0302 ^ ' 7^ 0,0314 „`=. 0,0317 

. 1200137 7. —0,0136 ‘i ‘0.01 8... e 0.0105 
vy 00059 “=. 0,0057 T bos — 00029 Ait; 0002 
Dus 43MS* ur 1,3316 2,17 AM, , 1,5206 Vw 71,6356 
0417L "7.7 04157 ^ 04076 " " 04020  . > 04010 
0.0237 °° —0,0238 ; ^ — 0,0245 0,0250 0,0250 
—0,0104 —0,0103 —0,0095 —0,0083 —0,0077 
0,0041 0,0040... 0,0031 .0,0020. + 0.0015 

, 1,2804 1,2952 ,1,3876 1,4507, 1,4596 
04205 04193 | 04123 ` 0,4079. 0,4075 
"00195 . ` 00195: ^ 00200; X 00200 -0,0199 

.. 00079 '. —0,0078 '.-. 0,0071 —0.0062 . ^: ' 0,0057 
> 0,0030 - 0,0028... =, 00022: .. .., 0,0014 <; £% 0,0011 
Lo 1,2510 S Län, Lä. S s 18027 ie 19972" 
a Dex C chat — vit ai 

; eres i5 04252425. 04198 SERT OATI s se 04170. 
c. TOOLI SE" 00134 7€ 00134. 1 7C, 00030 A “© 00127: 
^" 90048 7^; —00046 ~ '—0004 ' 0/0036. ^ —0,0032 - 
0,0014 . 0,0014 . 0,0011 . 0,0007 0,0005 
1,2035 1,2135 1,2725 1,3037 1,3097. 
0,4303 0,4205 0,4254 ` 0,4237 0,4240 

` 0,0094 0,0094 . 0,0092 0,0037 0,0084 
—0,0028 10,0007 ` — 0,0024 — 0,0020 —0,0018 
0,0007 . 0,0007 0,0006 0,0001 0,0003 
«41674 1753 . — 1,2204. + 1,2402 1,2365 
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0,0324 ` —0,0282 ` — 20,0124 
0000 — —O00004 — —0.0112 
2140] : 21342 . 18127 
03569 ^ 0,3581 ` 0,3818 
0.0684 0,0694 0,0599 

DEES  —0,020] —0,0073 
0,0028 " —0,0003 E ,0080 
d 9030 v. 1,6008 ` 
03719 ` 03745 . 0,3982 

..00527 ' . 0,0526 0,0423 

00169  —0,0142 0042 

^ 0000  —0.0182 ‘0085 

17615 . 17250 — 1,451 
03842 03877 04108 
0,0407 0,0398 0,0297 
00014 — —0,0001 ` — 0,0039 
1,6305 1,5872 1,3305 ` 

, 03944 0,3983 04203 ` 
0,0314 0,0302. 0,0209 
Q089 ^ —0,0071 —0,0011 
0009 -—0,9- 10-4. —0,0027 
, Läpp .— 1,4800 . 1,2459 ~ y 
0,4026 04069 ` - 04274 ^ 
0,0244 0,0237 0.0146 
—0,6 - 10-3 —0,0051 . — 0,0004 
07.10 —0O, 6.10-« —0 0019 
[A4 — 1,3959. © 1,1833 
0,4094 ` 0,4137 ^ . 0,4328 
...0019] ` 00176 .. 0,0102 
—0,0047 .—0,0026 —0,6:10-* 
| 0.00049 . ee 10-4 Bai 0013 - 

t l , 
. 0, i 196 +0 4238 ` 0,4399 
7.00118 —0 ‘0105 0,0049 

' 200025 — 0,00 19 0,0002 
060025 —0,2- 10-4 —0,0007 
1,2779 1,2341 .1,0754 
0,1266 0,4304 0,4439 
0,00757 0,0064 0,0023 
00014 ` —0,0010 0,0003 
0,00)13 0,0 -10-* —0,0003 
1281 . Lt ` 10400 ` 


0,00314 


0,0209 


14297. . 
04126 : 


0,0397 | 
0.0047 | 


0.0139 


- 1,2803 , 


04254 - 
0,0251 . 


0,0049 


~ —0,0094 ` 
. 1,1760 


0,4345 
0,0154 


0,00453 
(0064 
14034 


zc 
1,0531 


0,4453 
0,0049 
0,0033 
—0,0030 


)0185 - 


—0 (010 
0,9683 


0,4531 
— 0.00912 
. 0.6012 


0,005] 
09276 
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0,0204 0,0529 
—0,0240 —0,0325 
10810 . 0, 
0,4434 0,4963 
0,0144 ^ -——0,0452 
0,0168 0,0383 
70,0165 —0,0218 
1,0078 .. " 0,6391 
0.4507 0,4910 
0,0052 —0,0379 
:* 0,0135 0.0278 
0.0114 —9,0147 
* (0,9586 0,6745 
0,4552 0,4863 
0001 —0,0316 
0.0106 0,0204 
—10,0078 —0,0100 
0,9279 0,7066 
0,4580 0.4821 
—0,003}.  —0,n263 
,0083 0,0151 
—0.0054 —0,0068 
0,9078 0.7352 
0,4595 0,4784. '- 
—0,0046 —0,0218 , 
0,0065 0,0112 . 
—0,0038 —0,0047 
0,9901. 0,7007 
0,4601 0,4752 
—0,0052 —0,0182 
—0,0050 0,0084 
—0,0026 . —0,0032 
0,8960 0,7834 
0.4601. 0,4700 
—0,0051 —0,0127 e 
0,0031 0,0018 
—0,0013 —(,0)16 
0,8916 0,5213 
0,1592 6,4660 
—ü0043 — —0.0099 
0,0019 Dia 
— ÜNK)? aa) os 
0,9051 . 0,5213 


Table 8 (cont.) 
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A, 
A; —0,0017 
A,  0,0004 
è = 11297 
0,45 Ag 0,4367 
Ai 0,0018 
A, 0,0002 
E 11095 
05 A, 04385 
A, 0,0036 
Aa -—0,0007 
A; 0,000! 
E 1,0935 
06 A. 0442 
SG A, 0,0020 
A; ` —0,0003 
A; 0,0004 
E + 1,0700 
07 Ae 0.4429 
A, 0,0012 
A, —0,0001 
As 
E — 1,0540 
08 Ze 0,4441 
A, 0,000 
A, —0,00007 
A; 10-*.0,68 
E 1,0428 
09 Ao 0.4450 
Ai 0,0005 
A, -—0,00004 
A, -107*.03 
E 1,0347 
l ‘Ao 0,4456 
A, 0,0003 
A, —0,60002 
A3 1075. 0,14 
E 1,0286 
LI As 0,446! 
A, 0,0002 
A; DI, 
A, 1074.0,72 


0002 
1,1176 


0,4379 
0,0035 
-—0,0007 
0,0001 
1,1002 


M" 


— 0,0003 
0,00004 
1,0748 


104. 03 


l 0305 
0,4159 


0178. 0,69 


0,4407 `` 
20 
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0,0066 0 D j 
—0,0017 ' ——0,0015 —00012  .—001 
00006 ` 00003. 0,0002 0,0001 
1,1458  LIDu ` 3,1937 1,1887 
0,4355 "° 042328 0,4321 04327 
0,0048 0,0045 0,0041 0.005 
—0,0010. - —0,0009 —0,0007 ` —0,00% : 
f 0,0002 0,00001 08 - 10- 
1,1228 1,1509 ` 1,1590 1,1535 : 
0,4375 0,4353, 0,4349 0,4355 
,0035 0,0033 0,0030 0,0028 
—0,0007 —0,0006 —0,0005 —0,0004 
0,0001 0,00009 0,00006 0,5 - 10- 
1,1045 1,1274 1,1325 1,1270 
0,4404 0,4389 0,4388 0439? 
- 0,0020 0.0018 0,0016 0.0015 
— 0,0003 —0,0002 —0,0002 —0,000? 
0,00004 0,00003 0,00002 02 - 10- 
1.0779 1,0938 1,0956 1,0905 
04423 0442 ., 04412". OMNI 
0,0012 . 0,0011 . 00009 > 0, 
—0,0001 ` ` . —0,00001 ^" —0,00009 ` —0,8. 107 
0,00001: 1. 0,00001 . 107*.0,8 , , 0,5107 
1,0600 ` 1,0716- 1,0719 * _-1,0676 
0,4437 .0,4428 0,4429 04432 
— 0,0007 0,0007 0.0006 0,0005 
—0,00007 —0,00005 —0,00004 —0,4- 10°! 
107*.0.63 1075.0,5 1075.03 .— 02.10 
1,0475 . 1,0563 1,0559 1,0522 
0,4446 0,4439 * 0,4440 04113 
0,0005 0.0004 . 0.0004 —0,00€1 
—0,00004 —0,00003  . —0,00002 ^ —0,2-10-' 
10^ 5.0,3 1015.02 - ^ 10 *-0,L -: 107*-04 
10384 e 1.0453 . 10447 ^... 10415 
CNS - 04423 oc 04448 ; 04449.: .0,4451 
0,0003 0,0000 ^. 0,0002 0,0002 
—0,09002 —0,30002 —0,00001 ` ——10-*- 04 
1075.0,13  1079.0.10 1079.07 10.05 
1,0317 1,0472 1,0365 1,0338 
0,4459 0,4454 0,4455 04157 
0.0002 0,0002 0,0002 0.022 
—10-4.0,3 -—0,000001 | —0,3.107*  —0,7.10 °? 
107€.0,67 1075.0.53 . 03.107 


—0,3- 107° 
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04315 0,4349 SH et 0,4581 


—0,00028 —0,00034 . 
1649 — —1,1297 1,0203 0,9546 0,9145 


0,4350 0,4380 0,4476 0,4534 0,4570 
0,0034 0,0027 0,0004 ` —0,00132. —0,0027 
—0,5- 10-3 — 0,0003 0,0002 0,00052 0,0008 
04.107* .—903. 107* —0,0001 ` —0,00018 —-0.0002 
1,1310 1,1004 1,0085 0,9554 0,9238 


0,4376 0,4403 0,4484 0,4531 0,4559 
0,00234 0,0018 0.0001 ` —0,00113 —0,0021 
—0,3-10-* —0,0002 0,0001 0,00035 0,0005 
02-10% —0,2-10°% .—0,-107* —0,8-10~¢ —0,0001 
' 1,1064 1,0796 1,0015 ‘0,9578 0,9325 


. 04410 0,4431 0,4491 , 0,4524 0,4543 
' 0,0012 0,0009 —0,8-10-*  —0,00077 
—0,000012 — —0,6.107* 0.7.1074 


. 10738 1,0529 0,9951 0,9642 0,9469 
~ 04430 — 04471 04492 , 04517 ` : 04530 


07 - 10-* 0,0005  —0,000! —0,00052 —0,0005 ` 
—0,.10-* —0,3.107* 04-1074 08:1074 0.0001 


—0,7-10~* —0,2.107* —20,3.107* —04. 1074 


0,4629 0,4616 


—0.0%4 —0,0071 
0,0017 —0,0018 
—0,0004 —0,0004 


0,8750 ` 0,8703 
. 04605 ` 04610 


—0,0046  —0,0051 
0,0011 0,0011 
-—0,0002  — 0,0002 
0, 8939 0,8905 
0,4587 0,4590 
—0,0034  — 0,0037 
0,0007 0,0007 
—0,0001 —0,0001 


0316 0,9300 


` 04542 0,4541 
0,0012 —0,0012 
` * 0,0001 0,000 


0 l 
l 03.107* —0,2.107* —0,7.107*  —0,1-107* —0,13-1074 .—0,2.10—* —0,2.107« 


1,0539 . 41,0374 0,9931 0,9703 0,9577 
. 

0,4448 0,4457 0,4493 0,45114 0,4522 

0003 | 0005 


i ; —0, —0,00035 

—0,25.107* .—0,1.107* 0,2.107* 0,4.10^* 
0,.107*  —0,1.107*—0,3.10* 0,45.107*  —0,5.10^* 
1,0409 1,0277 0,9929 0,9753 0,9658 


04453 ' 0,4464 ` 0,4493 04507 - 04515 
0,00024 ` 0,0002 — —0,00017  —0,00024 ` —0,0004 
—0,1.107* —0,6.10-* 0,1.107*  0,24.107* 0,3-1074 


05.107€ .—0,5. 1077 —0,1.107* —0,2. 1078 —0,24.10-6 — 


10322 100214 _,, 0,9933 `. 0,9794 0,9720 


0,4459 ^ 04468 0,4192 - 0,4504 0,4510 
0,00017 0,0001 —0,0.10-* — 0,000017  — 0,0002 
—0,7.107* .—0,3.107* /0,8.107* 0,14-1078 0,2. 1074 
02.1079 ,. —0,2.107* —0,5.107 « —0,9.107* —0,1.]07* 
1,0259 1,0169 0,9939 0,9826 0,9166 


0,4464 0, 4472. 0,4421 ARA 0,4206 
—.0n0342  0,8.1074 .—04.1074  —0,50012 Gët 
0,4. IOC?) 02. 107« 0,.10-* — 08.18 ^ Odom 


09470 09460 ` 
Se 
0,4330 0,4531 
— 0,0007 
0,7 -1074 ; 
—0.7.107* —0,7. 10°74 
0,9579 * 0,9572 


0,4521 0,4522 


0,9059 ` 0,9663 


04515 ` 04515 
-—0.0003 i 
02.1974 0,2-1974 
—0.1.1907* —0,1-.19°8 

GIN 0,9714 

Ug Ab! 


SENG EU fh Y) 


0,1.107* wl, lr —0,3.107* — 0,5 A —0,6.107* —9, ME —0,7.10^* 
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E  1,0240 1,0255 1,0265, ` 1031. :.-. 10303 > 10% 
12 A 04465 04469 " 0,4463 Au s e 04460 `. 044 
A ,0002 0 ` 0,000 


i | ,00002.: 0,0002 : 0,0001 00001  . 000 
A, 107*.—0,86  —107*.0,63 ——10-*.0,8 —1075. 067 —0,5-10-8 , 04.1931 
^ 10^ *.0,38 107*.0,37 —107¢-0,38 ad i .. 02-1079 .. OW 


. 1,0204 10217 ^" 1,0225 . 10263 ^. . 1,0256 1,02% 
» Ds ei 
0,025 Ao — 0.3037 0,2989 . 2957. . 0274 ^ ,.0259 © ONN 
A 0, 0,0699 0727 . 00913  . ` 0,1117 0,1203 
. Ay 00788 —00749 ©. —00747. — —0,0723. . X—0,0681 "AE 
Ai^ 700638 — -— 006003 _-. 0,0580... 00428  ." 00266  .. 0019 
E —— 017233 1,8043 ^ — 1,8597;  —22713 ^ 2,493 ".'. 2940 
0,05 Ay 0,100 0,060 — 0,3033,- 0,2848 0,2660 0.2591 
A, 00575 -0,0606 ^. 0,0625 00757 0,0901-- . 0,0961 
A, —0,0566  —0,0564 ^ —0,0562 ` 0543  —0,0510 ^: —0,0492 
As 00435 op. -' 00397 '; . 00296 . — 00186 , .. 0010 
E '. 1,6244 16920 5 . 173807, .. 20723 - -. 94397 `! 2590 
0,075 Ay. 03157 .. 03193. . 03100 ;- 02947 ^ ue 02797 .. " ëng 
As 0043 ^ 00514 +. 00522 . ^ 00619 . om ` 209 
‘Ay .—0,0424 , . 0.0422 ` ` —0,0421 > <. —0,0405 Y. —0,0379. +. —0,0363 
A, 0,0296 ` 0.0281 ^— 002717 e 0,0204 s+ 00130 „7 0,0098 
E La. | 1,5989 Lë 19103 7.7 24933. u 22941 
01 Ag 03207 | 0.3178 X 03159 ..- vam. . 02913.. ~- DAN 
“A 00416 — 0040  -— 049, ui 0,0501 ^. 00567. 0,0594 
A, —00317 ` —0,0316 `> —0,03l4 `- eoi —0,0279'  «—0,0266 
A, 00202 0,0192 . . 00185. ... 0,0140 - ` 0,0000 . > 0,0068 
E. 1475 .. 15219 ~. 1,5536. ` ASTU. 549960 "xv 2,0680 
0125 Ag — 0,3250 0,3296 . 0,3210 - 03104 `- .0,3010 0.2082 
A 0037 0,0357 0,0363 00404 - ^ 0047. 0,0463 
A, —0,0237 — 0,0236 a. 70.0223 —0,0205- —-0,0194 
A, 00138 . : 00131... 00127 `- .`` 0,0097 , — 0,0062 ^. 0,0048 
Eo 14156 © 7.14562 677^. 14808 - , 16687; 7: 1,8378. ; 5 €- 1,8882 
0,15 Ay 03288 -.. 03268 |... 03254" zs Ep Zi 0309 0. 0,3071 - 
- A, 00288 .: 0,0294 -° 0,0298 ' * 0,0325 . . 0,0352 ^ .. 0,0361 - 
A, :-00178 ^ —0,0176 ' .—00176 —— —00165 ` ` —0,0150 , . "—00142 
: a 0,0095 0,0000 .. ¿0,0087 - 0,0067 0.0043 / — 0,0023 
E. 13665 . 1,4012. ^ 1,4244 155785 - « 1098 - 76 a 1,7446. 
075 Ag 0,3321 -0,3303 ' 0,3292 03217 . 03159 0,3145 
A, 00238 0,0242 -. 0,0244 0.0261 — ^ 0,0277 0.0282 
A, —00133  . —00132 . —0013]  —0023 00110 9.109 
Ay 0.0065 - + 0.0062 0,0060 0,0216 0,0030 0,0023 
E Län . 13545. ` 1,3743 1,503 - - 1,6059 : - -1,6292 


314 


(334 


1,0213 
0,4467 


3 E 10^ 


. 2. 10-9 —09.10-* 0,3.10— 
^ 0,6-10^* -. . 0,6. 1078 —0,2.107* . —0,25.107* —0,3.107* 


, 410179 , 


tel, T4789 


0,2286 


2,1422 


0,2956 
0,0484 


0,0171 


d . 


.0 d 
A 929] : 


0, 305 


* 00371 Ir 
—0,0123 


0,00148 
1,7623 


0,3143 
0,0284 
—1,0089 


. 1,0138 


04474 
(wt 


Q00103 —0,9-10-¢ 


0,9949. 


: 0, 4491 


0,98517 —0,9803 ` 


0,4499 


0.4503 


Be 10-4 .—0,9.10-4 —0,000 


05.107? 0,7-10-8 


1,0114 0,995J 0,98725 
. 0,2216 0,2282 0,2568 
0,1459 04597 . 0,1413 
i —0,0378 ` ` —0,0162 
—0,0008 —0,0228 . —0,0512 
3,3575 3,0334 .., 2,3791 
0,2454 0,2565 0,2842 
0,1128 0,1158 0,0958 
-—0,0407 . —0,0233: —0,0048 
—0,0005 —0,0 i 64 —0, 034 
1,2837 v ` l 9475 
02658 .-. 0,2797 0,3054 
0,08611 , . 0,0830 0,0639 
—10,0290 ` —0,0142 ..—0,0007 
-—0, + —00116 ` ` —0,0223 
+ 4,2440 ` S 2, 1052 . = 1,6433. 

. 02827 . 0,2982° ': 03214 
' 0006514 . 0,05895 ` 0,0419 
—0,0206 — 0085 . 0,003 
—0,0003  —0,0082  .——0,0148 

` 4,2137 . 1,8148 . 1,4297 
„. 0,2965  . 03126 0,37300 
0,0490 ' 0,0416 0,0270 

` —0,0145 ` 20,0050 . 0,00377 
0,0002 e —0, ,0058 0,0099 

3. 14904 .. 1,6018 .. 1.2803 ` 

0,3077 ^: 0,3235 a 0,3414 ` 

' 0,0369 © + 0,0292 4 . 0,0170 
—0,0102 —0, 0028 ` 0037 
—0,0001 —0, 0040 —0, 0067 
44726 1,4456 ‘ 1.1760 
0,3166 0,3319 0,5173 
0,0277 0,0204 0.00f 
«0,0072 —0,0015 noo) 
es HIR --,06 
- + 1405839. 1,3308 . — 1,1034 


315 


0,9832 


- —0,0173 


1,0108 
0,35293 


0,360 
—0,0002 
0/5 
— (OH 


0,0270 
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0,9763 0,9760 
Es bid 
0 OD 1078 . 0.9.10 * 
—04-107* —0,4.107* 
0,9799 0,9796 
0,3995 - 0.4324 
| —00486  —0,1232 
^. 0,0974 . 0,1274 
0,4707 0,2543 
` 0,3969 0,4188 
—0,0162 .—0,0927 
0,0705 0,0369 
—0,0512 —0,0544 
- 0,5148 0,3604 
0,3935 0,4084 ` 
—0,0412 . —0,0712 
0,0508 0,0603 
—0.1341 — 0,0360 
0,5586 0,4475 
0,3898  .. 0,4002 
-—0,0356 ,, —0,0554 
0,0306 "` 0,0424 
—0,0228 +—0,0230 
0,6004 - 0,5197 
0,3363 * 0,3936 
--0,0302  —N,0136 
0,0206 0,0301 
—0,01$3  +-'.N160 
0,6393 — —-0,5799 
0383] . 042333 
—0,0254 — .—0,0346 
0,0194 0,0216 
—0,0104 = RUINS 
: 0,6747 0,6 03 
0,3301 0,1:40 
DEE Ke -ANR 
6.112 nnt 
bel MA DU ec 
0,7007 0,6/M 


[335 


0,225 


0,3 


0,35 


0,4 


. 0,45 


0,5 


0.6 


l, 1095 


0,3500 
0,0024 
—0,6205 
7.2659 
1,0935 


0.3517 

0,0014 
—0,0092 

0,60903 


1,2036 


0344 ^. 
00064 `: 


—0,0020 
0.0005 
11674 


1,1395 


0,3484 ` 
0,0033 


—00007 7. 
0,0002 `, 


1,1176. 


EIER E | 


0,0024 , 
—60,0005 ` 
0,026009 
1,1002 


0,35i4 
0.0013 


` —0.0002 


0,00003 


1,1458 
0,3480. 


| T 1228 ; 


0,3. 194 ` 

0.0024 

— 0,0005 
0,00008 

1,1045 


4,3512 

0,0013 
—0,0002 

0,076093 


316 


Table 8 (cont.) 


0,3261. 
0,0210 


dnm 


— 8 E. 


0,0004 
1,2204 


03443 - 


Liam 


"o 3480 : 
0,0022 
— 0,0024 
0,00007 
1,1274 


0,3503 ' 
00312 
—0,0002 


000002 — 


20008 . . 
1,2725 





0.3215 0,3206 
+ 0,0219 0.0221 
,0081 0076 
0,0021 0,0016 
l 1,5354 
03262: ' 0.325? 
0,0174 0,0174 
0,0015 0,0011 
1.4508 1,4597 
E *. 0,3301 0,3298 
` 0,0139 s 0,0137 
= 0,0045 ` 20,0041 
0,0012 0,0008 
1,3928 l 1,3973 
0,361 ` 0,3362 
0,0090 . 0,0088 
—0,0025 . ` —0,0023 
0,0005 0.0004 
1,3038 ' :^ 1,3028 
03404 *. 03407 
0,0060 . —.. 0,0057 
. 0,0014 ^ 0,0013 
0,0003 7 ` .0,0002 
1,2402. 1,2365 
0,3136 0,3439 
00041 . a 0,0039 
—0,0009 i — 0,0008 
0,0001 0,0001 
1,1937- 1,1887 
0,3459 . 0346 
~ 7 4. 00028 ;.. 0,0027 
_ 20,0005 `: © —0, 
T pd -0,8° ee 
. £1590 ; 11595 
KN . 
03177 "`" Qai 
0.0020 | ' 0,0019 
—0,0003 — 0,0003 
0,00004 03 - 10-* 
1,1325 1,1270 
0,3502 0,5505 
0,0011 0.0010 
—0,0001 —0,0001 
. 0,00001 0,1 - 10-' 


0,9.107* .—0,5.1079  —0,1.107* —0,2.107! 


21? 
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—0,25.1074 —1074-0,3 — 0,3. 1071 


1.4 1,8 | 3 4 | 5 8 12 
033211 0,3237 0,3381 0.3514 0,4623 0,3775 0.2809 
0,0219 0,0205 0,01 42 0000] ` —00072 ` —0017G ——002» 
—0,0064 — —0,0051 0007 : 0,0029 ` 00059 0.0105 0,0115 
0,7 - 10-3 —0,.10-* —0,001I9 | —0,0031 0038 ` .—0,0048 .0050 
1,5267," 1.1480 1,2461 1,0531 0,9098 0,7353 0.7093 
0.3266 0,3034 0,3428 0,3543 0,3633 0.3752 0.3773 
„00169 0.0159 0,0099 0,0033 ` — 0,0032 —00147 —0,0180 
0046 —0, —0,0003 ` . . 0,0024 0.0046 0,0078 0085 
0,00058[ —0,4.10-* —0,0014 —0,0022 —0,0027 —0,0033 —0,0034 
140435 + 1,1396 1,1833 : 1,0185 0.9001 0,7608 0,7411 
0,3311 0.3339 0,3463 0,3562 0,3637 0,3732 0,3748 
0.0132 0,0121 0, 0,0015  —0,0035 ` —0,0122 —0,0146 
* —0,003 —0,00 —09:10-* ^ 0,0020 0,0036 0,0059 0,0064 
0,4: 10-3) —03-10-* DO  —0,00i15 —0,0019 .—0,0022  —0.0024 
1,3766 1,1329 1,1366 0,9948 0,8960 0,7834 0.7680 
0,3378 0,3405 . 0,3508 0,3584 0,3637 0,3699 0,3709 
0,00813 0,0072 0,0033  —0,00027 —0,0034 —0.0085 ` — 0,0099 
—0,00181 —0,0013 0,0002 0,0013 0,0022 0,0033 0,0036 
0,00018 —0,2-10-* —0,0005 0007 | —0,0009 . —00011 —0,0012 
2779 1,1234 1,0754 0,96832 0,8976 0,8214- ` 08115 
1: 03423 .. 023448 0,3535 0,3593 ` 0,363! 0,3674 0.3680 
* 0,00518 ^ 0,0044 | 0,0016, —0,00086  -—0,0029 | —0,0060 --(1.0068 ` 
` —0,00100  —0,0007 `: 0,0002 0,00085 0.0013 0,0020 (.0021 
09-10-* —08-10-§ *.—0,0002 .:,—0,00038 —0,0005  ,-—0,0006 ` —0,0006 
: LALN LI" ` 1,0405 * — 0,9576 0,9051 0,8513 0,8447 
0,3455 02477 0,3549 0.3595 0.3624 . 03655 ` 0,3659 
0,00340 0,0028 0,0007 —0,00097 0,0023 —0,0043* —0,0048 
—0,6- 10-3 —0,0004 0,0002 0,00056 0,0008 0.0012 0.0013 
0,5- 10-¢ —0,4-10-* —00001  --0,00020  —0,0002 —0.0003 ` — 0,0003 
1,1645 4,1129 . 1,0203 0,9546 0,9145 0,8750 , — 0,8703 
03477 - 03197 V 043558 0,3594 0,3617 0,3610 0,3613 
. 0,00229 ^ 0,0018 - 0,0003 : —0,00089  — 0,0018 | -—0,0032 ` — 0,0034 
-.1—0,00034 , — 0,0002 0,0001 ` 0,00037 0.0005 0,0008 ` 0.0008 
:03.107* —02.107* —0,7.10-4 .—0,0001f —0,0001 —0,0002 —0,0002 
* V13102 -. 1,1100 `. 1,0085... 0,95541- . 0,9238 0,8939 « 0,8905 
0,3494 0.3511 < 03562 .. 04592 0,611 0.3628 0,3620 
0.0016 0,0012 ^"^ 09.-10-* —0,00077 -00014 —00023  —0,0025 
—0,0002 - -—0,0001 0,0001 0,00024 0,0004 0.6005 n.n 
02.107*. —0,1-107* —0,4.1074 —0,6.1071 —0,8.1074 .—0..1073 —N,9. 1074 
1,1064 ^ 1,1080 1,0015 0,9578 0,325 C. ol 0,9266 
0,3516 0,3529 0,3567 0.1583 (5000 nnl t TRES H. 
ARAIN 0,0006 —06. Isi  —0.nco52 - ocn ut BE CATT | CLP 
DD, HOCH  —0,4.1074 0,5.107* e.n001 I aan) uto? 0,C. x2 
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0,7 
0,8 


09 


-0.025 


0,05 


JO *-0,22 


1,0240 
0,3551 


0, 2580 ` 


. 0,0502 y 
"—0,0588 


0,0491 
1,7247 


0.2026 
0,0436 
—0,0440 
0,0434 
1,0254 


218 


1,0748 1,0779 ` 1,0938 1,0956 1,0905 
03520 | 03524. 0,3517? . 0,3517 : ,3520 
,00008 ` 0,0008 r 0.0007 * . 0,0006 0,0006 
—0,0001 —0,0001. ` —0,00008 ` —107*.0,64 —0,55- 107* 
0,00001 10-¢.0,11 10-90,8.— 10—. 0.67 —0,44-1078 
1,0577 0600 ^ |1 0716 1,0719 1,0676 
0,3534 0,3533 0,3528 -< 0,528. - 03530 
0,0005 0,0005 . 000006 ` ` 00004 0,0004 
107*.0,51 Be? 0,50 —10 *.04.  107*.03 —0,3.1076 
107.047  —1&"* A? —1075.0.357 1075.02 — 0,18.10^* 
,0457 1,0475 `. 1,0563 . ^, 1,0559 1,0522 
0,3540 0,3539 03535 ^ 0,3535 0,3537 
0,0003 0,0003 0.0000 . ` 0,0002 0,0002 
07.03 ^ —10-7*.03. —107*.02  —107*.02 —0,1-1078 
107*.0,2 1075.02  - 107*.0,2 107*.0,] 0,8. 107* 
1,0370 1,0384 '* 1,0453 10447 1,0415 ` 
0,3544 0,3543 0,3540 0,3541 0,3512 
0,0002 0,0002 0,0002 . | 0,0002 0001 
16.107* ' —10-4.0,16 | —1074.0,1 —1075.0,96 —0,8. 107 
107*.0,99 | .107*. 0,98 . 107*.075  10-*.050 . 04.10-! 
1,0305 4,0517... E 1,0372 23. 10365 , : 71,0238 | 
^7 03547." [oes ; 218 03514. 1/5: 703545... 0,3546 
` -0,0002 0.0002 ^...» 0,000] - ` 0,0001  - - 0,0001 
“1078. EN S06. 092 —]0-*. 0,76 - —107 *.0,56 ^ —0,5.107* 
. 107*.0,5 1078.0,5, ..107*.038 — 10^7*.0,25 0,1. 107* 
1,0255 1,0265 1,0311 1,0303 ` ` 1,0280 
0,3550 0,3550 0,3547 0,3548 °° 0,3549 
0,0001 00001: - 0,001 0,00008 X  0,00008 
—1075.0,6  —10^*.0,6 : ——107*.05  —0,.10^*  —0,.10^! 
—107*.0,226 — 107*.0,226 — 107*.02 0,1-107¢ 0,1-1078 
1,0217 10225... 1,0263 . . 1,0256 1,0236 
MES S b... ot d 
oe Ns B | Do tus — pia 
. 02545. 75 1025227" E y Aan " oa 
* 00536 ^; rf 0,0557 vi, 0,0703 757. 0,0962. ` pu 0,0930 `; 
040537 =. —0,0586 E ` Auen on 'L.010538 - : Ac CS 
00465 ^. 0,0448 "^. 0,333 ^" 0,0209 0,0157 `: 
1,8059 1,8613 2.2742 2.7543 - 2,9490 
0,2597 0,2578 0,2443 0,2303 0.2252 
0.0450 0,0474 0,0576 0,0658 0,0735 
—0,04133g —01437 —0,0424 — 0,0319 —(0,0385 
0,0317 0,0306 0,0229 0,0145 00110 
1,6531 1,7392 2.0742 2.4428 2,6838 


(338 


Table 8 (cont.) 


[339 





1,0736 1,1053 0,951: 0,9642 0,9469 0,9316 0,9300 
0,3529] ` 03540 ` 0,3569 0,3584 . 0,3592 0,3600 0,3607 
0.00046 ` 0,0003 —0,7-10-* 0,000305 —0.0005 —— 0.0008 . —0.0008 
* 204.1074 .0,2.10-* 0,3-10-¢ 0,57-107¢ 0,8.10^« 0,0001 ^ 0,0001 
0.9.1078 —02.10-* —0,5.10—9,—0,78.107* 0,1.107* —1074-0,1 —0.1.1074 
- "1.9599 10037 ^" 0,9931 0,9703 0,9577 0.9470 0,9460 
- 035376 0,3546 0,3569 . 0.5804 0,3587 0,5502  ' 0,3593 
0.00028 0,0002 0,6-10-* ` —0,00024 — —0,0004 -—0,0005. —0.0005 
—02.10-« —0,8-107% 0,2.107* 0,3-107* . 0.4.10 * 05-1076 ^ 05.10 * . 


08.107*  —0,7.107* —02.10^* —0,3. 107* —0,4.107* —0,5.107* DA. IO? 


1.0410 1,1028 0,9929 0.9759 0,9658 0,9579 0,9572 
0,3543 0.3550 ` - 0,3568 0,3578 0.3582 0.3587 - 0,3587 
0.00018 ` 0,0001 0,5-107¢  .—0,00016 —0,0002 —0,3.10-* —0,0003 
—0,8-10-* —0,4-10-8 - 0,9.107* 0,16-10-¢ 0,2.107* —02.107* DA. IOC 


0,4-10~* —0,.10-? --0,9.10^7* —0.14.107* —02-10 * —02.10 * —0.2.107 


2,6006 


319 


0,5120 


1,0322 1,1021 0,9933 0,97936 0,9720 0,9659 0,9653 
0,3547 0.3553 0,3568 0.3575 0,3579 0.3583 0.3583 
0,0001 0,7.107* —0,4-10—4 —0,00011  —0,0002 —0,2.10> —0,0002 
—045.107* —02-10°% 056.10 * 09.10 *  0,1.1074 0,11-107* 10 *.02 
Dur 107*  .—02.107* —04.10*. —0, 7.10 * —0,8.10 * —0.1.10^* —0,1.107*5 
. 100259 1,1017 ` 3939 d _ 0,9826: - 0,9760 0,9718 . 0,9714 
A i 
2 0,3550 ` 503555 |^ “03568 | 03574 ` ne 03577 - 7: 0,3580 0,3580 
J 7 (ën 0,5.]1074 CWE. —0,8.1074 - 0,0001 + —02-107* . —0,0002 
2:03: 10-8. —0,1.107* 0,3-107§  06.10* 07. 107* 09-1078 0.104 
0,9-10-7 . 20,7-107* —0,2:107* —0.3-107¢ —0,4.107* —0,5.107* —0,5-1078 
1,02135 1,0138 0,9945 ^ 0,9852 0,9803 0,9763. 0,9760 
0,35526 0,3557 0,3567 0,3572 0.3545 0,3677 0.3577 
05.1074 0.4.1074  —0,2.107* .—0,6.107* —0,8.107* -—0.1.107* —0,CO0I 
—0,2 107* .—0,6.107* 0,2-107§ 0,.107*  0,5.10^*. 0,6-10 0,6-107° 
05-107? —04.1078 0,1 107$ —0,2- 10^* —0,2.107* .—0,3.107* —0,3-107¢ 
. 0101787 ` 1,0114 1 0,9951 ` 0,98724 0,9832 0,9799 ` 0,9796 
EE, P. E A x d l iun 
"020177 ` * 6 1964: - 02017 , . 02236:;; | 02531: 0,3249 ` 0,3168 ° 
(UO 040414 7 0,1125, ti 0,1208 ^. 0,047 — . 00761 |. —0,0347 ` 0.08615 
^ —0,0482 00439 i Zb: 0271 * SÉ 0097 0,0143 . 00717 0,090148 
0,0068 . —0,0006  .—0,0179" ^—0,0333 — —0,398 ` —0,0570 De 04 
3,2320 ` 1,3684 ^ 3,0465 > 2,3804 1.6215 . (4709 0,2564 
» 
0,21804 0,2148 0,2233 0,2439 0.2692 0 3232 0.3380 
0,0809 0.0860 0,0467 0,0701 DIN re — n0; p 
—NNISI SHARE -- 0,0170 —(0,00,2 (Dain) LENO. Ce 
0,0048 Aawit —0,0124 — (102% we LAT ZÜ sn D LD exit us 
27741 2,8 134 j,04n0 HG Url 5 


0,15 


0,175 


02 


0,225 


0,25 


0,3 


ei 


0,2668 0.2643 
0.0370 0,0336 
—0,0327 —0,0326 
0,0227 0.0216 
1,5429 1,5997 
0,2704 0,2683 
0.0310 0,0321 
—0,0244 —0,0242 
0.0155 0,0147 
1,4740 1,5219 
. 0,2734 —— - 0.2718 
0,0258 0,0265 e 
—0.0181 —0,0180 
0,0105 0,0100 
1,4159 D 1,4566 ' 
'02763 . 0.2748 
0,0213* 0,0218 
—0,0136 —0,0134 
0,0072 > . 0,0069 
13667 ° 1,4015 
0.2786 0.2774 
00175 | 00178 
—0,0101 ` —hQ40100 . 
0,0030 ` 0,0047 .-: 
1,3248 1,3547 
0,2506 0,2795 
0.0144 0.0146 : 
— 0,0076 —0,0075 
0,0034 0,0033 
1,2590 1,3148 
0,2823 0.2814 
0,0119 0,0120 
—0,0057 =-  —0,0056 
0,0024 - 0,0023 
1,2582 F 1,2806 
0.28539 0,2830 
(708 0,0099 
—6,9943 ^7 —0,0043 
0,0017 0,0016 
1,2316 1,2512 
0,2562 0,2856 
0.0007 0,0067 
=~ (6625 —0,0025 
0,0993 0,0008 ` 


320 


0,2627 - 0.2516 `. .0.2406 
0,0397 -0.0467 .- , 0,0543 
` —0,0325 . 90314 - 270,0294 
- 00208. 100157... 0.0101 
1,6382 . 19115... 2,951 
0,2670 0,2578. 0.2492 
0,0328 0,0375 0.0426 
—0,0211 —0,0232 -—0,0215 
0,0142 0.0108 0,0070 
1,5542. 1,7785 1,9973 
0,2707 - 0.2631 0,2563 
0,0270 0,0301 0,0334 
—0,0179 —0,0171.. | —0,0157 
0,0097 0,0074 . ,0049 
- 1,4839 1,6692 1,8385 
0,2738 0,2675 0,2622 
0,0221 0,0241 0,0261 
-—0,0133 — 0,0126 —0,0115 
0.0067 .- 0,0081 . -0,0033 
1,4247 . 4,9788 ` . 1,7103 
02765 ` 02712. ' 0,2671 
00180 `. 00193 .-:, 0,02 
—0,0099:.:..:—0,0093 "'7-.—0.0084  ". 
0,0046 . :: 0,0035 aem 
1.3745 — 1,5036  . ^ 16061 
1 . 9 "t 
0,2788 027144 — . 02711 
0,0147 00155 .. * 0,016! 
—0,0074 —0,0069 —0,0061 
0,0032 0,0024 ' .0,0016 
1,3319 1,4408 ' t5210 
0.2808 . 0.2770 -/ ^ 021745 
00121 .' 00125 0,0128 
—0,0056 —0,0052 ..° —0,0045 
0,0022 0,0017 ` . `- "0,0011 
1,2854 1,3879 .°. - 1,4509 
t S E 
0,2825 02792 - 0,2772 
0.0099 +: ` 0,0101 0.0102 
—0,0042 —0,0039 —0,0034 
0,0016 0.0012 ' 0,0008 
1 2641 1,3431 1,3929 
0.2452 0.2527 0,2815 
. 0,0067 0,0067 0,0066 
—0,0024 — 0,0022 0,0019 
0,0008 0,0006 
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1,3973 


0,2316 
0,0064 
—0,0017 
0,0003 
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zi D 
a 

= 

n 


0,00235 


9.1439 


0,0004 . 


7 
1,2767 


0,2427 
0,003 


e D | - 
000014  —0,1-1074 


0003 
2,4431 
0,2423 
0,0488 
—0,0002 
2,1384 


0,2530 
0,0365 


—0,0001 
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A, —0,0193 — 0,0192 —0,0192 `. —0,0184 —0,0171 — 0,0163 
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1.0214 — ^ 1,0138 ' 0,9945 0,9852 "0.9803 ` 09763 ^ 0,9760 
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1,3767 13297 ` ` 0,9948 0,8960 ^; 0,7835 ^ — 0,7681 


+) 0,24303 ^ 0,2444 ;: 0,4978 025361 02562 02594 . 02599 


0,0045 - 0,0041 0,001823. ,—0,00017 | —0,0019 . —0,0046 —0,00537 


1.27798, . 12342  - 10754 0,9683 0,8976 08214 ge 08116  .. 


0,2454 0,2467 025111 . .0,2540 0.2560 0,2581 ^ 0,2585 
0,0029 0,0024 . 0,00086 ——0,5-10-3 —0,0016 — —0,0033 — ——0,0037 
—0,00058 :-—0,0004 +: 0,00012 05-10-% 0,0008 00011 — ,000122 
05:10-* —0,5.10-* 0.00015 —0,2.10-*. —0,0003 — —0,0003  —0,00035 
12011 11718 — 310405 ^ .0,9576 0,9051 0,8513 0,8447 


02470. ^ 0248L .- 02518 ^ 02542 . 02556  . 02572 0.2574 
.. 0000187: = 0,0015 .'. 0,00039 .—0,5-10-* 00011 - —0,0023 0.0026 
"0.0003 - -—0,0002 ^ ^.0,00010 - 0'3. 10-3 - 00005 - 00007 0.00074 


: 0,31078 +04-1076  —0,8.1074 —0,1.1075. —0,0000 —0,0002 — ,—0,00018 ` i 


"s 1,1643 ^ 1,1299 - 1.0203 . 0,9546 . 0,9145 ` 0,8750 - 0,703 


0,2482 0,2442 0,2523 0,2541 0,2553 0,2564 0,2566 
. 00013. 00010 0,00016 —0,5.10-3  —0,010 —0,00I7 —0.00186 
—0,0002  0,9.1074 .0,9.107* 0,2.1073 ` 0,003 0,0021 0.00046 
0,16.107* —0,4.107* —0,4.1074 —0,6.107* —0,& !07 * —0,1. 197» —10 3.0,993 


Ai3102 — 1,1000 —— 1,0055 —— 09554 0929 am OBA 
02100 : nom — 02525 an ` 02530 ` 0253 " 


0,00037 0,0007  0,5.107*  —0,4.107* —0,0008  —0,0013 NS. 0. dad 


327 


[347 


Table 8 (cont.) [348 





0, 
A, —0,000! * —0,0001 .—0,0001 —0,8.107* ` —0/.-107 
A; 1070,19  107*-048. 107.0477 - —1074-0,1 ` 09.1079 07.107 
t —1,0700 1,0748 0,0779 . 1,0938 — 40956 ` 1095 | 
- V ` 
07 Ao 02508 . 0,2507 0,2506 ` 0,2502  .* 02502 0.2904 ` 
A; 00004 0.0004 0,0004 . 0,0004 — ^ 0,0003 0,0003 ' 
A, —107*.06 —1074-06 —107*.06  —107*.04 — —04.107* — —023.107: 
A; 107*.0,7 107*.0,7 )07*.06 — 0,5.107* 03.107*- — 03.102: 
t 1,0541 „1,0577 1,0600 10716 , 10719 1.0676 | 
08 <A, 02512 0,2511 0,2510 0,2507 02508 ` 0,2509 
A, 0.003 0,0003 0,0003 0,0002 0, 0,0002 
A;-—107.03  — —107.03  —107*.03 , —02.107*, —0,2-107¢ — —0,1-10 
A, 107.03 1075.03 . 107*.0,3 0.2.107*^  0,1.107* 0,1107! 
t 1,0428 1,0457 ` 10475. > 10563 . 1.0559 . . 1,0522 
è - 7 -$ »" D 
09 A, 02515 0,2514 02513 ^ ^X 0251! . 02512. -.: 02513 
A, 0,0002 . .. 0,0002 0.0002 0.0002 "0600001  ' '0,000 
A, —1074.0,16 —107*.02 — —1074.02  —0,1.107* —0,1.107* — 048.107! 
A,  1075.0,3 — 107*.0,12 107*.0,12, _09-107* 06.1078 05.107! 
t 1,0347 1,0370 ` 1,0384 1,0453 1,0447 1.0415 
| Ao — 02517 0.2516 0,2516 0,2514 . 02514 ` 0.2515 
A, 0,0001 0.0001 0,001 - 0,0001 0,9.107* : 0,810! 
A, —1075.094  —1075.0.91 —107*.09  —0,7.107* —0,5.107* — —0,5.10! 
Ay 1076.061 . 1079.06 — 107*.0,6 04.107* ` 107*.03- 02.10! 
È — 10287 1,0305 : 1,0317 1,0312 1,0365 1,0338 
z z — s * pies os 
1! As 02518 02518 ` 0,2517 0,2516 02516 — . 0,251? 
A, 1071.09. [074.0,9.. 1074.0,9 107 4.0,8 0,6.107* > 0,6-10% 
A, —1075.0,6 —1078.0,5 —1076.053 —0,4-1078 —0,3.1078  —0,3. 107 
A, 1076.03 10~¢-0,3 10—9.0,3 0,2.107* 0,1. 107* 0,1-10° ° 
1,0240 1,025 1,0265 1,031t 1,0303 1,0280 
12 A, 02519 0,2519 . 02519 0.2518 0,2518 0,2518 
A, 1078.6 107 3-0,6 10 7.0.6 10706. 0,5-104 04.10! 
A, --!6°9.03 —1075.03  —107*.03  —03.107*  —0,2.107 —0,2- I0! 
f, 1077.0,2 1076.015 — 107*.0,,5  0,1.107* - 0,.107! 0,6107! 
= 1,0204 1,0217 1,0225 1,0263 1,0256 1.0236 
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Table 8 (cont.) [349 





14 | 1,8 3 4 5 | 8 12 
ai : 

-—0.000012 —0,7-107¢ 0,6-10~¢ 0,1-1073 0,0002 0,0003 1073.0201 
0.9.1078 —08. 107% —0,:3.107* —0,4-1074 —04. 107 * —0.5.1074 —10^*.0,56 
1,1064 . 1.0795 , 40015 - 0,9579 0,9325 0,9091 0,9066 
0,2502 0,2552 0,2527 - 0,2538 0.2544 0.2550 0.2550 

` 0,00045 0,003 -—0,3:197* —0,3-1079 . —0, —07. 1079 .—1075.0,76 

*—0,5.107* .—02.107*  À03.107* 07.107* 1074.05 0,12.10 * 1078.90.13 

' 0.3.1078 —0,4-107° —0,8.107* —0,1.107* —0,1.107* .—0,18.107* —107*.0,19 
1,0738 1,0623 0,995, ' 0,960422 0.9465 0,9316 0.9301 
0,2508 0,25™ 0,2528 0.2536 0,2540 0.2544 15 ` 
0,00025 0.0002  -—04.107* —0,2-1978 —03. 1079 —0,0004 —107?.0.45 

.02.107* —0,.107* 0,2-1074 0,3. 10" « 04. 1074 0.6.1074 1074. 0.61 
0,1.10^* .—0,1.107* —0,3.107* —0,5.107* —10-*.0,6 —0,7.107* 1075.0,71 
1,0539 . 1,0374 dell 0,9703 . 0,9577 0,9470 0.9460 
0.2513 0,2517 0,2528 0,2534 0,2537 0.2540 0.2541 
0.00015 0000)  —026.10^* —0, 13-1072 —0.2.107* 0,0003 —10 3.0,29 

—0,9.10 —0,5-10-* 09.10^* 0,2. 10~¢  107*.02 0,3-10~4 10^ *.0,31 

05-107* —0,4. 107? —0,1-1078 —0,2.107* —0,2. 1078 —0,3-10°3  —107*.0,29 
1,0410 1,0277 0,9929 0,97532 0,9658 0,9579 0,9572 
022316 02519 02528 0,2533 0.2535 0.2537 0.2538 
09.10 * Oé IO 3—03.10* —0,9-1074 —0,1. 1079 *—02.10^*  107?.0,.19 

—0,5.10 ^ * —02.107* 0,6. 1078 09.107* ) 0,-.10^«4 02.107* 1074.0,17 . 
02.1907 * —0,2.107* —0.6.107* | —0,8.10^7* —0,1.10^7* —0,1. 1078 —107*-0,13 

1,0322 1,0214 0,9933 0,97937 0,9720 0,9659 , 0,9653 
0,25177 0,2520 0,2528 0,25318 0,2534 0.2535, 0.2536 
06.107* 0,5-107¢ —02-10-4¢ —0,6.107* —0,9.107* —0,1.107* --10 ?.0,13 
—0,3.10 ^* —0,1.107* 4 0,3. 1078 0,5.10^* 07.107*  0,.10 ^* 1075. 0.94 
0,1-107* —0,1.107* ' —0,26.107* —0,4.107* ——0,5.107* —0,6.10 *- —107*.0,61 
0259 1,0169 0,9938 0,982 0,9766 0,9718 0,9714 
0,25192 0,2521 0,2528 0.2531 0.2537 0.2534 02534 | 
0141.107* 0,9-107¢ .-—0.16.107* —0,1.107* —0,0.i07** .—0,8.10** — UD *.6,59 

—02.107* —0,8.10-* 0,2. 1078 03-1075 04-16°°% 0.5. 1n * uy; 5,0, 

05.107? —0,6.107* sl. 1078 —0, 2.107€ .—0,2.107*  —0.3.107* 70° *- 0631 
1,02135 1,0152 0,99451 0,98517 0,0503 0,763 0,9709 
r z 

0.2520 0,2522 0.2528 0,2533 0.2324 nr CD 
0.3. e 7^4 0.107 =—0,1-1074 —0/3.1) t 0,5. WC) — 00. tan Cito! nfl 
e-(),93. 1077€ 04. 107 0,1.107* 02-1078 031.10; ? 0.4. ge acr x33 
03.1077 62. 1075  —0,7.107* —0,1.107* —23,1,107* —O2 1078 10.016 
1,0179 | 0114 0,9931 0,95724 0,9332 0,9799 0,3724 
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8.12. 


The Iteration Method of Solving the Integro- 
Differential Equation for the Submerged Hydrofoil* 


Stepanov. 


[323 
*This paragraph was written together with V. A. 





Equation (VIII.125) can be solved also by the itera- 
tion method. 


Let us write equation (VIII.125) as follows: 
T@= 





ei r T 
Bo De xj D iv 


i xp rëeg- as]. (VIII. 184) 
Designating ELE 





uS. 
ü- l +! E S l e 
h "Hur 2 tr — 
ag [9*2 ik G—aa]=r,,  (VIIT.185) 
then S 8 a 
SC ge r” I'm 
a > SE — T = dn ` (tuuc — 
dr: Et 5e KL erf DM v ; "ETE et i TN pea d EE l 
HM 22 j i DS £ — ety * D 5 s = Si Ki 7 
bi Wi — 
o " -= —— Gë "e re = m | j 79 f a]. 


| l | 
WE EE 
X du = (VIII.186) 


Using the relationships in (VIII.185) and (VIII.186) 
we may construct the iteration process as follows: 


[350 
t 
Dot = —"-a(y), T — 
o(y) = a 50 ch AG orl 
41 e E a 
— m ) dy, X a 
4A (y)x Bt Aen) 
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The = nG ng ^9 * E an dg KS — 
"mw Tn Di | 
PG P a ID ] 
hg) = Ta. - aa) yn M 
T el? T. d di ed 2 
SEH h e 44 (y) J, y — d : = 


Tie ayy tw) + kirara: 6-6. 
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Let us use this method to solve the problem of foil 
motion with the elliptical E ES circulation 
along the span. 





n = a vise — P deca Wy 


d. DS Bu £ : 
WEE 
— 1 EN 
Tho) = Get Dj. P S i i (VIII. 188) 


| [351 
B, =a, A = ey ; NN 
TE (UE 

Be (s Att) ^7 (re ae 


where 











Hence we obtain the following relationship: 





, B, = @ 4 2v 2v b Baa. 
ER? 
With h + 0, By ~ Bn-4 and 
| Boa — aech, : (VIII.189) 
(r2) | 
Or ' 
| NS on He (VIII.190) 
X en be 
where ^ E UE S. 


+ PE 
b | Y1 "al VT RG (j—3)dndy. 
“i 21 


From expression (VIII.190) it is easy to calculate 
the coefficients of lifting force and drag for the sub- 
merged hydrofail. We obtain 


CH D RR 
Y Te Pe. Ka v» ` b 
"Zb SE 


The coefficients cy and cy will again be defined by ex- 


pressions (VIII.100) and (VIII.101), in which function 0 
is in the form 


M our LLL. 
tel= i (Vip (Nr ee didy. (VIII.191) 
DA 


Utilizing the expression (VIII.33) in the formula 
(VIII.191) we obtain the formula (VIII.40). 


T. Nishiyama [213, 21^], instead of the singular in- 
tegro-differential equation (VIII.125), suggests the fol- 
lowing approximate integral equation: 


41 
T 7 = wë T . în = d Een Exi (VIII. 192) 
Dr je (y —5) di, 
whore Ts (y) = T, (y). . 
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Evidently this equation corresponds to a certain de- 
"i to the second approximation of the iteration process 
VIII.187). 


— Nistrom's method [43] one may transform the 
equation (VIII.192) into a system of algebraic equations 


TG) - — hy Yerkes IQQ»  (VIII.193) 
where p js 
CAR MS ek Ee 











+ 8h? SV ant + | a: d 
serpens f 
: — z TED R 


K;(x) is the Bessel function of the second kind. 


Instead of the coefficient aux T. Nishiyama errone- 
ously uses the coefficient a, in the system (VIII.192). 


The formula for the drag of the submerged hydrofoil 
is transformed by Nishiyama to the following forms 


o s e D 
=L dq “ve | 
Q= me J ec ve — —V + 


| Vig (p a E i en 
+ | (Po + ND secte seetqa, 


Ap A 
p+iN= f T (2) endy, Po + (Na = [T n) erva ect tu da, (VIII.19^) 
b ota ` e 
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If we designate the circulation f(y) by the series 
(VIII.192), then the formula (VIII.194) transforms into 
the following form: 


TREE 


+ Al 5655. +16 E — kx zn | 


e eno a 355] «A [10— 629 + 


4 EM ` t4 — oc! . E 
+ | +... + lew T+ re | [Act (Go FT) 4, 
es opu Ee b. ck e bi ee 


Mus ES Geet? ca (gii) | 
*F A, AR, Ve ¥I)—3 o - T. 
— — 2 
—A— 
i 
` : rw 5 
yt | EL enema, (V111.195) 


where W= vb; 
Ji(x) - the Bessel function of the first kind. 


8.13. The Direct Method of Solving Integro-Differential 
Equations for the Submerged Hydrofoil* 


*This section was written by S. V. Koval'chuk. Cal- 
culations were performed on the Minsk-1 computer by I. P. 
Tkachenko. 


A solution of the regular equation for the submerged 
hydrofoil by replacing the nucleus of the equation with a 
Singular nucleus was given above. For practical calcula- 
tions, this solution is somewhat cumbersome; therefore, 
the development of methods for solving singular integro- 
differential equations is of interest. Jn aerodynamics, 
the most widely used are the direct methcds of solving 
Singular equations, when the class of functions in which 
the solution is determined is known (in our case the func- 
tions which satisfy the condition of l(-B) = [(B) = 0). 


These methods may be extended to include the case of 
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the integro-differential equation for the submerged hydro- 
foil. A rather comprehensive treatment of a number of 
methods is given in the well known texts on aerodynamics 
by V. V. Golubev [18] and Karafoli [39]. A convenient me- 
thod for solving the Prandtl equation is given by Multhopp 
[197]. This method is being widely used in aerodynamics 
and recently in the theory of elasticity [37]. In the 
Study by A. I. Kalandiya the singular integral equation is 
approximately solved using this method. 


Let us solve the equation (VIII.15) by the Multhopp 
method, which uses a simple and convenient for practical 
applications procedure in obtaining the numerical solution. 
Multhopp operates with the Langrangian trigonometric in- 
terpolation polynomial in the search for the unknown func- 
tior. To construct the polynomial one selects a positive 
integer n and takes the roots of the Chebyshev polynomial 
of the second order for the points of interpolation at 
(-1, +1) as follows: 

X, = cos Ôh, — k=1, 2, 3 A, N. 


n+l 


It follows, then, that the odd trigonometric polynomial of 
the n-th order which at points 0y coincides with ['(0) can 


be written as follows: 


Lif, a= DET Ga) gn (VIII.196) 


k=l 


or, in a slightly differently form, 


LT, o = — T (ys) ` sin m, sin m8. (VIII.197) 


a=] me==i 


Let us substitute into the equation (VIII.15) the 
polynomial (VIII.197). The expression obtained can be 
satisfied at every point of interpolation by a certain 
value of circulation unknown previously. By succesively 
assigning the values of 64, 02, 03... to the argument e, 


we will obtain a system of Linear al;obraic equations for 
finding the approximate values of the unknown function. 
Integration of the singular part, in this case, is uvually 
followed to the end; we cannot do the same with regard to 
the regular part of the nucleus because of the complexity, 
while the existing formulas of numerical integration cannot 
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give sufficientl; accurate results. Therefore, for a more 
convenient use of the Multhopp's method, let us divide the 
equation (VIII.15) into a series of recurrent equations of 
singular type with the aid of the parameter T as follows: 


c=} 4H +1—2F, H=}, 


where h is the depth of submergence of the hydrofoil; 1 is 
the half-span. 


The solution (in the form of a series) with respect 
to the parameter T is given in the beginning of this chap- 
ter. 


Since the characteristics of the profile composition 
for a foil of infinite span, which are not defined by the 
t-parameter, are included in the equation, it is necessary 
to generalize that solution by introducing a parameter T'. 
We will attempt to find a solution of equation (VIII.15) 
in the form of a double series: 


r=% F varT mn (j). (VIII.198) 
tie mad 7 
Then — di 
O= X Nnm. ` ve VO oh d-. 
n—0 m0 v 


Let us write the expansion of the regular part of the nucle- 
us as follows: 


G(y—7) DY Lal 


ges) 


and, reprosenting ag and a(y) as 
nu eec t LP NC LX 
a= Yar,  à()-9Ya (v, 
m:-Ü m=:0 
we can Substitute all the expanded values into the equation 


(VIII.15). Separating the terms with cqual T?nT'2m, we 
obtain for the solution three types of singular equations 
as follows t: 


[355 


d'A: SL la Ai el ; 
oU A lr Ze aJ =n $ "^ f. (VIII.199) 
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a mA E, +1 m 
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2 ——— ee bac) dy , 
Qn F y — n NM i 2n 8 l 
E EE Cus 7 St o. j 
O5viously, all these equations are represented in the 
general form as 
ʻa +1 
Uo) Ur ro 
By) 2x) y—s 7/0). (VIII.202) 
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Let us obtain the formula of the mechanical quadra- 
ture for the particular integral equation (VIII.202). 
Performing substitution y = cos 0,, N= cos 6, we can 


write this equation as follows: 


| Le —u Jas, 7 109 (VIII.203) 


Taking into account the ERR 


s 
l cos midi sin m0, 
x Leef — cos b,- sin 6, 
⸗ * 


we obtain the required mechanical quadrature 


af rm — ns ( — m). d 
25 cos Oy — cos 8 ~ Qn ` cos6,—cosd — 


* 0, sin m$ 
- — PIOXL - (VIII. 204) 


Substituting the integral term in the expression 
(VIII.203) by the expression (VIII.204) and following the 
Multhopp's method, we obtain a system of linear equations 
for determining the approximate values of the desired 
function at points xy (designated through Pk): 





nef d + Ebay v= l, 2... (VIII. 205) 
where l E ; 
l "ua nti ; 
T ovy “4sin 6, ' 
Í " SCH 
bei 4 (n k Gan ete — 9, 44, 
e f 2 i 
OI — d a a 
"pn "with Jv—kl= 2, 4. 


r 


The coefficients Dok are distinguished by : 


ing peculiarity. 


an interest- 


With a symmetrical distribution of circu- 
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lation, the coefficients with odd v can be expressed through 
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coefficients with even v and vice versa. The values Du 
are given by Multhopp in [197]. 


If we substitute the solution [Fk of the system (VIII. [358 


205) in the expression (VIII.196) we will obtain the fol- 
lowing function: 


Lë- V c- nter, sin(n + D) sint (VIII.206) 


_ cos § — cos LN j 
kmal 


which should serve as an approximate solution of equation 
(VIII.203). 


The agreement between the solutions using this method 
has been proven by A. I. Kalandiya [37]. In general, this 
question reduces to the EVA KUAT LON of the rate 


! H, 7 =max MES 3t 
à il 
For positive A, as in our case, 
O A 


[LZ I wy De QE ' 


which proves the agreement. 


For the symmetrical distribution of circulation along 
the span of the foil and with the number of interpolating 
points equal to 7, we obtain, for evaluating coefficients, 
an algebraic system of equations of the second order, which 
is solved in the general form as follows: 


pias pua E g Ag (191424 014641: [ 

i Hr Gy (heyhey — kiaka) 
ua — Roly : 
EN — ht; 


P, ka (0,9 142ks — 0,8536/6)-1 f (0,2 1536/5, —0,9 142k) 


re =z- [? -= 
,(VIII.205) [sic] 
]? - T5 = 


"us - Qs (Ai ika — kaka) 
ptus lie — f hc : 
kika — — hk; 
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] 9831. _ i ,092 24 2 e QA, 
hy = == 57 d, HE m $ " == Wy 4- Sne E RK 5, 226, 


— 0,2144 DAMM - =a — — m 4- 2,828, 
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.. 04517 . 1,0196 ` "e * 
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ENEE — ay : —— — 
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The values in the formulas represent the trigonometric 


expressions constructed from the Multhopp's coefficients. 
They can be calculated to any degree of accuracy. The 
Shape of the foil is defined by the relative span Jg, 


and the effective angle of attack, which in addition ac- 
counts for the variation in the zero lifting force angle 
under the free surface, is described by the expression 


f(y). 


In order to obtain the numerical results let us trans- 


form the functions f(y) into a more convenient form. The 
system of singular equations (VIII.99) which takes into 
account the effect of the finiteness of the foil span sub- 
merged under the free surface, contains a function f(y) 
which is equal to 


41 A 


ERA ores oi G, (y — 3) dn. 


Si Tal 
Taking into account that the desired function [Phm as- 


sumes zero values at the ends of the segment (-1, +1), we 
obtain after c by parts 


— L| Y E QU )6 d= — M y D 1 s )6.n. 


~l i= cl ixl 
Taking the transformation for the circulation in the 
form of the trigonometric series JjA,sin&0, we Find the fol- 


lowing integrals: 


l | ; A, 
zl sin 0X As sin k8 dì = Fu 


340 


[359 


t a 
l 
wj isa. doi — Wi 


2A + 3A Län ^s 
DH" 


d 
s Al cos'0 sin 62 A, sin Si = 


KS , 5A, 4- 94, + 5A, + A 
an Jet sin 02 A,sin kad e — 7.86 — m 


and the equations (VIII.199) can be written as follows: [360 
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If the functions ar and (ag + ay - hag) are assigned 


numerical values, then even the first system of singular 
equations can produce the solution to the problem. 


Once we obtain the distribution of circulation along 
the submerged hydrofoil span in the form of a power series 
with respect to parameter T, we can determine the coeffi- 
cients of the lifting force Cy and the coefficients of the 


induced drag cxi as follows: 
m-—i 


dy = — (Pap. Vr on (VIII.211) 





— 
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TM Cm A [oT unas . (VIII.212) 


By determining these coefficients using formulas (VIII. 


109) and (VIII.110), the functions D and {> that describe 


the effect of finiteness of the span under the free surface 


will be as follows: 
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Let us consider some special shapes of foils. 


alt 


[365 


[364 








nn?) 
— — 


CCC Hr 
«NLIS T 3 





345 


1. The elliptical foil: 


l 1 — 
Ig LT 
The first four approximations of the desired circula- 
tion in the expansion with respect to parameter T have 
been obtained for this foil as follows: 


T (y) = Poo + tT yo -+ TT, + TS, +... 


The curves showing circulation as a function of parameter 
H are given in Figures 24, 25 and 26, while the numerical 
values are given in Table 9. 


Using the correction &, one may compare the results 


of the solution of the regular integral equation and the 
solutions for the optimum foil with the solutions obtained 
by utilizing the Multhopp methods and those obtained with 
respect to parameter T. The results of computations of 
function Í4 for W+0 are in close agreement (Table 10). 


2. Using formula (VIII.13) the values of the corrections 
were calculated for several types of hydrofoils with dif- 
ferent geometric parameters and Wù = O (Fig. 27-31). The 
obtained results for the rectangular, trapezoidal, and the 
double trapezoidal foils make it possible to draw certain 
conclusions in regard to the choice of the shape of the 
submerged hydrofoil. From Fig. 27 it is evident that the 
variation of the wing span has a significantly smaller ef- 
fect on the value of the correction under the free surface 
than at a considerable distance from it. For example, an 
increase in the span from 2.7 to 9.5 at a depth of 0.6 
changes £ by 14%, while at depths between 0.04 and 0.06 
the difference is only 6%. Computations of the trapezoidal 
and the double trapezoidal foils (Fig. 28-31) indicate 
that the reverse trapezoidal shape has a positive effect 
on the quality of the hydrofoil submerged under a free 
surface. This becomes clear if we consider that the opti- 
mum shape of the hydrofoil submerged under a free surface 
is fuller than the elliptical. Therefore, the correction 
£4 for hydrofoils with the positive trapezoidal shape, 


i.e., with that approaching the elliptical shape, drasti- 
cally increases with a decrease in depth. The utilization 
of hydrofoils with the reverse  'apozoidal shape is of in- 
terest from the point of view of stability of craft with 
submerged hydrofoils. 
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0 —0,0131 —0,0242 —0,0342 0,0120 0,0034 
001 —0,0132 —0,0245 -0,0320 —0,0346 0,0117 0,0030 
0,02 ` —0,0134 —0,0247 --0,0323  —0,0349 0.0115 0,0026 
003 —0,0135 | —0,0250 | —0,0326 ` — 0,0353 0,0113 0,0023 
004  —00136 ~—0,0252 --00329 ` — 0,0356 0,0110 0,0019 
005  —0,0137  —0,0254 ^ —0,0333 -0,0360 . 0,0108 0,0015 
e 0.06 —0,0139 —0,0257 —0,0336 —0,0363 0,0108 0,0011 
007  -—00140  —0,0259  .-—0,0339  .—0,0367 0,0103 0,0008 
0,08 | .—0,00142 ` —0,0262 -0032 — —0,0370 0.0101 0,0004 
0,00 | —0,0143 ` 0,0264 -—0,0345. —00373. 0,0098 0,0000 
0.1 —0,0144 . —0,0266 | —0,0348 —0,0376 0,0096. —0,0004 
0.2 —0,00154 ..—0,0286 | —0,0373  — 0,0404 0,0070 | —0.0046 
0,3 —0,0162 ` —0,0299 | --0,0039] | —0,0423 0,0042  —0,0090 
0.4 —0,0166 —0,0307 - —0,0401 --0,0434 0,0014 —0,0135 
0,5 —0,0168 | -—0,0309 -—0,0405 ` —0,0438 | —0,0014 —0,0180 
0.6 —0,0166  —0.0308 -—0,0402 —0,0435 --0,0042  —0,0225 
0,7 —0,0163 _ ——0,0301 | —0,0394 -—0,0426  '—0,0069 —0,0267 
-0.8 -—0,0158 ~—0,0292 -—0,0381 —0,0413 —0,0095 —0,0306 
«4X9: --0,015!  —0,0280  -—-0,0366 —0,0396 -+00)18 —0,0341 
] —0,0143 ' -—0,0266 . —0,0347 , --0,0376  —0,0139 ` — 0,0374 
12 -0.0125 ` —0,0232  —0,0304 —0,0328  —0,0177 —0,0426 
1,4 —0.0105 -—00194 | —0,0254  —0,0275 | —0,0206 — -—0,0461 
1,6 —0,0084 ` —0,0155 ` -—0,0203  .—0,0219 . —0,0226 ` —0,0482 
1,8 —0,0063 ` —0,0116 ` —0,0151 -—0,0164 ` —0,0239 . —0,0489 
2 —0,0043 . —0,0078 | —0,0102 . —0,0110 . 0,0246 ` — 0,0485 
22:  —0,0023  ——0,00425  —0,00555  —0,00601  —0,0248 | —0,0171 
“2,4 —0,00030 —0, —0,0012 ` —0,0013  --—00245  —0.01481 
2.6 0.0011 0,0021 0,0028 0,0030 —0,0240 °° .—0,0425 
2,8 0,0026 0,0049 0.0064 0,0069 — —0,0233 —0,0397 
3 0,0040 0.0074 0,0096 0,0104 --0,0224 . —0,0366 
3,2 0,0052 0,0096 0,0125 00136 | —0,0214 . —0,0355 
3,4 0,0062 0,0116 0,0151 0,0163 —0,0204 —-0,0304 
3,6 0,0072 0,0133 0,0174 0,0188 ` ——0,0193 . —0,0274 
3.8 0,0030 0,0148 0,0193 0,0209 —00183 | —0.0245 
4 0,0087 0,0161 0,0211 0,0228 | —0,00174 --0,0217 
4.2 0,0093 0,0173 0,0226 00244  Á- 00165 —0,0192 
44 0,0099 0,0183 0,0239 0.0259 00157  —0,0169 
46 0,0103 0,0191 0,0250 0,0271 | - 0,0149  —0.0147 
4,8 0,0108 0,0199 0,0260 0,0281 --0,0142 —0,0128 
5 0,0111 0,0205 0,0268 ' 0,0200 | -—.0,0136 — — 0,011] 
6 0,0122 0,0226 0,0295 00319 00115  --000f9, 
7 00127 ,0,0235 0,0307 0,005303 00101 ^ —00017 | 
8 0,0129 0,0239 0.0313 0,0039; — 0,0999  /—-000002.. 
9 0,0130 0,0241 0,0315 00341]  —0,0:07  —0,0206 
10 0,0131 0,0242 0,0316 0.0342 . —.0,0296 0,0009 
11 0,0131 0,0242 0,0316 00312 . —0,C026 0.010 
12 0.013] 0.0212 0,0316 0.0312 . -.0,6096 0.0310 
13 0,015 0,0242 0,0316 0,0312 — --.0,6096 HCO 
14 0.013] 0,0742 0.0316 00:12 11,0096 ëtt 
15 0,0131 0,0242 0.0316 0,0212 — --0,:096 0,0014 
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Table 9 (cont. ) 





.—0,0105 


--0,0108 
—0,0110 
—0,0114 
—0.0116 
—0.0119 
—0,0122 


* [r5 [om | mo | om | 
—0,020! —0,0327 — 0,0035 0,0054 —f,00007 
—0,0205 —0,033! —-0,0033 0,0055 --C,09026 
—0,0208 0335 —0,0031 0,0056 —0,0004 
— 0,0212 —0,0339 ,0029 0,0056 -—0,0006 
—0,0221 —0,0347 —0,0025 0,0057 —0,0010 
—0,0224 —10,0351 —0,0023 0.0058 —0,0012 
—0,0229 —0,0355 —0,0021 0,0058 —0,0014 
—0,0233 — 0,0359 — 0,0019 0.0059 - --0,0016 
—0,0238 —0,0364 —0,0017 0,0059 —0,00!8 
—0,0242 —0,0368 —0.0015 0,0060 —0,0020 
—0,0288 —0.0414 —0,0003 0,0063 —0,0042 
—0,0337 —0,0463 —0,0019 0.0063 —0.C068 
— 0,0387 —0,0513 0,0032 0,0059 — 0.0098 
—0,0437 —0,0563 0,0043 0,0051 —0,0132 
—0,0485 -—0,0611 0,0051 0,0038 —0,0172 
— 0,0530 —0,0655 0,0056 0,0021 —0,0217 
—0,0571 —0,0695 0,0059 ' 0,0000 —0,0266 

, --0,0607 — 0,0729 E — 0,0025 —0,0317 
* —0,0638 —0,0758 0,0055 —0,0053 —0.0371 
^ —0,0684 —0,0798 0,0045 —0,0114 —0,0483 

—0,0709 —0,0815 0,0029 —0.0179 —0,0593 
* —0.0713 —0,0 0.001! —0,0242 —0,0694 
* .—0,0700 -—0,0784 —0,0007 —0,0299 —0,0780 
—0.0672 —0,0745 —0,0023 — 0.0348 —0,0850 
—0,0632 —0,0692 —0,0036 —0,0387 —0,0900 : 
—0,0585 ,0631 —-0,0046 —0,0414 —0,0931 
—0.0531 —-0,0564 —0,0052 —0,0431 —0,0943 
—0,0475 —0,0494 —0,0056 —0,0439 —0,0940 e 
—0,0416 —0,0423 —0,0056 —0,0438 —0,0922 
—0,0359 — 0,0353 — 0,0054 — 0,0130 —0,0892 
—0,0302 —0,0284 —0,0050 —0,0416 —0,0354 
-—0,0248 —0,0219 —0,0045 —0,0398 — 0,0208 
—0,0196 —0,0157 — 0,0038 —0,0376 — 0,0757 
—0.0148 — 0,0099 —80,0031 — 0.0352 — 0.0702 
-—0,0104 1—0,0046 — 0,0024 — 0,0328 —0,0617 
— 0,0063 —0,0003 —0,0017 —0,0303 —0,0590 
—0,0025 0,0048 —0,00!0 — 0278 —0,0535 
0,0009 0,0088 —0,0003 —,0254 — 0.0181 
0,0039 0,0125 —1).0003 — (0230 —-(1,0430 
0,0149 0,0256 0,0025 —0,0137 —,0218 
0,0206 * 0,0326 0,0034 —f,0982 ~ 0,0032 
0,0234 0,0360 0,036 —0.0053 | - (0,0005 
0,0248 0,0377 ` 0,0034 . —0,0041 | N ORG 
0,0254 0,0384 0,0032 —0,0035 0,0026 
0,0237 0.0333 0,0030 — 0.0034 ONS 
0.0258 0,0380 0,5029 ~ (0,0033 0.9 «1 
0.0259 0,0390 0,0023 — (0034 Qo 
0,0250 0.0340 0.028 - puo 0 073 
0.0259 0,0390 0.0028 vU, (,0072 
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h 0,05 | oi 0,15 | 0,20 [0,25 | 0,30 | oa 
topt. - | t.6153 | 1,4689 | 1,3641 | 1,2877 | 1,2309 | 1,1880 | t, 155i 
tellipt. { 1,6477 | 1,4627 | 1,3702 | 1,2904 [1,2321 | 1,1836 | 1,1554 




















with A s 
E from 16213 1,4720 1.3657 1,2885 1,2313 1,1882 1,1552 
formula d 16231 1,4728 — 1,3662 1,2887 1,2314 ^ 1,1883 1,1553 
Wir») A seess Na 
040 | 0,45 | 0,50 | 0,55 | 0,60 | 0,70 | 0.80 | 10 | 1,2 [369 
“41,1296 | 1,1095 [1.0934 | 1,0805 | 1,0599 | 1,0540 | 1,0428| 1,0286] 1,02045 





1,1297 | 1,1096 | 1,0935 | 1,0805 | 1,0699 | 1,0340 | 1,0128 1,0286| 1,0204 


01,1297 1,1095 [0935 1,0851 1,0700 10540 1,0428 1,0286 1,0204 
1,1297 1,1095 à 1,0935 1,0851 1,0700 1,0540 1,0428 1,0286 1,0204 
1,1297 1,1095 1,0935 1,0351 1,0700 1,0540 1,0428  1.028G 1,0204 
1,1297 1,1095 1,0935 _1,0851 1,0700. 1,0540 1,0428 1.0286 1,0204 
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Fig. 27 
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Fig. 28 
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8.14. Practical Computations of Hydrodynamic [365 
Coefficients for Submerged Hydrofoils 








Àn accurate evaluation of the hydrodynamic character- 
istics for submerged hydrofoils can be achieved by solving 
the basic integro-differential equation. However, for 
certain problems, it is necessary to follow the less dif- 
ficult approach resulting in a lesser accuracy. In addi- [370 
tion we need formulas for coefficients cy and cy which 


yleld approximate, averaged results. The lifting force 
coefficients for A flat and a slightly curved submerged 
hydrofoil of finite span are determined by the formula 
(VIII.110). 


C = — +- a. — Ady). 


The functions V, f, Aag are detormined with the aid 


of the expressions derived in Chapters I, II and VIII. 
Combining the results in Chapters I and II, the function 
Y may be found as follows: 


vere en[- i Rer, (ar) fet 
3 i d 
OC 


9 | tr JA 
— Ge ena, 
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Pst — ene) 


where Fn(A) is determined using formulas and tables in 
Chapter I. 


For small angles of attack, the relation Y= f(a) may 
be assumed to be linear and then formula (VIII.215) will 
contain the Vg value. The correction dag will consist of 


two terms which account for the curvature and profile 
thickness, respectively: 


where 


55 TO [-a[!+2Ren (ze) + 
Cerita] 

inm] eene 

sanen (hj A preme) ponen (ze) - 
= sit on? lef: dd B 
mck — Je le ec | 


7 2-259 " 
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The argument u is determined by the formula y = 
7 1 i 3 Ge and ag are determined by the results ob- 


tained from wind tunnel tests or from other experimental 
data. In the event the values for the given profile are 
unknown, then it is usually assumed that ag - 5.45 and 


ao = (105-112)66p. 


The function l4 has to be determined from the integro- 


differential equation; however, in determining functions 
Y and Aag, which are assumed to be constant along the span, 


by means of formulas (VIII.215) and (VIII.216), it is suf- 
ficient to determine the function (4 by means of formula 


(VIII.40). We may attempt to consider also the shape in 
the plan view by assuming that $4 = [| + t4, where [ is de- 


termined from formula (VIII.40) and T1, depending on the 


shape of the foil, from the aerodynamic data. However, 
this approach for determining the function £5 is not nec- 


essarily more valid, because, for the hydrofoil submerged 
under a free surface, the Glauert correction LI also de- 


pends on the mode of motion (see Section 13), and its eval- 
uation from the aerodynamic data will be only approximate. 

Since the most interesting for practical applications 
is the case of Frp >æ, let us examine it in greater de- 


tail. For this case Y and hag will be determined by the 
formulas 
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Vo = 1H (1 H- NEE viel (VIII.218) [sic] 
Y= Poll — (a, -+ ax) c], E d y (VIII.219) 

óc ES E 
Au, c Zéit eg " | (VIII. 220) 


Ue LEO 4: 0,25e4 + 0,0625t8 4- 0,04691} + 
. -+ 0,0237x]? 4- 001884! 
|pz* 19. 5.5 : 
4 = Pid -|- ig’ gë l- (er, (VIII. per ) 


From the equations given in Chapter I and from physi- 
cal considerations, it follows that functions de and -.: for 


a thin foil with h — 0 approach the valucs of Vg = 0.5 and 
x = 0. However, the asymptotic formulas in Chapter I 
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produce different boundary values. Because of this, the 


remainder terms of the 71° order, correcting the boundary 
values, are introduced into the formulas (VIII.218) and 
(VIII.221). Their values for finite submergences are 
small, hardly affecting the results of the solution ob- 
tained for submergence depths of h » 0.10, i.e., those of 
practical interest. 


The total drag of a hydrofoil of finite span near the 
free surface is divided into three components: induced, 
wave,and profile drag. It is clear from this chapter that 
it is more convenient not to separate the induced drag 
from the wave drag, but to treat them together. 


. The coefficient of the induced/wave drag can be de- 
termined by the formula (VIII.110) 


where function La should also be determined from the solu- 


tion of the equation (VIII.25). However, in the first ap- 
proximation, it may be assumed to equal ¢ according to the 
formula (VIII.40). 


This book does not consider the questions dealing 
with the flow around the submerged hydrofoil in a viscous 
fluid; therefore, it is not possible to give a sufficiently 
accurate method for evaluating the profile drag for the 
submerged hydrofoil. 


Àn approximate value for the profile drag can be de- 
termined by employing the experimental methods used in 
aerodynamics [16, 17] and introducing a correction for the 
effect of the free surface when Fr -»co: 


Ch — C, [1 + nc, (0,54 + 0,469)], (VIII.222) 
where cy = ô + 0.1768 opi 


Cxj - the friction coefficient of the flat foil; 
Led = 1 — 


The value n can be assumed to be constant and equal 
to 0.03 when Re > 5:106. 


In addition to formula (VIII.223) for computing the 
profile drag, one can use the F. G. Glass grid system 
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De, 17], in which c, should be replaced by c,(0.5l + 
+ 0.469). 

The formulas (VIII.109) and (VIII.110) for the coef- 
ficients Cy and Cyj can be extended to include other more 


complex cases of motion of lifting systems. In Chapters 

XI-XII below, other cases of the submerged hydrofoil motion 
will be examined. The results which will be obtained there 
and which will deal with the evaluation of coefficients Cy 


and Cxi should be used in the actual practical problems. 


The extensive reference material available in this book in 
the form of function tables will facilitate considerably 
the practical utilization of the results obtained. 


Let us consider one simple approximate generalization 
of formulas (VIII.109) and (VIII.110) for the V-shaped sub- 
merged hydrofoil moving at high velocities. 

The coefficients Cyy and Cie for the V-shaped sub- 


merged hydrofoil can be expressed as follows: 





Plo 
Cn = a (a, + a, cos f — Aa,), (VIII.2223) 
ahn ) 
e ct 
Lara bas 


For the hydrofoil that intersects the free surface these 
may be rewritten as follows: 


» a 


Ge EM 
i 7925 " 
C? tep 
Gaza un (VIII.225) 


where B - angle of the V-shape; 


h - depth of submergence of the central cross section 
of the hydrofoil. 


Functions V, and Lag, can be approximately determined 
by formulas (VIII.215) and (VITI.220). 


By disregarding the vortex trail behind the V-shaped 
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hydrofoil, the lifting force of the hydrofoil will be ex- 
pressed by the formula 


Qn 
Y = yooY T 8s 


where y, when being determined by the hypothesis of plane 
cross sections, will be found by the formula 





Të 
| ydh 
y= —. 
(lh —h^ 


Let us find the function y using formulas in Chapter 
II. Performing integration we obtain 


- (Iu... 4.  & nu 
— tur Ce erg, (VIII. 226) 


a `- 





= 
" 


where 


3 tres 6, VENUE VATT 


h, V 4i 4-1-- kV Ra EL. 


| 2 (hi + h) — E c 
"2h 1, lht h . ; 
| 7 tya Y 4 Ya Viet) vut A) SC a PS a (VIT. 227) 








ELE 4 A) MAC 





3 Vale 14 V+ 
n E oux iD 0 + A) D thy 16 (p + hp (i hA, + AD sl (VIII.228) 
RV 4h2 4-1 + RV Aka d BY dirt I +. Siwen 


= B (Ait +. if) CR: (h, PV 2 (i 4 Ry GAR h, +k) 
QU -2|———————— EE eer 
| | RV EY Y RY Ai Y J LN 
1 402 4-52 (i, +h) +, 4h) 
Ts en e— " h,) [3 
| ft, V 4-1 24.1 4- h, V 4i J- 1 H Wat + 
- 4-824 AD. —. (VIII.229) 


whore hy - depth of submergence of the center cross section; 


f 





ho - depth of submergence of the end cross section. 


For a hydrofoil intersecting a free surface (hg = 0), [375 
the formulas become simplificd and y is as follows: 
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Y= iine EE 


14VTT. 
_ +p? _ 4; _24+4(1— 2h) — 
m m cosa, |1 (Tas) 
eo + 4h) —h). (VIII.230) 


B (a, + a.) 


The functions V, and faoy are determined by the for- 
mulas 


t el. - (1+ 4p) cosa,- 
$= 1 —sin (o, + o, cos f) c FEN, (VIII. 231) 
| Bä 
Ba ees 


The ti curves are given in Figures 32-34. 


For determining function E for the V-shaped hydrofoil 
near the free surface we can utilize the approximate 
Prandtl condition on the proportionality between the in- 
duced drag and a certain arbitrary front surface [179]. 


f 
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— —— — 








Applying this concept to function E we obtain 


| F\ . faa Ei 
t) (o 42) - (R88). (VIII.232) 


» 


A series of computations for hydrofoils using formulas 
(VIII.109) and (VIII.110) and the comparison of the results 
obtained with the experimental data has fully confirmed the 
validity of the calculated theoretical results, especially 
at high velocities. 


For motion at high velocities, there is an experimental 
method for evaluating the function V [11, 167]. 


Figure 35 gives the experincntnl curves obtained by 
V. T. Sokolov (curve 1) and S. D. Chudinov (2), as well as 
a theoretical curve 3 and a curvo 4 derived by plotting 
the N. Ye. Kochin solution. These graphs show that the 
experimental and the theoretical curves are in close agrec- 
mont. A certain deviation from the Sokolov curve is 
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attributed to the fact that the experimental curve V = f(h) [375 
offered by him for a hydrofoil of an infinite span is, in 


reality, the curve E for a hydrofoil of a finite 
4o 
aj 
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span. This follows directly from the conditions of the 
experiment which served as the basis for obtaining these 
curves and from the methods used in processing the results. 
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V. T. Sokolov measured the distribution of pressure 
on the profile of a hydrofoil and the measurements (with- 
out recalculation) were used in the expression 


p Apa Cu 
Ap Cita 


Ae CAN Cyp is the lifting force coefficient of the suction 
wall). 


If we recalculate the experimental relationship V = 


= f(h) for an infinite span we obtain a close agreement 
with the formula (VIII.218). This is illustrated in Fig. 
36, where curve 1 is the Sokolov experimental curve, 2 is 
the corrected curve, and 3 is the theoretical curve. 


In the recalculation the effective span/chord ratio 
Aa is chosen as 4.2. 


The calculated data (the curves on the graph) and the 
experimental results obtained by M. B. Maseyev [108] (the 
points on the graph) for a foil with 1 = 3, 6 = 0.06 and 
k = 1 are presented in Fig. 37. 


The experimental results are also compared with the (377 
theoretical data in Figures 38-41. 


In Fig. 38 the calculated data are represented by 
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points, while the experimental results are represented by [377 
curves; in Figures 39-40 the calculated results are the 

curves and the experimental ones are the points [14, 29]. 

In Fig. 41, curvo 1 is based on the S. D. Chudinov formula, 

curve 2 on the formula by V. T. Sokolov, curve 3 was ob- 

tained from formula (VIII.220) and thggepoints are based on 

the experiment by A. N. Vladimirov. 


The experimental results are also compared with the 


theoretical data for arbitrary Froude numbers by T. 
Nishiyama [209-216]. 
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The comparison shows that the theory being developed 
describes rather accuvately the motion of lifting systems 
Submerged under the heavy fluid. 


8.15. Optimal Relationships for Submerged Hydrofoils* [382 





*This section was written together with A. I. 
Yukhimenko. 


The formulas (VIII.108) and (VIII.110) are used in 
solving many applied problems in hydrofoil dynamics. A 
simple solution for one such problem is given below [115]. 
dus simple problems are examined in studies [104] and 

106 |. 


As was already mentioned above, the coefficient for 
the total drag of a submerged hydrofoil can be expressed 
as follows! 


Cx = Cxp + Cxip: 
If we determine Cyig by formula (VIII.110), then for 


C 
the inverse quantity € - m we wlll obtain 
y 


C, C. 
dr did (VIII.233) 


If we change the hydrodynamic angle of incidence only, 
then the optimal relationships for the submerged hydrofoil 
for a given relative span, submergence, shape of the hy- 
drofoil in the plan view, and the Frp number are found from 
the condition of $ = o. 

qa 
Taking the linearity of Cy as a function of a into 


account and disregarding the change in the profile drag 
with the change in the angle of incidence (the angles of 
incidence used in practice are sufficiently small, and 
hence this assumption is justified), we «rrive at the cen- 


dition dE n 0, from which, after differcntiatling, we will 
y 


obtain 


C2 . 
C? = SE (TEL. 
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or 


i.e., for optimal relationships of Cy and À for the foil, 


the profile drag is equal to the Bum of the induced and 
wave drags. 


From the condition (VIII.234) the expression for Cy 
optimal for a flat foil can easily be found as follows: 


(VIII.226) 





for a V-shaped foil 


l — . 
oe y T Tō, TigBV- (VIII.237) 
E dk ei 


where B is the angle of the V-shaped foil. 


The formulas (VIII.233), (VIII.236) and (VIII.237) 
make possible the qualitative comparison of foil systems 
using plane and V-shaped foils and having optimal Cyy and 


Cym and the given dy and Aq. 


Let us examine a case of Am = X, and Cxpv = Cxpm- 


The degree of effectiveness of such foil configurations 
vill be determined by the quantity 


uo dE 
LE 8 
Èm . 
With k » 1, the V-shaped foil system is more advanta- 


gcous, while with k « 1, the plane foil system is better. 
Hence 


Since 





fg d 00586 (SP) eT 
dÉ "WES — 757757, k= h A "E (VIII.238) 
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Tne formula (VIII.238) makes the comparison of the 
hydrofoils with optimal Cy and à relationships for dy = Am 


possible. However, during the design, the consideration 
of strength, performance, and service flexibility does not 
always make the choice of hydrofoil configuration with op- 
timal relationships possible. For this reason, below we 
will consider hydrofoils with arbitrary elements. 


let us approximate the function €: 


(4)- MERE IU ERIS (VIII.239) 


Then the formula for Ey will be expressed as follows: 


Cs D. A 0,92 +413 cos B —3 cost 
e= osp t mas | T O Tigges eScosB—aseotp (VITT 240) 


Let us determine the optimal angle for the V-shaped 
dE 
foil from the condition of KI? = 0. If under this condi- 


tion we will expand É (cos B) into the Taylor series in 
the neighborhood of cos Bg = 0.866, then we obtain a quad- 


ratic equation 
C? * 
—E ESCH 0 bert + EH + 
0,02 Dr pU = 
+ 0,027 (1 i9 est | 1e, - 19125 (14 )| 


Solving this equation we get 


1,157 (1 — 0,425 Va) 


where C2 
eg, E 
— ORA +6). 


The formula (VIII.242) allows us to determine the op- 
timum angle for the V-shaped foil. The graph of the ex- 
pression Bopt = f(a) is given in Fig. 42 (the value of 


Bopt/10 is plotted along the ordinate). 


For actual hydrofoils Cy = 0.25-0.27; X = 4-6; Cyp = 
= 0.006-0.007, then a = 0.4-0.6 and Bopt = 25-26". 
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The value of k for any two hydrofoil configurations 


with equal lifting forces can be written as follows: 


"WES tee 
. Sa? zl d | 
k 3 Cd ` 
where l ` 
C 


ZW = 
a k, = A. > 6=1-+ eiat (0). 





Let us determine the value of cos B for which t 
mula gives the required value, specifically that of 


the condition of equivalency for k - 1. 


By approximating the function de 


|) 6,755 — 5,36 cos ' 


(35) 6,855 — 4,52 cosB | 


we arrive at the quadratic equation 


cos? (4,52a — 5,365) 4 cos fi (6,75540 + 5,364, — 6,855a) — 
— 6,755&, = 0, 
from which ue 
6,755kb + 5,362, — 6,855a 


cos f. = “9 (a 50g — 5, 36K8) 


+ 


, VG,755kb + 5,368, — 6,855a)* — 27.02 (5,368b — 4,524) 


— — 


2(4,52— 5,36kb) ^ ~- 


The formula (VIII.242) makes it possible 
the advantages of one wing configuration over 
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(VIII.242) 


he for- 


k, and 


(VIII.243) 


to evaluate 
the other. 


[385 


For example, with k = 1, By « B « Bo (By « B2), and hence 
the V-shaped system is more advantageous, while with p > 
> Bo and B « Bu the system using plane submerged hydrofoils 
is better. When Bu = P2 we will have only one equivalence 
point. The elements that determine this point are found 
from the condition in which the discriminant is zero: 

Rb = 0,7958, + 1,015a + V 0,62a£,. 


The relation b - f(a) as expressed by formula (VIII. 
242) is presented in Fig. 43. 


N : Fig. 43. [1 - area of 
j advantage of V-shaped 


Jona npeumywecmba e 
mer AUR foil; 2 - area of ad- 


vantage of plane foil] 





Lines ky = const divide the graph into two zones. 


In the lower zone plane hydrofoil configurations are more 
advantageous, while in the upper the V-shaped foils are 
better. Obviously, the equivalence point is located in 
the region of Bopt. Therefore, the region where the V- 


shaped hydrofoils are more advantageous includes hydrofoils 
with the angle of Bopt: 
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CHAPTER IX. THE THEORY OF THE SUBMERGED HYDROFOIL 
IN A THREE-DIMENSIONAL FLUID FLOW OF FINITE DEPTH 


9.1. The Velocity Potential for the Submerged Hydrofoil 
in a Fluid of Finite Depth 


In studying the problem of hydrofoils moving in a 
fluid of finite depth [110] the velocity potential and the 
acceleration potential must satisfy the following additional 
condition on the bottom. 


9, = 0, Q, ss 2 = — he. (IX.1) 
Let us find the acceleration potential in the form 


p »3 4e " 1(9) (x y. 2)ds, | (IX.2) 


where G(x, y, z) is the harmonic function in the area li- 
mited by surfaces x, y, D and x, y, -họ with the exception 


of point Q(t, N, È) on the surface x. For determining 
function G(x, y, Z) we can use the boundary conditions of 
(VIII.1) and (IX.1). 


The function G(x, y, z) is found in the form 


AE DEE NM 

G (x, y, drem TG— n? + 6— 0^ 

LL LL ERU EN C Vou, A. 
=F U— art Got TOM HA 

where G(X, y, 2) is the harmonic function within the en- 

tire area under consideration. 


Let us note that 
M MEE — ee 
er te 8+ (y —m + @— HD 
— TW *U-g Fe 
and using the integral expression 
d ` R l 
l l Tm 
T3 Deut 
. -fi zo xw ee 
o9 


n 
= 3 beggen 
— 4 
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under the condition that z - 0 > 0 and z + ¢ + 2hg > 0. 


Then we can evaluate the function G4 using the equa- 
tion 


Mash À 
PO, pyl at ale CNS, 
d X (AÀ cos?8 4 y) P1323, 


where d 
€ = (x — D) cos8 4- (y — v) sind, (IX.3) 


from nere it follows 


a £^ sh À (C + ho) eh À (z + ho) (A costa + y) enoda 
d jay | ch Mie [vh Mi, —Xcos] ^ — (IX.4) 


In order to satisfy the conditions at infinity the 
path for integration with respect to A should bypass a 
special point Ag[e], where Ag[6] is the real and positive 


root of the following transcendental equation 
v th Ato = Ap costo, (IX. 5) 





vh 
For ; > 1 the equation (IX.5) has only one positive 
cos^Q 
root for every 0, and for Jn « 1 it has only imaginary 
roots. cos“@ 





We can show that the conditions at infinity are satis- 
fied if the integration path with respect to A for the 


values of hl e is bypasses the special point Ag from above 


and for qm SE - c it does from below. Then 


uec uiui EE 
(e ZH FUS F ea 
— [c +: 2h. A 
"e rt v- y= nyt GT SN 


G= 


44^ = 
e- (Acosü Lait LAML — , 
+t d \ chA (2 + h) deta 


ch Ahly th Ah — Acoso] | ` dt 


2 


La Ou 
2 
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be ` | i 
A RF eines + ih G+ ha) + 
| Rei AMOR — 
WI d DA CAI, Ready —— 


Let Ia bypass the specific point Aotel from above and 
let Lo do it from below. Computing the remainders, the 
expression for G can be written as follows: 


CTHNDEME = ATA 

; (x — $) + (y — »* + € — t) 

B  SEEt äh A 
ELE y 6 FCF 2g 


| sh Aa (ho) ch do (2+ ha) eo 
+ Re 2vi 1 ° ch cost — SE SES , 











A 
e * 

x l e^ (A Cosi +- y) sh A (¢ 4- ho) ch v" + ether 

cx faf — v ihih, — Aost D, (IX.7) 

| ». 

where the integral with respect to A is taken as the prin- 


cipal Cauchy's value. The velocity potential will be found 
from the expression (IX.2) as follows: 


EE 


Computing it, we obtain 


Ld (elef - (72-1) - 


GIEL p 9-4 








— — —— — 


~ Gantt E+ E+ 2a) n 
"+4 
89 
sh Ae (È -]- ho) ch Ko (2 -F Mtg) ce [2 
— f ~ (ch: Ach cost — viel cos . dies 


T2 


au € (A cos?8 A- y) sh À (6 4- Aio) ch (2 +- fto) ea 








— —— — —— - — — —— — 


ch bii (v th Afto — À cos?6) 
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Using the Prandtl theory the velocity potential can 
be expressed as follows: 


b 
TI re fee Y. £, 6, N &) ded, (IX.9) [sic] 


Il es 
where ọọ is the potential of the corresponding two-dimen- 
sional problem. 


After computations, it follows from the expressions 
(IX.8) and (IX.9) that 





6/3 
1 Ze Sc 
$796 in | to Gate 
, — : We 
| _. ZZ++ D 
e (y — n)? + (z +0 + 25.) 
a 
— 7 
rM SA host SIN g 4. 
— à v S 
T xs 0 (tha) 
j d 
aa RBA e Menta Je (1X.10) 
| PIS SV: bw 


With Fr aen and y 3 0, the expression (IX.11) produces 
the value of the potential for the boundary condition on 
the free surface 


bn 


l f e 8. nm 
P= 90+ 47 T (m) |ui (2 — Em 
—b/2 
— RE 
| (y— ma e+e + Ah. o 
i Meis? cosh a] is dini 
Ke POFRE l o — am à 
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For Fr > 0 and y oo, the formula (IX.11) gives the 
value for the potential for the hydrofoil moving between 
two solid walls. 


à i M. . : , 
äre ET rice : 
PES dic 2404 äh, . - . 


-uc E EFAN frm + 
M, — 
sje — £d) Meet Pa ala — 


The expressions — and (IX.12) can also be ob- 
tained by analyzing the vortex models of corresponding 
motions directly. 


The integration with respect to 6 in the formula (IX. 
10) extends only to values of 6 for which the equation 
(IX.5) has a real positive root AgQ(0). These values of 6 


vh 
will be determined by the inequality : > 1. 
cos^0 





The formula (IX.10) can be expressed in a somewhat 
more convenient form. Iet us choose a new variable 


S ra 
Then "E 
d 2 "da eh - — [os 4 T A , ] 
cos m h— as) | R Ze ch Aoh sh Ach VI Y 
Ae l 
ya Po — * Aj (v5 op SE 
_ 2 T +E + -+ SN t 


Sy —— — — — 


— w/e SE [391 
—2 | ————— MÀ ee d 


ch Missh AM y! = m 
Ye 
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where yg = O for vho < 1; yg is the real positive root of 
the equation (IX.5). 


For hg >œ the formula (IX.13) gives the following 
value for the potential in a fluid flow of infinite depth 


fx ba : ee 
e Po + z.) r (v) Ga yt ES cos (y—n)dA — 


eo 
ee cos (y — v) ]/ 1 —i 
(E Ti yd. 


A 





di, idr. (IX.1^) 


Y 


a 
9.2. The Integral Equation for the Hydrofoil in a Fluid 
of Finite Depth 


Let us formulate the expression for the induced veloc- 


ities 9, in the following manner: 


9,7 ag x |) vO {ae V= Gurnee ICH. P 
xtX e 
“y= UEFI A D "br 


| REN sh An (6 + ho) sh Ag ( ` Th). Aye 
-Re 2Y d dai, olo COS*O — vho cos ` d8 — 











-4-A : 
Em 3 EAR — icht? 3 gr i ay 
4 | cost a ch Ah, (v th Aliy — À cos? 6) + 
GR 
M sh À (E -+ ho) sh À (2 + A 
al £ "Ss o) sh A (2 + ho) cos A (y — —m9*, 
+ (= sh Aho un aJ. (IX.15) 


It follows, thon, that the integral equation of the lift- 
ing surface with an arbitrary shape in the plan view will 
be as follows: 
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Oe ak 

ð z+€+ 2h TÉT Ak 

E va (52) J 
A8 


ES sh? Ag (ho — h) Ao e" 
Re2v (ch? Ae Ao cos? — vA) cos @ di — 
g 
[d T * 


he 


id T ; (70 cost + v) ShA HEI 
| x) ww) _ hah, (v th Ah, — X cost) 7 


sen M, shtÀ (ha A) A cos À (y — n) 


hi a] ds = voa. (IX.16) 
e 


From the lifting theory the resultant of the induced 
velocity along the axis 2 will be as follows: 


(d. — 
a ae ta | TOO Gare OR 
A 


_(y—nt—@+0+ 2h) + 
— [9 — 9 t @ +0 + 24)? — 
f Ae- sh (C+ fg) sh A (2 + ke) — 
Bee ‘Shite. SEN 


1 


A sh À (e+ Ai) sh A e XUL RH 
—2 


dA |dy. — (IX.17) 
V TELLE 
Y 


The integral equation for the problem will be obtained 
by taking 22 at the points on the surface of the hydrofoil 


p -(0, y, -h) and by taking the boundary conditions of 





where 


b 
T 
I I (y — n? — 4 (ho — Ay 
MÄ ke SEET — Deeg — — 
jroo OF Tg Ws 40,—1895 
ma 
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( Ae- Mesh (h —h)cost(y—n) n — 
| v BEES a e: 
ËTT TEE ay—n) 1 1-7 m) 


4 (IX.18) 
yh SYM, — ch Aha sh Mig 


Combining the values of Von with the values for cir- 


culation on the hydrofoil, we obtain the basic singular 
integro-differential equation for the proposed problem: 


. b 
Wi 


2 
dy 
rg - Hee (y) — Sat. 2l" d 
LA 
2 


v 





b 
1? 
, (yA Athy =) 
-fro A2 VF Aig MN 
Ka 


shah 


cosà (y—n) dà — 
ËTT n) Vi: rat i T 

—2 t Gh "bh (IX.19) 
ch A^, sh Mito y a- — M | 

where B(y) - chord of the hydrofoil; 


ahhg - angular coefficient in the relationship 
Cyhhg = f(a) for an infinite-span hydrofoil. 


A 9 f Agh. shi! X —— h) 








Another form of equation is obtained by integrating 
by parts the second integral with respect to 7) as follows: 
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` 
"A 





: yg—1 —REX he —h) 
WS deih | sh, St 
| eer 


dou, — A) sind y— 9 / 1 — 1 


+ 2 - dy}. (IX.20) 
| (1— ee ) eh Much Aho | 


À 
d e 


For the considerations that follow, it is more con- 
venient to present the equation (IX.19) in the form of 
(VIII.15): 


| dë Se 
~ df. NE — 
ra= gs e U~ 55 : v [5 06-5]. 


2 ee rs Bn 
MOS y= 1) + 16 (fp—A) ~ 
è 


— dan (ho. — 2. 
— RE GEN -94 2n 
— D K l E l ; 


p 


+2 se el Aca d^. (IX.21) 
1 


For hg >%, the function Ggng(y - N) will be as fol- 
lows: eo 


g—3-— | es G—5 








while for (40-3 c9 and W = 0 
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| =) 0... 
Gen, D — s 4+ 16 (ha BIR 





leet sink (j — däi (IX.22) 
y—n 

we yecc- 1)? + 16 (ho SM 

42 [caen 6 ha M sina G— T) da. (IX.23) 


The formulas (IX.22) and (IX.23) correspond to the boundary 
conditions at the surface gy = 0 and 9, = O. 


9.3. Determination of the Hydrofoil Velocity Potential 
in a Fluid of Finite Depth 


In order to determine the velocity potential let us 
use the integral formulas (VII.43). First, let us deter- 
mine the function G(x, y, Z, E, N, b) using the integral 
expression (VIII. 39). Let us find the function G in the 
following formt: , 


TEE vo 


We obtain the following: 


ZS wu "jé , 
MN E | (PA UEIS PIN Me Une qi, [396 
A on VR a 
—e keen 
Lea +2 -— 
Ex r _ D ( dk ` gi ETN g ^ * ESA ch yh 4-43 (54-9) X 
r rf, 2R ka -+ AN ? 
-09 —09 


X g 79 e V7 dh, — 


Let us defino G4 by the formula 
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vgn ch Vk + ANE + ho) ch VR" + 14 (e + he) A (k, H, 
~a chy Ls + JU 
x gr H pad a. (IX.24) 


Let us select the function A(k, A) using the condition 
(VIII.1) as Follower 
AN 
° 1 rj 
Ee ! 
+ — vh Vite ei 





Vai ME: 


Then i i 
a ndst —-— 


rad — — MEA. 
n EA] © chV RIF h 


=o 





eh BEING A Aler + ét 


x — di, (IX.25) 
A eee VETE vyth VEF Mh C 





or 











, Vi ! — 
— A1 pA d 
3 — DEEG th VRE + a 
ch Vk? £47 hy Lo eer + VEER —vth Vk + i 
: [erem ch YEE Tho Laien — VIhV EF he) — 


— 9 ch Y RFP À3 (E +h) ch V 1 A (2+ hy) x e Hedi WA, (IX.26) 


Equating to formula (VII.43), we obtain the following: 


|] mà -Ayar TER —— 
N Q., k) = -5 eV ON AW REA le"? 4-4.°(24-0) ch yk? T i2 hax 


€ NM 


M M ch 
x í yag bv d —2d y T T3: 
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G+ hy) ch Y + (e + ho) (aca t dd | 





A Vk? Mch VR FA ho 
QA h = e NIR VNF ER 
rs VBM ° 


Q’ a: = Alb + At) ch* V &* + ASh A ho — v (E + A] 
(E + A3 ch? VRE F Aho 
N N (0.. b e" 7e -- [A (£- C49 
Q(.E [ky 
"et e 0779 chiki + Ro chike A he) re noe 
[AI th jt [ho 


Let An be the real root of the transcendental equation 


1 — 
A yth Y A3 Et = 0. (IX.28) 


yg 


Then, using formula (VII. - we obtain 





49 1 EET E (H+ 
rh ape 


eo mg MP ch — (2 + ho) 
fe TAITAI d dét 


200 geh y E RE (&-+ho) ch Vr P (e+ 
wi e + th VÄT Eh) , 
VIS + Ad) ch VAS + A? i Bh — v (È 4- MJ 





X chV 33 4. En, (£4 AN — jg t) dk — 


Jee. 





-— _ dk. (ie erm gh VEFA 
): — — EE x 
a 21 V5 T Aë ch Vi -+ 43 li, — Tya — ÀJ thy k? J- Mh, ` 


dë yv 
(ec Aly Ate $3, 11 | 37 
X |^ ch Vk? 4. 8h, — —vth Vie + ķi D = 
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—2ch V RECEN C h) x chY PE E+" 
tid (grat) 0 andi 


The integration of the triple integral with infinite 
limits is carried out for the values of k to which the 
real roots Ag of equation (IX.28) correspond. 


Behind the hydrofoil, at infinity, the potential will 
be determined by the formula 


aman ff well dë 


Ae 
d eta m — di e 
lz, 


+e 
elu eh, ch [kI (8 + Aa) ch] Af (Zz + ho) 
f [Alsh [A] hy E 


— 


zi f: 3e e V Ib etum ch V Ef 4- Al M Eth EE A (2 4 he) [399 
AL + 23) chtV € + AE, — y( A? + 3) 


x(- th VETEN o) ch VE M (E 4- Mosis (n D de s (IX. 30) 
For v œ, the formula (IX.30) will be as follows: 
(rr "Cat 


TN 9 TE elim eto di 
S "ai" j H 








—o 


li f= orale Vee Mh ch | — Ct fe) HEEL t) dh | ds. (IX. 31 ) 


For v> 0, EET and then 
ð l 
eria Pater 
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“pap : 
ð , ea g^ ialie 
" | f = hace 


D (5 


— D l = 
* eunt e- Wh ch | RI (C+ Ay) ch{&| (z + ha 
m | TEIDE ala (IX. 32) 


9.4. The Wave and the Induced Drag for the Simplest 
Hydrofoil Configurations in a Fluid of Finite Depth 








The solution of the integro-differential equation and 
the problems connected with this equation (for example, 
the problem of optimum relations), can be obtained by us- 
ing the methods given in Ch. VIII. The problems for U-»co 
and w 0 are solved without much difficulty. In the spe- [400 
cial case when W - 0, the function (IX.7) may be presented 
in the following form: 








ERAN EE 
Aker y — 4i 1449 
k0 P 
"OPERE SE d 
e y + 4i —X k+ 
2 j—4i 2 
Se s t 
T n eo RL 
‘yt 4 md 
Seu 
d cT ae (1x.33) 
+ 4i ha aA) g— u(t 
where li, = fi — Ñ; t == Af _ 
For the function Re l — the expansion in powers of 
z+ ix 


parameter zs Y 43.4.1—2x is as follows: 





n 
vol 
eo 2 
i | 4 fl LY (n—1 > p)...(p+ 1) ki -— $—1—2p 
t Ee a cuis. ERAN. I GE 2 d 
GEERT DA (n— 1 — 2p)! (- 1) ' 
n:-2,4 px 
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Then 
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4=0 522,4 ‘ ! 


€ 
a e 


(n—1—p)...(9-+ 1) Së yr, 


Qi) ai= (IX.34) 
pex 





- Vs) (K+ i). [401 
— k 


Now, utilizing the expansion (IX.34), it becomes not too 
difficult to obtain a solution which is similar to that 
presented in Chapter VIII. 


A close first approximation for the case of an ellip- 
tical distribution of circulation f(y) in an infinite flow 
can be obtained with the aid of the method similar to the 
first approximation method for solving regular equations 


Let us find the solution in the following form: 
rgj-oeVi—p. (IX.35) 
Substituting the expression (IX.35) into the equation 


“and integrating within the limits of 2 - 1 to +1 we obtain 
the following: 
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| "x reng zl (IX.36) 


Lg A 
| Deko F 
® = D ZA, 
— D zi e 
a; 2 - t 
CLT) E Of | Wy EM Wes — 


For the case of the hydrofoil moving in an infinite 
fluid flow the formula (IX.36) produces exact values of & 
for the elliptical distribution of circulation along the 
span. However, for the motion in a restricted fluid flow, 
the optimal hydrofoil will be that which has the distribu- 
tion of circulation different from the elliptical distribu- 
tion. The foil that has an elliptical distribution of cir- 
culation in an infinite fluid flow will not have an ellip- 
tical distribution when moving submerged under the surface. 
In this case, the formula (IX.36) will produce an approxi- 
mate solution that corresponds, to a certain degree, to 
the approximate Prandtl solution, that is, to the analysis 
of the system with a minimum induced drag [39]. 


Going over to the coefficients of the lifting force 
and the induced wave drag for the hydrofoil under consider- 
ation, we can write 


C got, RU T 
HRT ae Vias ui^ (1X. 37) 
+1 wae 03 0.5 
du Gi Gada (Ix. 38) 








J Vi — n? 


For the case of motion in which (0) 2 0, using the cx- 
pression (IX.3/) we obtain the following: 


C= 1+ 0,500c, + 0,2506, + 0,06258; + 0,0469e, + 


4- 0,0237e, + 0,018824, P (IX.39) 
whore d 3 


bos 2p a 
1 
06$: ), Qu 4 712—215 -T t t 
S k-30 : i ` E 


c j a D D j 
1 P ` 
AA Gd 4- tf, — 4, Sei — th t th)» 

A=0 ^ : 
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KE 
e, = Ä (Qi + 9$ — 32! — 25! — oh 1. 
h=0 ` 


For analyzing the effect of shallow water, curves ob- 
tained by plotting formula (IX. 99) and a computation Table 
11 are given in Figures 44 and 45. It is clear that shal- 
low water reduces the drag of the submerged hydrofoil con- 
siderably for the motion in which W+ 0. The formulas 
(IX.37) and (IX.39) can be used in practical considerations 


of the effect of shallow water. Table 11 [403 
= L Values of function j for hp 7 
o [oo | ot [02 ]| 03 | 94 | 06 | o 
o 0, | 3385 1) 2,0000 
005 Q. , 5530 — 16154 
01 - 0, 14824 
02 0, 1,2006 
03 - 0, 1.1891 
04 0, 1,1298 
06 0 1,0698 

0, ,0000 





aw 


TIT 


~~ 





The problem of the hydrofoil moving under the surface [402 
of a fluid of finite depth was also studied by I. Breslin 
[230]. For the hydrofoil with a constant circulation along 
the span and for the hydrofoil with an elliptical distribu- 
tion of circulation he obtained formulas for Ge Let us 
present the most important results of this investigation. 


Breslin defines the potential of the hydrofoil in an [403 
infinite fluid flow as a potential of a layer of dipoles 
located within a semi-infinite strip whose width is equal 
to the hydrofoil span. 


Breslin determines the wave potential gea as follows: [404 
2 x 


.2 TQ Aa sh Ag (ta — A) ch Aa (Z + Ay) 
Ta eh | de f To E ~ (Mrs 19 shah 


X [Ag + v sec? 0]sin (t — T) cos 0]cos(À, (y — n) sin0]e-^^«* dnd8, (IX. ho 
From the general formula (IX.8) we can determine go 


as follows: 


-2 


P: = * || v (9) f= pole te LUE AUR EE a0: (IX.!11) 








ji Ms cos? 8 — vk) cos 


DD D 
2 . 


If we integrate the expression (IX.40) with respect 
to t then, after transformations, we can write qo as fol- 


lows: 
E i TEMO 
xr ev dcr cp 
: f= + " j Cl: 


eg A, (E + ha) ch Ay (2 -+ - I) sin Dat cst ong =D og (IX. 42) 


DEER — —— — —— — — 


(ch? Aut cos? 6 — vho) cos 8. 


This expression can also be obtained from (IX.41) if 
we introduce the lifting line approximation. 


For determining the wave drag a formula is used which 
defines the wave drag on the basis of the free surface 
shape. The expression for the shape of tho free surface 
may be written as follows: 
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^ i 
Q, sin M xcost cosy sln odo, (IX. 43) 


e 
— 


= 
where ERES i 
` seg Ae (fio — A) Co + v sce eh 
C= ng Le eg A 
| deet E? 
4 


x IS T — cos bà sin 0) d». 





If the shape of the free surface is defined by the [405 


equation z 


V ke E + Q,cos Asin B + Q; cos A cos B + 
+ Q, sin Asin B) dd, (IX. uh? 


then the wave drag is given by the formula 





2 3, a 
SST (Qi -- Qi - G+ o (4 hif Aë cos fdt, (IX.45) 


where 
A= ħxcosð; B=A,ysin§, 
For the hydrofoil with a constant load along the span 
after the — we obtain 





ER ct hA, fr, sh? hh? Ao (ho — A) sin Ao B sin 8d, 
SA heit, — — visse 0) sin 8 cos 8 (IX.46) 


For the case of a fluid of infinite depth this formula 


transforms into the following formulas 
n E 


E 


— = baten a. (IX.47) 


— — — — ——— — — 


sin? 0 cos 0 


For the hydrofoil with the elliptical distribution of 
load along the span, the wave amplitude will be 
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vT, X, sh Ag (te — h) De + v sec? 0) e^ 





Q, 5 —-,- ——M————— à x 
CS Iq ] vhy 5-0. 
ch* At, 
b 
1 | 
a 1 — cos (An sin 8) dr. (IX. 48 ) 
Then à 
SI 1055 „y Sin N) sh. (Ae — bic bi t 
Ca BI "a : 
Ga m" WS — vi sect) sin eos Ó c LI, ha 
for Fr A oe b [406 
Ca 2 (I0 y) A — h) 
Cal Ash 2X, d^. . (IX. 50) 
0 . 


In solving for the induced drag I. Breslin takes the 
velocity potential as follows: 


P= Po +P, tP + 95; 


where po - velocity potential for the wing in an infinite 


fluid; 
91 - velocity potential that satisfies the condition 
of (Po + Pı): t 0, — — he 


Ph t Pop - wave components of the potential 
Po + Pa = Por T gu E Py 
where gou satisfies the following conditions: 
Po? = 0, z — — ho» (Po + Pa), — 0, zZ = 0; 
Quz 0, z= — hy (o, + qi, = 0, 2-0. 


For Fr — 0, qj — 0, and for Fr > o Breslin defines o 


as py = -2(v01 +944). Obviously, this type of definition 


is incorrect, because with Fr +o we have the condition of 
Cx = 0 on the free surface. We can define in this way 


only for a fluid of infinite depth, when 4$ will have the 
particular points only on the surface, which ropresents 
the mirror reflection of the surface s + 5 fron the plane 
xy. For a fluid of finite depth op defines the grid of 
imaginary surfaces. On the basis of the expression for 94 
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with Fr > ~, Breslin determines the induced drag as one- 

half of the wave drag with Fr > æ, taken with the opposite 
sign. For the same reason, this type of determination is 
incorrect, a fact which is quite evident from the compari- 


son of the nuclei Gmo (Y - 9) with W hon using formulas 
(IX.22) and (IX.23). 


9.5. Motion of a Submerged Hydrofoil in a Channel of 
Rectangular Cross Section 


Let us consider a hydrofoil moving through a channel 
with a rectangular cross section and width b. 


The potentials @ and ọ in this problem must satisfy 
also the additional conditions at the walls of the channel 


b. 
= 0, . 9, = O. y= + -5- (IX. 51) 


The function G(x, y, z, 6, N, f£), in this case, can 
be found by the simple mirror reflection method. Using 
the expression (IX.8) we obtain 





+ co 
G(yznztta)- Lr 
CZ (e — 9 — 
— ——Ó ie a — ee 
— [y — 5 4- bl — 20)?4- € — tyi? 
E o Z+6+2h —— 8 
(x — E} + (y —1— 2:5? -+ (24-04 2h)? 
— 3 
(x — P+ (yt a+ b(1— Bn) P+ + E 4-244)? 
+> 
ch Ao (b 4- Aa) ch A(z 4- f A ed cos 
Tee p ' en Ah costi vy eo. . 
— E 
d (e^ 7 F21^)sing i eM m dime] qu — M 


— 
— dE (£e ostio dät -|- fr) ch At 24-/t) iili x 
PM 3» ch A/o (v th Xho — X cos? 0) 

sc 
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X [e 7t 28)slog + g^ (6 n5 20)co38] J al IX.52 ) 


Then the velocity potential can be written as follows: 


SE —0 
M um KE — b reU 


poer — — 
GH" 
+ gnro e — 2h)?4- (z—t) e * 


' — $ 
d V5 nt SCH = ape He — 


GELEET 
V 2nby (+t 4 oh? " 
e | Eee aE |- 
V (x — E + (y —1— 208)? + (z + EF Ad) 
(2 +O 2hg 


(gy FQ ol — 2p e+ UT Ch 


x kee e} ' -1]+ 
Y (x — &- SES ly +n: l- Tb (1 —2n)] — (2 $ 2-2 | 
+> 


{A (x—E) cos @ 
+ Re2y f Sh (6 Tho) ch hole p hoje mt 


xe x 
T 
x [recs J- e g^ Urn eege 4. 


it ao f e~""(Acos? 0 A. v) sh (E Lhdchtztkbele ^ beast 


— — — ENTE: cce EE x 


+ | cosü — chaAhg[v th Ahy — A cost 6] 


a 1. cos8 
—x 


x VTT 4 c^ U Psp dA — 


TC nh GH tte) HAG Hho) 
ER ch Aho ws 
X [cos A (y -— n — 2:5) -- cos d(y 4- n --5)(1 AE (IX.53) 
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If we use the integro-differential equation (VIII.15) 
then the nucleus G(y - N) will be determined by the formula 


; +o ” S 
— — W l : ] E 
kad U —— 2n) E [y +n + b (1 — Za P 
E to 
4 Li (y — n — 2nb) 
: cl ENZZI 16 (ft, — Ay — 
8 Grat — 20) 


[y t» ES — 2h) + 16 (h AN — 


o ( 6 ste 22 (li, 0 
sh 24h, 





x 





[409 
x{sin à (y — 1 — 27b) -+ sin (y + 4 + b (1 — 27)) + 


+2 | ME dk X 
e pm m NN 


i mS —— (IX. 54) 


where symbol 2. denotes that the sum does not contain — 
y —T 
For an infinite channel depth the function G(y - m) 
will be as follows: 


+ co 


1 
— — J l 7 l | < 
— =" E, eee ee EE + 
uer zd (j—5—25 "Gi TIT 


— GO 


k 
een. J 


p" [In y — F — 20b) -+ sin A (G +H + BUI —2m) + 





^ e p 
zl = [sina Li Dä 20h) +, 
] o 


A 





+ sin À EECHER (1X. 55) 
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The integration in the integro-differential equation 
(VIII.15) is performed within the lirits of -1 + a to 41 - 
-a, where a is the relative displacement of the axes of 
the hydrofoil and the channel along the horizontal. 


With a = 0, the coefficients Cy and Cy for a hydrofoil 


with the elliptical distribution of circulation in an in- 
finite fluid will be determined by the formulas (IX.37), 
where function ¢ is also given by the formula (IX.38), in 
which G(y - n) is determined by formula (IX.554). 


291 


CHAPTER X. INTERACTION OF SUBMERGED HYDROFOILS [410 
IN A THREE-DIMENSIONAL FLOW 


10.1. The Velocity Potential and the Integral Equations 
for Hydrofoil Systems 


The interaction theory for the submerged hydrofoils 
can be developed on the basis of the results obtained in 
Chapters VIII-IX. 


The problem of motion of a system of submerged hydro- 
foils is analyzed also with the boundary conditions on the 
free surface (VIII.1), (33). 


On the surface of the i-th hydrofoil, the condition 
(31) must be satisfiedi 


— + LU 
g, = — on Si: 


Let us examine the steady-state motion of a system of 
n arbitrarily positioned submerged hydrofoils. 

When crossing the surface s, the acceleration poten- 
tial undergoes a jump 0. + 0, = -ysi(0). Taking this fact 


into account, the expression for the acceleration potential 
can be written as follows: 


Sey nea ds, (X.1) 


Let us obtain the expression for the velocity poten- 
tial which satisfies the condition (33) through the inte- 


gral (X.1)1 
af "fai 
p iit dE +, (ty, d (X.2) 
i Gil H ao l C 
Using the value p, and the boundary conditicns (21), [411 


we arrive at the system of integral equations for determin- 
ing vyi(0) as follows: 


aj 
3 1 9 d ] 
x e “Or M v, (9) | pa b T fog, dal — JI (X.3) 
i " Si co i l E324 
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The harmonic function k(x, y, z) is determined from 
the boundary conditions (VIII. 1). For a fluid of infinite 


depth the function k(x, y, z) is given by formula (VIII.6). 


This problem will fall within the limits of the lift- 
ing line theory approximation if we select for the upper 
limit of the integral with respect to x, the values that 
are equal to the points along the abscissa for the i-th 
foil, i.e., the points located on the lifting line. The 
system (X.3) will then acquire the following form: 


Der -> bel aly — = y+ Uys (X.H) 


ize] tal 


—1, 2,...n) 


where Vo; - normal velocity on the i-th foil that corre- 
sponds to the two- dimensional problem; 
Zou - abscissa of the i-th lifting vortex. 


Introducing the circulation [j(n) around the i-th 


foil we arrive at a system of integro-differential equa- 
tions of the problem: 





` i 

" . ay 

: ob, (y) a,, l d ean 

— eu cen oO) =a, DES: = 
4 


E Rb od rui en | 
pres — * | T, al: s k, SCH 2 
CM NE i | eo ; 

; | : 


—* 





; a s 
ew | ran | t. kx, y, z)dx . (0.5) 
« d E 
! 
4 


(f=. 1,2,...) 


10.2. The Motion of a Biplanar Hydvofoil System Submerged 
Under the Free Surface of a Fluid of Infinite Depth 


Let us examine the motion of two biplanar foils sub- 
merged under the free fluid surface. 
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Performing computations for the potential éi and the 
induced velocity, we obtain 


d 

75 eo 

| LO} Ga Guten ) aor My —n)di— 
1, 

3^ 


(z— — El Er gen _ 
+ | P, (n) (y — JF ety af ccs A(y — m) dà 








cos À (y — n) pct 
— 2 | EH A dn , (X.6) 
v 
S ff id^ 


$4 = a | T, (m) Lat H ch m Ay—n)x 


cos A (y — n) IER — 





X di —2 | APET --—— GE dn 4- 
y-i 
X 
Us t» 
` (y — 1)? —(z— k -}- 2 c^ FEN) cos(y — 44 — 443 
a | ro) (y —u- € — PP | L 
5, 
re 
cos À (y —- 1) UE 
"Tv: l dà td}. (X.7) 
V 1-3 
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Then the relations (X.5)-(X.7) produce a system of two 


tegro-differential equations. 
| ob dÉi 
ny) = Oe tau) 1 — 
* 
Yo e 
+ ne E ee I TAL M 
an Krees 





_ be 
+> 
, v (Q—*—(5, —! ds 
X550 0) y — ui |" (y—*4 Qa P * 
UU. 


+ jones cos À (y — v) dh — 





= ju 
143 
+7 os 
h 3] 
Di E US), rU Hg Le sy) — xj; | ud 4 
b. 
- 
T 





y— Why — Po, 
+ { I’; (n) * i(g— — GE i X 





— b. l 
osy 5) | -2 Wei 
LM | (o —n itc 
g i +f OO (ty — iE a CART 


127 5. 


dee eos (y — EE 
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' — —1) "m 


— 2 Ac An l^) 


poss d 
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* — (X.8) 


in- 
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or in the dimensionless form 
+i | 4-1 
S o (n) dn =A 
D (y) = a, (y) — | | BOS jr G,(y— 


+1 
— 
21 














r (y) = 2a, — f TQ) dn e 50 - nds 
à 2A.) ] ^ 2x ) y—1 déi a (Gy — ndn + 
+1 7 
+ [nwosan i (X.9) 
where ~ E 
PF | (y — h)? — (4h : 
G T — — 
iid i [y — n)? + (4h,)'P 
_cosk(y—n)]/ 1—2 
—2] 7^ M APPEL, Y 
— — 
A 
OR E (y—n)*— 4k? (h, —hy - 
BEE (y — n)? + 4e (h, — PR i 
i ies 
ps Go 
— 29 eR tha) poste y — TE dA 
| y 1-3 
i i: (X.10) 
G, (—3)- (y — ny — e (4h 


(y — d Led? 


o ge —AAKhy con m V 1-3 — 
o 
7 V 1-2 X 


GG-as YoU Rh» , 
— iu⸗ aLL ME 
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+ d e rh. cos (y — a 





With f >o, the system (X.9) will transform into a [416 
System of equations describing the motion of a biplane in 
an infinite fluid flow with the foils separated by 2Ht: 


+H e 
cl 


T, (y —" n)? — 16471 (ës , 
Ge gay ieir 7] 


^ Qo) = | P E "H 
de = Hay) J E 7 dq + 


+1 
ith 72 1)? — 1 — del dn Vl. rd 
Sa, + Jn ( Be n? 4- 16H*g n ] (X.11) 


With ù +0 the nuclei G,(y - N) will be as follows: 


l GF) — HE 


: MEUS ip Kä 
OE (y— — 4k zd (y — -3p — 4h2(h, (Ay 4 A- hy 
— Lu me AA) 
e — nye dant is cip? ((y — + As + lp (X.12) 
oiu Eme —ep 2 5e 


((y — —hp kh . 
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— —h» , _ = — 4 + 
(y— +4, —hP G 9*4 405 + hy? 

With W >œ, nuclei G4 and G3 will have the-opposite 
Signs, while in nuclei G2 and Gy the sign of the second 


G (y — 5) = 





term will change. 


The coefficients of the lifting force and the induced 
drag for the hydrofoil system will be determined by the 
formula 


i - 
T Coa} Odi 


DG. J Gelz (D - dn + [nog =n) dn + 


+{n@ag— —1)dn |. (X.13) 
-—1 


^ 
ln di Dy — dr jj^ (n) G, (y — n) dn + 


+ [nog aa] (X.14) 


PR 
where A, and sj is the area of the hydrofoil. 
i 


The system of equations (X.11) can be solved with the 
aid of methods discussed in Ch. VIII. 


Let us obtain an approximate solution for a hydrofoil 
with the elliptical distribution of circulation in an in- 
finite flow. This solution permits studying the free sur- 
face effect on the hydromechanical characteristics of bi- 
planar foils and is satisfactory for the majority of prac- 
tical cases. 


Lot us take the function ---—— in the form of 


L 


| 
AU) AEST: 


Lot us find the solution of the system (X.9) in the 
form Dt: oV ffe? and integrate the equation with respect 
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to y from -1 to +1. Then 


E ++ — i-r jns — aguas |- 








2a, 
d. 





- 


$3 [VIRB [VR ao vai} © (X.15) 





of + S apice At ial- 





as 


-9 Vie (vine G.(y — en 
or a. a. " 2a. 
Q, í +t) F - A. 6, = M Du 
M " 2 
el Ta, ) ue = 5 (X.16) 


Hence it follows [418 








TOU CM E A — (X.17) 
3 As ‘ d ^h, 
( (xu) + x, — Lab 
2a za ' Ja,. aco 
at «(1 + SH PT 
UE x3 GK ht a 
2 vu -—— Aa Agi 
| M sj er" —n" G (y n) dady, (X.19) 


where 


een ae G3(y— dn (X.20) 


TER vi — (vice EE  (X-21) 


— 


a cc KC E 
E - x Vip Vi— a? 6, (7 — 3) dady. 
St 3 =i 
Using formulas (X.13), (X.14), (X.19) and (X.21), the 
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coefficients Cy; and Cxij will be determined from the ex- 
pressions 


C, a e : I (X. 22 ) 
dir v 
E E^ $m 
s Ca = Ta, e ex (X.23) 
Cut + -5 
4 ta -t5t00 —— 
~ Q 
9-74 P 


The determination of functions 64, 62, 612 and Lou 


by formulas (X.19), (X.20) and (X.21) involves very cum- 

bersome calculations and, in addition, it is impossible to 
obtain their values in a closed form. Interesting results 
are obtained when determining them in the form of a series 


in powers of the c= yia ii—2a paraméter. The expansion 
of nuclei G,(y - N) will be as follows: 


2 
q -i-H. e+ — 28 
Gg —5) = Kä L^ erat ali US das Lc EIS c 


" k=U,2,. 


x (— wë" HGD Gn (2) i—1, 3,... 


8 e b (n—1— 8... (64 Dn—1—28 


G-A Y 4) era 
n—2,4... k-0,2.. a 
n22— | - (n--1—5). )... (£3 -r stn 1-23) 
d Jee? >), E "rag. 
n:-2,4,. 4:02, 
EUR. 29 (  \ — 1-2, 4... (X.25) 
KI yi HG — "One (s j EI 5 


> 1 


where 2 S PUTA WEE » 
ue V Fia t= V 4881-2 
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ta V ini — Ry + 1 — k (h — hx 

ta = V Ah + fy + 1 — ks + Fas 
ta = V (hy — Ry +1 — (8, — hy 
ta = V (ha + RR + 1 — (A, + A 


After performing a large volume of computations we 


_ Galt Lol le DCH G, (2)- oro, ( Ile 


hand Ela (2) 4- 1,56256, , EI A 
Tä , — 7,50, t 9,3750, — 3,828090, | x 4- 
t- 12,5G 104 — 15G,53 -1- 32,8125G 10.2 — 30,62472G 10,1 + 
J- 10,33587G jo 91 t1? -+ (3G, , — 26,256, , + 87,56, ,— 
— 137,81124Gi22 + 103,3581G ,, , — 29,7773366 If. 


Siege) [o (2) 9e) 1 
+ (1,56, , — 30, a + 1,5625G, dei + 126,3 — 7,56, , + 
A 9,3750, , — 3,828090, o1 1$ + (2,5G,,, — 15G + 32,8125... — 
— 30,62472G,,, + 10,33587G,, M xf + [36,,, — 26,256, + 
+ 87,56, ,— 137,81124G 24 ¥ 103,3587G,,  — 29,77733G,, | 12+... 
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(X.26) 


(x.27) 


L = 0,512, + 0,2513, + 0,062595, -+ 0,0046978, + 0,018811 


$ — — 
CHEN (2-) - oso, (2 es 


4- [1,5G,, — 36, + 1,5625G, lef, +126, e — 7,5, , + 
4- 9,3756, , — 3,82809G, o] 1% + [3G,, a — 26,25G,,  - 87,56, , —.— 
— 29777336, Jo, J (X.28) 
Cl, == 0,50, -F 0,25 4 0,002515, -1- 0,0469, + 0 0188: - 


vm Enn) m2] 4 


42 
-|- 9,375G, , — 


1 


+ (1, 5 Gea — 3G, +- 1,562506, Jr 42 + (2G, , — 7,5G, 4 


— 3,82809G, ol t8, + (2,50, , — . 1119 4- If, JO (X.29) 
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When G > O0, Cnm (Ë) - 1, while for 2 >o, Gnm > -1. 


In these instances the formulas will be as follows: 


Lo 1 + (0,51? + 0,2514 + 0,0625:5 + 0,0469: + 


+ 0,023711? + 0,018873 +...) (X.30) 
La 1 + (0.513 + 0,250 + 0,06251% + 0,0469: + 
+ 0,0237:!? -- 0,0188t!? + . . A (X.31) 


H = 0,5 (13, £ th) + 0,25 (rj, + T4) + 0,0625 (t$, + 15) + 
+ 0,0469 (xf, £ th) + 0,0237 (130 + 119) 4- 0,0188 (12 3- v2, — (X.32) [422 
bay = 0.5 (rj, £ 1) + 0,25 (xf, dc v1) + 0,0625 (d$, + oi + 
+ 0,0469 (18, £ v) + 0,0237 (310 + 119) + 0,0188 (12 £119. (X.33) 
The + sign corresponds to W > O, while the - sign to 
W+oo. The values of the function Cox for a number of b, 


v, h values are given in Tables 12-21. Figures 45-50 show 
curves which illustrate the effect of h, Fr, b and 4 on 
bij for the biplanar foils. 
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3.2451 
3,1033 
2,3844 
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1,9775 
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10.3. Motion of a Tandem Hydrofoil System Under the Free 
Surface of a Fluid of Infinite Depth 


The tandem system with arbitrary distances -between 
the hydrofoils can be analyzed with the aid of the general 
system of equations [X. 5]. However, with the separation 
of approximately four chords between the hydrofoils, the 
effect of the stern hydrofoil on the bow hydrofoil becomes 
small. The effect of the bow hydrofoil on the stern hydro- 
foil can be described by asymptotic values when x soi, 
Most of the units have considerably larger separations be- 
tween the foils. Because of this, it is necessary to per- 
form a more comprehensive analysis of the case with a con- 
siderable separation between the foils. In this problem 
the characteristics of the bow hydrofoil will be determined 
as characteristics of an isolated hydrofoil and the motion 
of this system will be described not by a system of equa- 
tions, but simply by two equations. At large distances be- 
hind the hydrofoil the expression for q4, will be 





==> NC — ye — (z — ER 1640 
is RES SCH SE 


g *0 COS eos d — dE — 
—9 — — cos (x — a) V AvdÀ dn, (X.34) 


"vc 


and then the integro-differential equation for the stern 
hydrofoil will be as follows: 





AN 
F2 Q) = voa (y) a : Qs | 


45 eo 
(y — ny 4- (A, — h. Ka 
` dÄ | dér 1 ae pt f emos (y — n) dh — 
—b, 0 7 


o2 


Me "och o Viz — 
SC yn IO Ec EE A eos LV avd) du |t, (X.35) 
: — 


where L is the separation between the hydrofoils of the 
system. 
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Analyzing the approximate solution ror tne nydroiolLl 
with the elliptical distribution of circulation in an in- 
finite fluid for the function (ut, in formula (X.24) we 


have the following: 


8 * 
Gu eM = “ge Aa Ax 
=l “i 


- 2 € = 
x ke AET ——— Và +l) di, (X.36) 


where Ee Bu and £24 is defined by formula (X.29). 


Performing the integration in formula (X.36) with re- 
spect to y and N we obtain 


16/3 IN ce toV ÖF T3 
Aba = — I? EN ID (z) fe to: po th WER 1) X 
0 


+ (cos oL VÀ 4-1 — 1) da. (X.27) 


With Cy2 - const, the extreme distance between the hydro- 
foils will be determined by the condition 


a _ 9, (x. 38) 


which leads us to the functional equation 


41 oc 
real a pss 


x [SEP eavurWG-Sssyrri]a e  (x.39) 


Integrating, we obtain 


f ghey A 1 J4 


Ü A7 = 


a VA T Asin GEV & F 143 --0. (X. t0) 


The equation (X.40) has one trivial solution: L ~ 0. 
We can look for the approximate solution of cquation (X.4#0) 
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if we express it in the form of an algebraic equation of 
infinite order 


Cat: T ugeet - 
nD-————— ME. 5,0 NES, n 
> I(3 4- k) * (2 + &) gl (2p + 1)12™ SS 


@ | 
X Rong LS = 0, : (X. 41 ) 


— o» e 
ZUR f d gay ja Hes, (X.42) 
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CHAPTER XI. THE THEORY OF THE SUBMERGED HYDROFOIL 
IN A THREE-DIMENSIONAL UNSTEADY STATE 


11.1. General Considerations. Boundary Conditions 


The theory of lifting surfaces in an unsteady infinite 
fluid flow has been developed rather well. 


The lifting line theory in an unsteady flow has been 
developed in (102, 116-118] and others. In the studies 
by S. M. Belotserkovskiy [2, 3] the solutions are given 
which take into account the distribution of vortices along 
the chord. The theory for short-span hydrofoils in an un- 
Steady fluid flow has been developed in studies by Lawrence 
and Herbert [76]. For the solution of the latter problem 
Küssner (186, 235] nas adopted the acceleration potential 
method. However, the results dealing with the unsteady 
motion of submerged hydrofoils in the three-dimensional 
fluid flow have not yet been published in literature. 


This chapter develops the theory for the submerged 
hydrofoil in an unsteady infinite flow. The problems of 
the unsteady hydrofoil motion in fluids of different den- 
sities will be analyzed in the next chapter. 


It has already been established in Chapter VIII that 
the boundary conditions on the free surface for the velo- 
city and acceleration potentials are similar. For the case 
of an ideal incompressible fluid the acceleration-potential 
boundary conditions on the free surface have the form (in 
a fixed coordinate system) 


+ gð, = O. (XI.1) 
Z = 0. 

Iet us study only such unsteady motions which are 
characterized by the finite values of the average forward 
velocity Vo and small unsteady velocity increments. For 
this type of motion the acceleration potential can be 
found in the form: 

O (x, y, 2,0 = O, (x, Däi + De Q p 2,8), (XI.2) 


where 04 (x, y, 2) is the acceleration potential for the 
Steady forward motion; @5(x, y, z, t) is the acceleration 
potential for the unsteady motion. 


Motions which are characterized by the potential 64 
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have been studied rather fully in Chapters VIII-X. In 
this chapter we will study the motion which is described 
by the potential 62. Without limiting the scope of the 


general considerations, one may study only the unsteady 
motions which periodically change with time. Let us as- 
sume that for the case of the periodic motion we have 


6, (x HE (x, y, z) e'^*. 


Tnen, the velocity potential will be defined by the for- 
mula (VII.5) 





97 — 


ez € ai | w 
| O(x,y,z)e "du p=. 
Ug e i Uo . 


Now we can state the boundary conditions for the po- 
tentials 0 and g as follows: 


| 7 
0, —2i«(1 — iP) Oa — v. (1 — 218) + Ox = 0, (XI.3) 
4 

z=0 ` i 

" Vac f gru Rs E JE EUM 
P BH SM x 7. lin 9 = 0, (XI.4) 

SE E: x : - RS d d prre po 
"Dëse, wo uo SS (XI. 5) 


vp - finite at the trailing edge of the surface; 
VP~s, - on the leading edge of the surface s(a « 1). 


When crossing the surface s the acceleration potential 
will experience a jump l 


8_—8, =—7(Q) Uy 


The acceleration potential for the horizontal hydro- 
foil will be determined from formula (VII.33): 


Owy?) = ua [ | YQ) a G(X, y, 2, a Dds. (XI.6) 


The basic intecral equation is doerincd by the expres- 
pror. (X125) ag 2 Cl bess 


v, 6 y. 2) EE B em | oc Y, T (XI.7) 
F l m Jos | , l 
| Ai 8 
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11.2. Velocity and Acceleration Potentials for a Submerged 
Hydrofoil in a Fluid of Infinite Depth 


The function G(x, y, z, LH [) represents the velo- 
city potential of a pulsating source under the free surface 
and moving with the velocity vg. The solution of the pro- 


blem of motion of a pulsating source was obtained by L. N. 
Sretenskiy and also by M. D. Khaskind [162]. Let us exam- 
ine the solution by M. D. Khaskind. Let us find the func- 
tion G in the following form: 


d bn 7r — T+ Ge nbn D. (XI.8) 


where G4, is the function which is harmonic throughout the 
entire lower half-space. 


From the condition (XI.2) for determining function 
Du we obtain an equation which holds true for the entire 


lower half-space: 


vG,, — 2it,v, — iB) G,, — v? (1 — 2iB)G, le = 2v, (=) e (XI.9) 
1 j2 


To solve this equation the following integral expression 
is used: 
1 ire 
E E A(z +C4-lo) 
— 7 L —X 
zt 0 


(z 4- 6£ « 0). 


The function G4 is obtained in the form 


G — Mi | Sp Aie ^ t Mod d, 
ur P r - sot ace EDIT i (XI.10) 


—nO 


The integrand expression is determined in terms of 
the roots of the following cquation: 


TA? cos? Ural — Moos g 4-H vk VL 201. 0 (XT. 11) 


oolving this cquation, we find: 
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l -+2r (1 —Pkos9 +V 1- -4t cos C Argh cus i 341 ces ð 


iM 212 cost 8 ' 
(X1.12 
ho == Vj vee d = — ad — = — — — cim cos di (XI.12) 
Yi COS A 
When B = O the roots are in a simple formi: 
| + 2x, cos 8 + V 1 4 4c, 6058 
Aig = : : dot S (XI.13) 


Let us consider the angle 0g in the (0, 2) interval 


0 with |ul«-. 
"s arccos } : 1 (XI.14) 
NEA with lgl > i 
Then the roots Au and Aa are real and positive for 
the following values of 6: 
[8| < 1—8,, if 10, 
az läit if nef 


For the remaining values of 0 in the (-1, +) inter- 
val these roots are complex. 


For small values of u 


— BVI + dro cos 8 +- -1 +O dy 


20, cos V E-t- 415 cos 0 
T (XI.15) 
x s Em GE — A TE 


from where 
Sign Im, = — Sipn cosh; 4 Sign Im As — Sign To: 


For T > 0, lot us write the function G4 in the fol- 
lowing form: 
. C =: F, (x, Ur z) db F;(x, D 2) 2g [gn (x, UL 2), 


whoro 
IE 


E nd Nur c bs | 
F, (xy. 2) oig ni | d) (E 
D E 0 


ma (By 


We déi (LI ie) 
co dch D cape 


(XI.16) 
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Se * Tli cues etiem i 
F, (x. y 2) = E ol beem (A, — AN BÉ Wm We A) ` (X ek d ) 
E ct Ô ; 
Th. - 240400) 
e = E . MI Se a di, 
F(x, p == d | d3 | cos(4 — AN) — Ag) 
— 0 


Aia (0) = Aia (7 + 6). 


(XI.18) 


In the limit, when u > 0, the integration path in the [437 
formulas for F4 and F2 must be curvilinear, bypassing in 


a certain way the specific points Au and A2 located on the 
real axis: 


tT æ A chiri Ei 
fos | | — 
a J. J (4 —X9V/ 1-41, cos 8 
— n (Ly SCH 
; 
t 
E 3 7 —R 
— — m- didà, XI. 
Eé | | (A — AAR 1—41, cos 8 19) 
— 4o 
2 
e, Maitti 
F, = t ( 7 EN. Cis dedi, ( X I $ 2 0 ) 
n jJ Jj (-—A9V14-415cos8 
—N-+G, DA 
0 T8 œ Mz tit) 
Ae 
Ee s C 
, MT | | cos? 8 (A — 3.) (A — Ag) (XI. 21) 
ò 


The contour I4 bypasses the specific point from abovo, 
while the contour I4 from below. The integral prime sign 


denotes integration within specified limits with the ex- 
ception of the (-09, + 09) interval. 


—a 


1a, —-hh -+a 
| Fdo = f FOYA- f 100. 
We +e 

The functions Fj with tg « 0 are delor,;;inod in a sini- 


lar manner. We will consider the case of ^g > 0 only. 


The formulas (XI.12)-(XI.21) were derived by M. D. Khaskind. 
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For further discussion it is convenient to transform the 
expressions (XI.19) and (XI.20). 


Selecting the remainders, we can write the “ormela for 
G(x, y, 2) as follows: 


. l 1 he ter * - di 
eant bo tat a Ven A) V 1-40, cos 
+2 e 
KS EE E E, M 
+ x f ole V 14-40, cos U + 
vn 
n = 
+ E "A ET FUE) * E i, eret) [438 
+i idm dQ — 5 i4 — 
^ Vik4uccs8 — V 1—41, cos ü 
n 
= -3 


trze Al HHO . 
- | Me i (XI.22) 


LA. TU LIE d e | 
Vi-4ncos8 s, 
-n+ he ` 


The velocity potential p can be written as follows: 


92— dr M Y (Q) eS) | a G(r. y, 2, B, da e H deds.  (XT,23) 


Performing calculations, we can write 


9--- a iz Jf y (Q) qm | % + g 709 + 
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A cosh—p 3 


—it 


L d E I(g—n)s!n0] SEHR -*)(2.c058 —p) 
A- -~> | d8 - di — 
de | (& cos 8 — py — X) V 1-4, cos 0 
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+n co 


oe sing] d 09 cos8 —p) 


eut dut EE 
a ) (A cos 0 — p p). — ho) ien P it, cos 8 géi 
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VW e ew 
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Geos =m Hir Jens - ^ ` 


419 
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EC Liz- tty- sing) en Duos p) 
IS (A, cost p) V1—4t,cos6 — 


trze 4 A fat+t+iy—wsine) els 9 00st —p) 
— -— dô |ds |. (XI.24) 
Duef — p) Täsch — 
Eh 
In order to obtain the final result it remains neces- [439 


sary to transform the term which describes the lifting 
Surface motion in an infinite fluid and to separate the 


remainders at the point COS8g = p, Determining the first 
integral by using the Ktissner method [92] and separating 
the remainders at the point 609 = P, we obtain: 


l BT EE ES €—9 
e | Jv ` *[- U—wt*G—U * 
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In the limiting case of steady motion 


To = 0, Au = v sec? 6, A = 0, P Sat 0. 


Then, for the potentum we obtain the formula 


— =. m ow ! 
ọ= ell Y(Q) |- Ge GWE J x 
' Vemte 


di — i d dð f PERTHI cos! 8 + v) t8 E v) A 
x Ze “On | cos0 | l A (A cost — y) — + 
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Cé P 
M Sep Hee] Methyl: 
+ 2Re E «a pl? L——dx||ds — (x1.26) 


— 0. 
2 ` 








which can be easily written in the form of (VIII.12). 


We will obtain the integral equation of the problem 
by the usual method using the condition (XI.5), determin- 
ing p, as follows: 


— Lipa ð f- — 
— etia 
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Dé [24- LEG sing] 0. cost dp) » 
"(cos 8 + p) V1—4t¢cos 8 
= 1 i: 
Ta ANEHE QURE i((x—5)0.,cos 84-9) 
—— — 40— 
f Gei — p) V TF Atocosð — 


-R+ be 


Uem Ife Fee (t eil = za) + ud 
-£ [a p Aal + wis SEL, | wa 


11.3. Integro-Differential Equation for the Submerged 
Hydrofoil Moving at High Velocities 


Before deriving the integro-differential equation let 
us examine a case of motion when Frp —0, i.e., when the 


f ig 


eh (XI.27) 


problem can be solved by another method that generalizes 
the method used in aerodynamics. For this case the bound- 
ary conditions on the free surface will be as follows: 


and then the acceleration potential will be defined by the 
formula 


WEE Sin n)- sch (X1.29) 


— — up — — — 


Substituting +r—C=uV(y—y?+2, we may write the ex- 
pression for the Pe o as follows: 


— 4 — —B Oo f 
E e Es g= tei | 5 


Sch 
| i Vd) Gm ! 
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P Viw yepi 
c "ng (Go pu HH Ew 
x seer ef da | ddr. (XI.30) 
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Then the equation — 7) will be in the form: [442 
LP gi d'et 


d z—t fo gc 
“a | U= —m"'re-p:- H “reir d 
ay e 
Vie 


nee ^ e "" nytt (a +O 
+ Gay Frere | aia on), (41.31) 
~~ xt 


STRT "n 
Z=C=—A) 


Let us introduce into the equation (XI.31) the approx- 
imations used in the lifting line theory. Let us assume 
that the lower limit of the integral with respect to u is 
equal to zero. For the second term this assumption gives 
a better approximation, since the denominator of this limit 
is always greater than both the denominator of the limit 
of the first integral and zero, so that the lower limit is 
finite at all points. 


Assumin 
E Tas "Dn dar? 
we obtain "ub get E ` TE ERE: d 
: E e po Ze: vt S 
Va (X. y, 2) = Ux te, Y, no) pU (o d : 
° dp, l "X 
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T: ^ e "Y =n re : 
. — dk un D p + e” GEI 
E — ie 01 PE — "" Ee 
VE ES . PN * » — 
Toa xt  Fdrmmem | 
Mibi rre roris Mu "jete" |p O32) 
D 
(z =: § == — h), 
where VzgoUX: y, €) is the induced velocity with Lo: e^ 
3 — It 
Let us introduce the function Faly) -: (Ar iy L443 
This function can be written as F_,(y) Dë UG, “nere 
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Z.4(iy) is a linear combination of the Bessel functions. 


Then the equation (XI.32) can be transformed into the fol- 
lowing form: 


b 
o, (x, y —h $) = va (x, y — h Q + i; e E, x 
: —b 


+b 
— ips n*- n — (2h)? ` 
: x Fey n))dn- e. fro (it n -+ (2h)? P 


QNM 


x EH — ag t (2h)*) — Iy — ni + FA) p* 


x Fap V (y —n» + sch i 
where  F,(y)-y'Z, (iy). 


Let us assume that v(xgy—h,t) - —B(y)e"v, and define 
Vzgo (Xs y - h, t) by the formula 


v, (t y — h) = — s hu, (XI. 33) 
where a(y) - a half-chord; 


f4(k) - some function of the Strouhal number k = palo) 
which can be determined from the data given 
in Ch. VII. 
For an isolated hydrofoil the value of the function 
f, (k) is given by Kutssner. Introducing these values into 
the equation we obtain: 


+b r 
B (y) + Ae — F-,(p(y —0)dn + 
A ! 


^ 





TQ) = Zoe (u) Fa (0) ixl | gw 
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Fay) se iy Na (iu) -- H5 o). 
(X1. 35) 


CH (be — * (Ns (iy) — He (y) I, 


where No(iy), N.4(iy) - the Neumann function; 
Ho(iy), H.4(iy) - the Struve function. 


By determining the real and imaginary parts we obtain 


Re F_, (u) = yK, (9), ImF,(y) = — 3 Vh) + L- (y) ]. 


Re Fy (y) = Ko (9). Im Fo(y) = e = Uo (y) + Ls 9) , 


where K,(y), In(y) - the MacDonald functions; 
L(y) - the Struve function. 


The equation (XI.34) can be expressed in a different 
way by performing integration by parts: 


I (y) = Zeen (y) fa (k) "us ()— s * d me an + 


2h 
(yn) + (2h) NO OY Gi Y FG) dn d , (XI. 36) 


* 
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where 
gen — [v? — (2hp)? } 
N (Vo? -- (2hp))) = a (2p). e 


x CFA F qup dv, 


Io ++ (up: If Gi ` 
Mec ap) BEF apei TES Gud ` Cp 





The function N-41 (0) represents the general form of 


the KUssner function. It is not difficult to show that 


with 2hp = 0, N(o) = s(o) 
Na (a) — a | h F.A (v) dv, (XI. 38) 
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The Küssner function is represented by the formula 


[92] 


To prove it, it is enough to show that 


dE e" LE er 
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Av, we obtain 
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E ases me en pan e c sk. (XE. 
dt éi (V x? + v2? * v | (V 43 -+ Im ( 39) 
Let us analyze the boundary value of AN_,(Vo*-t (2hp)) 
with g > 0 (p= 0): 


v3 4- (2hp)* t 


d am 2hpp mH WEIN 
lim N_, = lim —— | 
Lët ail 6-40 





J d. d SE T 
‘do a3 + (2hp)* 
=: lim F (V o3 + (2hp)t) = 1. 
0-90 
In this case the equation (XI.36) will be transformed 


into the equation that corresponds to the steady-state mo- 
tion of the hydrofoil. The equation (XI.36) is not quite 


suitable for obtaining the solution, because functions Ny(o) 
are not expressed through the known special functions. Due 


to this fact, we can perform partial integration of only 
the first integral containing the divergent nucleus, while 


the second integral, which contains a regular nucleus, will 


be kept unchanged. Using this method the equation will 
acquire the following form: 


— 
"d N.a Qu on) 
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dn pes ` m 
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However, we can completely avoid the derivation of 
the functions Np(o) if we write the equation in the follow- 


ing formi: 


T (y) = 2v (y) al, (A) VE w) — «|f Gë m dn — 


(y—* TU — + QR y " 
Gm - 
[(y — op + GR 


Ke 
-f rin d apiu-m)—1, _ y — n — (2AP 
— 
x Flp V (y — af + (241 — 
Flp V (y cwn e. (XI.41) 
Now the nucleus of the second integral is regular and 
the integral will exist. 
It was already mentioned in Ch. VIII that the integro- 
differential equation for the airplane wing in an unsteady 
flow can be easily obtained from formulas (vii. 22)-(VIII. 


24). The functions f(z, 6) for this case will be as fol- 
lows ı 


2, * oe Ga qa du — 
fen = — 


It is not difficult to demonstrate that, in this case, 
the function satisfies the equation 


o o | 
aj Qv = p Vi (XT.42) 
Computing, we obtain 


(P De Wo Gp(y — 0) Mettet ai 


dt = a alip — )— Na Gp 1 (XI.43) 


d 
Re fe = Pio yh Ini pl tp y -- 1) n)) -- £L, (p(y— at (XI. 55) 


Then, by using the designations given in [92], we obtain: | 3? 
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= , T'(n)p?/(0.n) ^l. 
F, (po) = e (0) — 5 9L (0) + L (0), (XI.45) 


ke / d biz ik Im.) =— zt (pm) + 
+ Lo(p(y—n))). 


Using the formula (VIII.24) we can write the equation. 
(XI.45) in the form of Ktüssner's equation and obtain a new 
expression for the Ktissner function. However, there is no 
need for this, because the second integrating operator 
does not require regularization. 


Let us present the approximate solution of equation 
(XI.41) for an elliptical load distribution in an infinite 
fluid considered earlier in Chapters VIII-X and let us try 
to find the solution in the following form: 


rg)-oV1—p., 
Let us use the dimensionless form and assume that 


By) =B à() - zs: ger? (XI.41) [sic] 


Then, from the equation (XI.41) we will obtain the follow- 
ing: 


— ho = (XT. 46) 
mh | + ATTI 


where f= 2nf,(&); k, =pb is the Strouhal number; and func- 
tion ((k4) is defined by the formula 
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11.4. The Integro-Differential Equation for the Submerged [548 
Hydrofoil Moving with Arbitrary Velocities 


In the assumptions of the Prandtl lifting line theory 
the corresponding values of @ and 9,, obtained for x = 


will be found from (XI.2) as follows: 
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EM T, itus 
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Now it is easy to obtain the basic integro-differen- 
tial equations 
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In the dimensionless form this cquation ean be written 
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where the nucleus Gyky(y - 7) is as follows: 
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With kj = 0 and To = 0, the nucleus is in the form of [451 
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The equation with this nucleus corresponds to the cqua- 


tron (CVT bel af 
Let us transform the nucleus 
lowing form: 
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[452 


For Wù — 0 and a finite kj 
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This nucleus corresponds to the boundary condition 64 = 0 
on the free surface. 


For aen and a finite k) 
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This nucleus corresponds to the boundary condition Gu = D 


on the free surface. Formulas (XI.56) and (XI.57) yield 
the following result known from Chapters VIII-Xs [453 


Gr, (y — n) == — Gro (y — n) 


The following interesting rosult is obtained vhon the 
Strouhal number approaches infinity: 


C, (y —) = H 


from where an important conclusion follows, namely, that 
for large values of Strouhal's numbers (kj > —.) ihe free 


Surface d əs not affect the induced inclination »ngles of 
the flow duo to the submerged hydrofoil. 


It is interesting to note that in the steady-state 
case the single integrals with respect to u (X1.54) deter- 
mine the effeet of the Fr number, while the last intesral 
determines the effect of the solid wall. During the pro- 
cess of examination of the limiting values with & e ~, the 
integrals which take into account the number ky approach 


zero, While with 4) +x they approach the double value of 
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the last integral with an opposite sign. However, for the 
limiting value of k) the first four single integrals ap- 


proach zero in both limiting instances, while the limiting 
values are produced only by the last integral. However, 
if k) approaches zero in the limit then the steady-state 


case is re-established. 


Let us examine the question of identity of the ap- 
proximations considered above. Let us examine the integral 


Rab TED, Fee, ` an 
A 
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Substituting the variables s = ch t, one may write 
the integral as follows: 


where 2<0. 
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where sing = D ==; cosp= SC 
Let us introduce a new variable: 
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E e. ui. iam. 


Virg Hais 
For y 50 Rech(t— ig) > 0 and ch (t — iy) = -+ y1 +p, 
for y <0 Rech (f — iq) «0 and ch (t — iq) -—Vi-. E qu 


Tet us examine the positive values of y: 
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Performing integration by parts we obtain 
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Let us write the real part of the intceral 
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Let us change the integration path. Ve have the fol- [455 
lowing: 
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Since the first integral will be purely imaginary, 
then it follows 
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Se E a pz QUEM 4 
LM = — Tap T Re u$ HD gi (XI. 59) 
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These integrals determine the real parts of the poten- 
tial qj, given in formula (XI.48) for Fr > æ, i.e., parts 


obtained through the use of the approximations considered. 
Thus, the identity of the approximations has been proven. 

Tne formula (XI.59) makes it possible to draw a gen- 
eral conclusion about the behavior of the nucleus of the 
equation. If we define the function F.[&(y—m] by means 
of the formula (XI.59), then it will follow that with 
ky > oo, F4 Le, V (y — ai FE 0, and hence 

bk all 


l 
Gry 7 — Goa 


therefore, we can draw the conclusion that for large values 
of kj, the submerged hydrofoil in an unsteady flow will 


behave as a foil with a lar;;e relative span and with kj; =» 


oo, the hydromechanical properties of a vibrating sub- 
merged foil of a finite span will be determined by the 
properties of the foil in a plane flow. 


The solution of equation (XI.5) for the foil with 
the elliptical distribution of circulation will also be 
given by formulas (XI.47), in which function l(k4, Fr) is 


determined by the formula 


+ 
(k, Fr) = EE (viy j" |—1d GY —) dandy: 


Gk(y - n) is defined by formula (XI.53). 


The integral equation for the lifting line of the [456 
Lype (VII.25) is derived from the general expression of 
(XIS i 

Let us consider that w::—/7(9)c* and (w — $) = — a (y) 


then from the expressions (XI.5) and (XI.27) we obtain 
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Tio Integral Equation for tho Submerged Hydrofoll [457 
in a Plance-Parallol Flow 
Tho ircory of the Gul At cd hydrofoil in a plane- 
parallel unsteady flow was given in Ch. V. The potential 
and the integral equation for the prene problem are derived 
below by applying limits to the ral expressions. 

Let us assume that the span of a hydrofoil approaches 


infinity and the circulation is constant along the span 


11.5. 
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It is then clear that the potentials 60 and @ and the pro- 
perties at each cross section, perpendicular to the lon- 
gitudinal axis of the hydrofoil, will be identical. They 


will be defined by the following formulast: 5 
+a +% 2 
op, nage | VOR) FOG ent Dda Dim 
—d ⸗20 


ent da 
9— -sr | voaf | ap (^ 9 2% 6 n Demi. (XI. 62) 


The integral equation for determining density vy(*) is 
also found from the expression (XI.5). If vg = -vz(x), 


then the equation will be as follows: 
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For a foil in an infinite fluid 
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Then, for a foil in an infinite fluid the equation 
(XI.63) will be in the following form: 
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For the steady-state motion LL and then 
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we oblain the singular equation derived carlier 
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Performing the integration by poris in the expression 


(XI.64), we oblain a different expression for the equation: 
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This equation reduces to the Birnbaum's equation [92]. 


By substituting u = T= ¢, the equation (XI.65) can 
be written as follows: 
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Substituting the variable u by the variable x', (u- 
= x - x'), we obtain the equation 
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This equation can be written in the form 
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If we apply Dirichlet's formula to the last double 
integral, we will obtain Birnbaum's equation 
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Thus, the acceleration potential methods produce “he 
same results as the theory which is based on the physical 
picture of the Küssner-Dirnbaum vortex formation. 
oa 
Tet us show how to sclye Vio inteyral IRCH an RER 


— CN 
whon * is determined with the aid of the integral viii: 


sion (VITI.35)1: Ta ée? 
J — d I di 2.2 
= | x r 


oO 


439 


+8 ep oo 
/ = on | ei | gre dady = 


-+n eo T 


Em d 
SE zx | 4 ^s isine al 
—An —h 


The integrand expression contains specific points. 
Computing the remainders at these points, we obtain 


J = + 2Re f ALHHE—YdA, 


Thus, for the potential $ and the induced velocity along 
the Oz axis we have 
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For the steady-state motion 
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For z = -h we obtain the following equation: 
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The equation (XI.71) is easily transformed into the 
equation given in Ch. I. The specific points of the in- 
tegrand expressions in formulas (XI.68) and (XI.69) will 
be derived as the roots of the equations 
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The roots of these equations have already been studied 
in Ch. V and they are as follows: 
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and (XI.69) can be transformed to the following: 
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From the expression (XI.73) we will obtain the desired 
intepral equation 
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This equation can also be transformed to the form of (V.29). 


With T% > t the roots v4,2 will be complex and the 
corresponding remainders will be equal to zero. Then, for 
to > t. one Should, in the expression (XI.75), make V1, 2 
equal to zero in those terms which were obtained in the 
evaluation of the remainders. 


The equation (XI.75) can be given a new form which 
will be of interest to us in future studies and in solving 


this equation: 
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11.6. Determination of the Velocity Potential by Using 
the General Integral Formula 
) can be found with 


The function G(x, y, z, t. H ! 
the aid of the integral expression (VII.34). Let us look 


for G4 in the following form 
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function G(x, y, z) in the form of 


For a fluid of finite depth hg, we will look for the 
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With the aid of the integral expression UEM 35), 
function F can be represented as follows: 
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For Y- 0 and EL, from formula (XI.87) it is easy 
91 v 


io obtain the formula (IX.4). 


With V= O and is pn, from fornula (XI.87) we obtain 


1 
tho M. D. Khaskind formula for the pulsating source 


EA co 
l WK (2 l- Ae) ch À (E -4- Ma) (& -|- v) dÀ 
G — 3 oe 7 0 0 By oni: N 
a 2 pe cha (A th Af —v (1 — 2/p)]- (XI. 68) 


vn PE 0 


Lot us analyze the roots of tho equation 
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1? cos'GA? — Av, [2v, (1 — iB) cos + th AA] + v? (1 —2i) - 0, (XI. 89) 


[th Aho-+ 2x, (1 — i) cos O] + : 


+ V (ab, + 4t,cos cos th Aho — 4r, cos 8 th Aho ` 


5i 2x! cos'9 


(XI.90) 


and let us obtain two transcendental equations for deter- 
mining the roots Au and 22 


ER Li [thA ko} 2t cos B + V Th*A A, + 4 F Atacs Ohhoh — (XI.91) 


Cat oe e 





v ; v.e Tq SET E e 
A, = SE (th Afi, + 21, cos 9 — V thia Ji, + 4r, cosO ih AAel, (XI.92) 
With cose > O the roots Au and A3 are always real and 
with cosó < 0, Au and Ag will be real only when 
thha > 4t9| cos]. (X1.93) 


The condition thi, 4rQ|]co 0] leads us to the equation 
TOTO. NNUS 
M zë coso th Mh. (X1.94) 


from which we obtain another equation for determining the 
real roots in the equations (XI.91) and (XI.92) as follows: 


"ien 7 ^ (X1.95) 


It follows, then, that the roots Au and Aa will be 


real only for those values of @ which satisfy the incqual- 
ities (XI.93) and (XI. 95). The sims of the imaginary 
terms Àj are determined in the sume manner as in — 80). 


Now the function G(x, y, 2) can be written as follows 


Uu o% 
"uu" a pe Senn eh (z4- hy) cha il, i EM 
gi Ar | SR | ch Mlio cos?O (A, — Ay) 8 
"3 (LU 
x E A cos*O — 2rycos OA -|- À -|- v) (- " —-,- — d — 
vi A — Ài A --- Aa 
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— — 


———— 
A) \ ch Ah, cos?8 (A, — Az) (A — Ay) 


-7 Ua 


2 
e 
x (% A* cos? + 2t, cos OA " A+ v) di — 


gea cha (2 + ho) cha (E + ho) x 


+8, eo e 
X RI cos — 2x cos 8A + A A d 
koc Pls dp BE, EE GE E 
ch AA (À — A,) (% — X) cos?G 


ch Aho 1 cos? 8 (A — à) Ga — AA 


" f 40 * EEN 
— 
2 


2 
x ( Sascoso + EE (XI.96) 


where 09 is the larger angle, which is determined by the 


equalities 
8, -= arccos Yh 
viho 
Tacos — == 4t, cos Oo. (XI.97) 


Computing the remainders at the points Ai, we may 
write the formula for G as follows: 


+n Co 


—A pilo * 
Gres sot dO Bee cha (z F Ai) en X a i he) 
ch Ah, [ase O--2r cus DÀ — 


' 
Beer 0 — A th Ah, rv] 


q? 
x & A* cos — 21,6084 -H A -j A d -H 
1 
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Vy 
— "af 
To 


; - TM 
x e A? cos?Q 4- 2r, cos Di. + å, + v) dO, 


Now it is not difficult to obtain the expression for 


g Me ch, (z + Ao) cha, (C + ho) x 





c Me ee, (z 4- ho) chA (E£ ho) x 


q2 
ch Aho cos*O (A, — dy) 


chen ch 1, (2 + A) ch A, (5 + bel x 
t 

x (- 
M. 


^. M cos? — 2r er OA, 2.3. + v 


"` chA, cos (A, — Ad 





— 


2 — — 
x e AN cos?O 4- 21,cos OA, 4- ^, + 3 dO 


— 





ch Aho cos? (A, — As) 


e ^^ sg Ista ch "P (2 T ho) ch A, (š + hy) 





— — 


ch Àz ho cos? O (hi — As) 


the velocity potential 9: 


— — — — 


dt 


3 i 
Tag | m 
An 


-n 0 


X "rei 


& ?. A* cos"O — 21, cos OA — X ih Mi ^u 


f cl? 


{ (e? SCH xo CR a Cg (rt Aene -Meh 3 ; 
qt d do E 
at (A cos Q - — - och Xlio 


xj] Y (Q) ein x) | A E Qc PA de -|- 
5 


cM LE L2 978) sin Pii A) ons 0-0) 
4. d- 


(2. cos -- p) 


d 
ur À* cos O -— 2r,cosOA 4-A- 7 vi ) 


— — — — — — — 
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x 


) (2 LA) ch X(- Se E 
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+z 
"i e^ hag aly ~r) sin Ochs H (hy eos O—p) ch A, (zt hy) ch A, EL ho) x 
US | (P= Ai) ch Ah, (A, cos 8 — p) cos (A, — A) 
U 
ES 
o 
x E MS — 21, cosGA, -- A, + d dð— 
+ 


— ee ee —— — 


v go «git sin Geitz D Oe cos 06-A ch À (z+h,) cha; (0 + ho) + h,) 
NEN (1 + Àj ch Xi, cos’ (4, — —A)(.,co8—p) 
2 


Lei 
x = AZ cos’ — 21, cos OA, + A, + A d84- 


n 
q a (item nette ts m OP ch Ty (o Mehr 
K ch ih, cos*8 (A, — à) (A, cos 8 + p) (1 — X) 


E — 
x E Mi cos?O + 21, cos BA, + A, + d T 








chi, h, COS D D —A,) D. cos8 + p) (1 — À;) 





t3 
^» f erate ik lee (A, cos e+ ch, (2 4- Ii) ch À TR 


To 1? co? — d 
x (senso 4 2r, cos 8, E + v.) do S. (XI.99) 


Let us write this expression in a different form by 
separating the remainders at the point costo 
ing them as double integrals: 


Spia | z—€ ` 
~ aa J) ve Í | Gan ye pF * 


= " and writ- 


` 





eo è 
X \ | etr (Y (y—mn Hi pas LU ae ee 9 |. d * 
rk (+ Ayn Qs 2a 
Y 
La co M . 
x | ao | ertt nt a 
Ua (^ cos O — p) 
we Al 
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d Almanach Vë i [472 
— Re | ————————— 


— uw sin8 ch À (2 + ho)chA (g + ho) x 


i P db A — 2t, cos QA LA 4- d 
VW DEE EE 
ch Ah dz À? cos?O -+ 21, cos ou — 
—A 0 


— À th Ah, + vı | (À cos 8 — p) 
a (A cos 8—P)d), + 


ehee 


ily— 7 
x ch À(2 4- hoxh A(E 4- VM. e Ze) A+ i 


+2Re | ——————r———————————4——f---—udka. 
ch A^ "i — 21gp — À th Ah, + «| y! — ^ 
o 


+7 eshogtAslg—m)sin 65/0—) A, cos 8-9). ch Ay LGL Aio) X 


2 
x ch diis i ü —— cos?@ —2r, cos AA +A +v a 
Lc AE Mec Lr d dB 


2 
ty g ^,^ sin eei x— (A, cos 0—p) ch i. (2 + ho) x 


T? 
X ch À, (5-- Aj) E À? cos?O — 21, cos OA, - X, - v, | 
Cd | OBAAGS90,—)0,08—323-—X4) t 


a g ih, gsm 9, 0 —i(x—t) (2, eos Op) ch Xi (z il: h SN x 


Qo v hA dëi DE A cos 'O — 2t, — A A) Uy | dð- 
' eh A A, cose, — A) (A cos O 4- p) (1 —À) — 

T T 

— 


n 
" | : g Poner min aui es he (UL) th At LARV | ^73 
i ci 1: ch pO — ia Bu 20, cos 0 -| p) (1 — Àj 
ug 
— S oam > | (XI.100) 
x & À2 cos? -|- 21, cos OA, J- 4, 4- A dO p^ / 
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11.8. The Integral Equations for the Submerged Hydrofoil 
in a Fluid of Finite Depth 


The general integral equation for the problem is ob- 
tained in the ordinary way by using the condition (31) as 
follows: 


i | | Y(Qye 579 x 


d z— -k ` eg ^M UD (- tu 
* loz | (—m-G—U | 
Lu c e cs (ufq) 
— +D 








Eee E E 


de gL- 0 FCE2hJ Em) sin ëleite-DO cos 6—p)),8 
E — (A cos O — p) 





eME H+.) 1G 1)5108)), 
E PE. ue c dA 


BT sin Bet e DO cos Ə6—p)) 2 sh A(z + ho) x 
oo 


X shA(54- LEE v? cos? O —2r cos OA 4- A+ «| 
dO c. DEE E 


ch "E A? cos?  — 21, cos GA —~A th Afio + 
o 
-+ d (A cos O — p) 


-f 9 


TANE 
ge MY ou iy, A sh A(Z -H i) shi A (t 4- Ao) X 


«|= ere html 
4+2Re | —— 4+ lee A + 


ch Ah, E p! — 2rap — À thin + d V is 
1 


j: - e Vm ome eg eos 9-9 2h A, (2-1- fag) hi. LA [474 


JE — M cos? 20 — 2r, cos OA, +- Ait «| 


Hose! T —— n Se caes 
T ch Aft cos? OO, — AA | cos 8 — f -p(l — Aj) 


2 
a Ah Putyin ite O-p), 2 
4X e D Dahl elle UA cos PAS cl. (2- Ai) MAAE f) x 


e 
x E A cos! — 2r9 cos Q1, T A, -|- | 
Mi 
L^ cha, why cos? o (A, — A) (ha „cos 9 — -p) d — M did 


n 
2 
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e hp, we u AicosO+9)) fsh A(24-ho)shÀ (C+ he) x 

















T? — 
x|z - Ai cost O — 2x, cos 8A, 4- A, + vi] k 
goi] n—— wee EEN PME E; SEES 
T ck cos OG, 79 (Micos + p) (1 — à) 
A 
2 
Y 
UM (C Cher misto t Duos 0+0) shi (z+ Mi )sh Aalt Ao) y 
T : ch Ai, cos © (A, — Aa) (4 cos + p) (1 — ÀJ) 
UY 


t? E c: 
x (~. Pa cos'® — 2r, cos GÑ, + As + d dð |ids——v, (XI.101) 


2 = = —h 


Using the theory of the lifting line the vertical velocity 
924 will be determined by the formula 


b os EE 
Ba J z—t o PY GP EG 
— ir (n WW Gren ee Se e 
— b 


è æ+? 
i P ^ ee (2 4-04-20) sin Mda 
Ta ~ —. (cos 8 — p) 
— 0 


v" Mi Ga i-fs » L475 
— 5 4 


——— — p — s 
‘ (M 
— sin 92 sh A(Z ! 1. hg) sh A (§4- ho) X 
q? 


(=: À* cos? O — 2ra cos OA 4- 4 LE v) d 
——Ó— 4 








__ AM 








— 


ch ul To ~ cos? O — 2ta cos OA — 


— à thh — v, lo cos O —p) 
uu m 
MA M UT oa (2 -H hae) sh A (E4- hX 


x c p? M A iu - 
a ee d eene — | 
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£g eTe gm im ONT sh A, (2 + ho) sh A (B + A) X 
Lo RE 
x (3 A? cos? 0 — 21, cos 8 À, + A, E d 
i 





peon aperi et 
CG ch A ho cos! O(A, — Aq) (A, cos © — p) (1 — Aj) l 
— 
+B ghey Mls) 210 O45 sh Ay (2 + Ag) sh às (+ ho) x 
t? 
e x E E cos! O — 21, cos OA, + A, 4- d 
n EE E -E 
T ch Aho cos? O (A, —A)(.cos8—p(l—A) T 
: | 
-i 
£O eheu 8X) sh A, (z + ho) sh, (0 + ho) x 
T? — 
x | Roto — 2, cos 0X, - À, + «| 
- —— à M um elus cna ad — —— -~ dj — 
S To ch Aho cos! O A, — Ay) (A, cos O 4- p) il — À) 
t 
4o eieae snek; ch À; (2 4- Mo) sh A (6 + I) X [476 
tc "m 
Š x A cos? 8 — 2ta cos O23 + A, A- $i | 
D, WE CR E ENEE 
Vi ch X,/15 cos? 0 (A, — Ag) (A, cos O -- p) (1 — Ag) 
n 
— 


Through the usual approach we arrive at the equation 
(XI. 50) with the nucleus 


Fi (g—m1—1 , 


G, (t — = 9 
l a eo , i(j--*) sin © 

— al got H d. 
| i Re | do f^ (. cos O — Ay) Bed 

0 0 

SS zm 2 

2 ETS V - Au | 

JJ — — MA ee 
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P 4 A9 sh: 24 (h, — A) [A* cos? 0 +- 
-+ Aw(] — 2r, cos O) + ex?) dÀ 


d ebe Aly — msi 6. 
"ET d^ dä cos 8 — EL [A cost.— — 
ad 
eo "Rn "` V- e A sh? 24 (hy — h) x 
|” + Aw el, — + on) dì 
— 2 Re | Meer ce (MPH pan se J 
ch aal m E — ho ( th 24, + 21, +) +99] 


x : — Pes — 
tp e haen m sta ON? sh? 23, (ho — A) [Ai cos* 8 + 
e KE d cos O) -+ wr] 
n 
E 
n 
E 





eT? ho p kal 9 sin gt sh?21, (Ro — hA cos” O 4. 
4- A, (1 — | — 21, cos 0) + wgl 
* | cdi SE X), cos — ky) (Tay 4. 





HF ghg sn © AN sh?21 (ty — A) [X1 cos! O 4- 
+ ko (1 / -|- 2r vm Land ` ` am 
~ } ch 2h cos? © (Ay — 1, cos O4 Ra) [1 — Ai) 
gi 
4} g—Fsh.gis tel d, — fi) [12 cos'8 + 
bi Ao (1 T 21, cos €) + wt] 
"| ax Jis cos O (hy — X. A0. “cos@ 4- Xl — A4 
-5 
- For the steady-state motion 
"TT pu ZEE T uu ^h. coti m 2h, bh 
D Re |t Mell .4-2Re * do. MN SR 2 SE d o` ) n. — 
ò 6 
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(XI.103) 
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g^ Mn sia Oy (A, cos*® 4 o) sh? 2A, (Rio — Ai) 
—2 | By 5549. (XI.108) 


Here M cg hh and the integration extends to 6, which 


is determined from the inequality — We can show 
that with ën ie the single integrals with respect to 6 ap- 


proach zero und the limiting values will be determined by 
double integrals only. 


For Wa 0 


e! "ha -hyesftg- Asin 


"aen ky d^ T 
|| eu Mi p E) 
(y^ 


n 
—2ihpi hly — 91 sin 0} 2 e — 
Zell £-2MugiMy— n) * sh? 24 (ho - dä D 
0 


- a Fal -n-—1 
Gily — n)  —— SE — “Re (us| 





d) — 





~ ch2Ah,(A cos 9 — ki) 





—2Re im he Vies A Shea — A) a —' 
ch nA V. bus 
For — 
Quat ue est 
' (y —* 


( cos Q — bal 


eo — 
à Er nM a V ky 
2 —A(ha--3) EG —m) E 


Rel ee cdi 


— 
y i-5 | 


n = 
: —AD (ge Li y) sin 42 
( e e A 
1 D. Re Il 7 d dà A 
0 


ky 
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4. wef P e quM main Ba? sh’ 2X(h, — hy) 





J "aes EE 
aen gp Gi sh? 2A(h,— À) 
+ 2Re p A (XI.106) 
p A 
, sh nA t mU 
A 


From formulas (XI.105) and (XI.106) with k) > O we 


obtain the limiting results given in Ch. VIII, which may 
also be obtained from the expression (XI.104). 


In the same way as in a fluid with finite depth, the 


nucleus Gk(y - n) with kj > 0 approaches -g The solu- 
tion of the problem for the foil with the elliptical dis- 
tribution of circulation in an infinite fluid will also be 
given by formula (XI.59), in which the nucleus should be 
determined by formula (XI.103). 


11.9. The Submerged Hydrofoil in a Two-Dimensional Fluid 
Flow of Finite Depth 


The velocity potential q of the foil in a plane flow 
will be determined by formula (XI.62). Let us utilize the 
formula (XI.87) as follows: 


-+a 


l tox —Ipt (z — E (24-0424) 
p = — A| Y (8) e? fe p m LG — d X 


-—a 
S e "e MID ch A (2 4- Ag) sh À (G 4- hy) x 
| x [tah T Av,(1 — 21) J- vilda 
Litr--Dn — 
NE dh duet — Av UN Aio A 2r (1 — ip)] -! 
: 4 v? (1 — 2/)} 
Ae M. aca ch A f2- \- hi4] sh A (6 -|- ha? F 
m | -|- La WA 270) 4- al ` : 
ch Alt; TR Avi Mig — Deal -- if i]. | 
vil - - 249] 


—-dy Jdrd&, (XI. 107) 
8 
0 


The formula for the induecd vertical velocity has 
the form 
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4a 
1 toe (in| bo ERD 0 
= — 95 roe fe "LG Urr eon 





—ü on 
eo 
4 Re | gc HUI HOO gy 4 
0. ° 


e "e {A(t —2) sh Alz x h ol sh A+ ho tA Av,(1-—2t,) Evil — 


+ j: ES (di — Av, [th aht 200 — p NU B 


ZS g^ Meg MES) sh a (z 4- ty) sh A (E + Age, + 
Av (l + 2r) + v —dh |d«di. 


2.2 —— — — — — wm 


chi Ab, Fe —AV ath AE, — 9c (1— — E db 





For determining the roots of the equations 


dii — Xv, {th Aho 4- 2x9 (1 — i9) d- vi (1 — 218) = 
on? — Av, [th X, -2u(1—i8) 4- vi (1 — 2if) = 0 


we have the equations 


EH 
: 
: th Mito ` 
— 2ipt —-— 
? Se V thiAR, -]. 
Mo s SÉ d UH 2r, 4: Vth? A — At, th Mig A 
thA n 
-|- 2iPBr i I — LM — ) 
SCH ( E ys AR. — 1r, th, T 
Sign Im Ag == Sign Im Aa += Sign Im 4 == — 1, 


Sign mA; == + 1 


and therefore, during the integrution, the 


while the point Au should be bypassed from below along 


(X1.108) 


(XI.109) 


(XI.110) 


specific points 
hae àg, Ah Should be bypassed from above along the ysih I4, 


path Lo. The roots 3,4 are real for all values of "o, 


while the roots Au 2 will be real only for the ?9 values 


which are determined from the relationships thio > dt, and 


v h D D 
zl It follows from these relationships 
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that Au, 


(no 


z Wi 1. 1 J. 
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be real only for the values of To smaller than those de- 
termined by the equation thvht,=4t, under the condition 
that SH S - (XI.111) 
By determining the remainders at the Aj points, the 
formulas can be transformed into the following form: 


4-8 z 
p= | van Fen [9 ero - 


E)*+-(z —C) 
— Re | gore eg 
Geer en Me + hol sh Mb MI Gent! Salt Vil 
) ch Ah, (saa? — Avi Lth Aba-t 21] + vi) 


J— eee MED ch Az ER) sh MË LAT + Avill + 2t0) + o) + vi 
; ch Ahol tiA? — Av, (th Ahe — Bel + v1] 


in 


uc e X Le + Aar (1 — 219) + v$] 
T3 (A, — Al — 


ch Aft, (1 — Asa) 


8 ED ch A«(z + ho) sh Aaf + kdei: LA) Zelt eyed) _ 
ch Aio (1 — Aal 


( eight ch Ay (z + ho) sh Aa (0 + ho) x 


gg eB ch A, (2 + ho) sh, (54-h) x 


— EM ` visite 4- 219) +- vi] + 
Aaf, — Al ch Abel — àia) 


4x [10À2 + v (1 + 2t0) + vi] 


e hg ateh A. (2 + Ao) sh A (6 + ho) x 
ch Aalto (E —Àa) | i 





l H ipx gt e I ?* (1 T E — sz — aM 
9: — 7 92a IIe" di fe [x — 8 (z — OF} 


e 
4- Re | gH HDI, qa 
vo 


(Ae Mg 70 oh A(2-4- fto) sh ME +o) TOA + Av (d —2«)4- v vil — 
Ee e E E 
ch Mito [12A — Ay (th Ab, + 2co) + vil 
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(Ae Mech Me ho) sh MET te + Ant + 2ra) EVIL + 
el ch Aha LTA? — Av, DA, — 26) + Vi 


e ng sh Mz A) sh AE MI + 
I + ke) — 21) + Vil 
tu Ts BAL db A) 
ere ID sh A, (2 + hte) sh aly + Ng t9 + 
+ Aivi (1 — 2ra) Lil, |. 
ch Adel — Aa) 


— — 


— — 


[482 
+ Ae (1 2-219) 4- Vi) Ay 


in " 
——— eh "An MEM 


ETE 
A e RN sh A, (2 -+ ho) sh As (6 + hoy on A | | 
dt 


J- Av, (1 + 219) + vi] 


— ELE E (XI.112) 


The integral equation for the two-dimensional problem 
will be 


-P 


Joffe yi R x 


Ji d 


— — e ` tue 
p etos f fel- Re Je — WDA d 2^ 
ü Fos g^ Pg 79 de) Jae — ite A Ae! — 2x9) + vi] di + 
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a Aa Ra) ch Asho (l —Àn) ` — EE 
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ch Aalto (1 = Aal 


net, 
To (Xa — Ag) V uM Aa) eee o 
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^ — sh! a — Aye + Mn d: — Sal Séi «i 3I i az =" 





Here Au = A 


As in the case of equation (XI.75), we can write the 
equation (XI.114) in a different form. 


The derivative 
given above is also designated as Jj. 


| [483 
a ye ee 
fot pen Ee HAT b 
un —R 
2 ) pem 
F ett D cht (hy — ED + Let — 25) + di na 
p NEE MAR — v, (ih Mio 2) HVI 


4i e 4,7078 sh? A (hp — A) [2A A Avi(1 + SCH 4- vl] dà + 
f^ (p +A) ¢h —R — vi (th Ah, — 21,) + vi] 


|: eng d (hs Hr + oft 23) el. 
tu. h ` (9—3)0 — A) chi, 


eaehd- chs X, (ho — fal 4 Ap (1 — 2r.) +i) 
n (p — Aa) (1 — Aga) ChA Gh 
8 k g hg 779 Sha A 1 (Ag — ite [coat dvi 4-29) 4- vil n, 
© x3 (Aa — Aa) (p+ Ai) (1 —Au) ch Aho 
E — dëi (ho — te + Mv. (1 -- Si + vit 2 dt 
pets SEE 2 S : UE Aa) (1 CNN DE i 
— E NEE Pore m (XI.115) 
For the steady-state motion 


p—0, gef, M = M = M = vth Ae A =A = 0, Ay = 


Sla ` 
ch? ài, 


and the equation (XI.115) will acquire the form 
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CHAPTER XII. MOTION OF LIFTING SYSTEMS NEAR THE [484 
INTERFACE OF FLUIDS WITH DIFFERENT DENSITIES 


In Ch. VI two-dimensional problems for the hydrofoil 
motion near the interface of fluids with different densi- 
ties were examined. This chapter is devoted to the study 
of the three-dimensional motion of lifting systems near 
the interface of fluids with different densities. The so- 
lutions are also formed by employing the method of the 
velocity potential. 


For simplicity, let us examine only those fluid flows 
which have equal velocities at infinity. For the general 
case of flows with different velocities at infinity, the 
solutions differ only slightly from those given below; they 
will be only somewhat more complex due to the more general 
boundary conditions at the interface. 


For the problems dealing with the steady-state motion, 
the boundary conditions for the acceleration potentials at 
the interface are obtained from the conditions (VII.8). 


Q (Pi — Quia + VQ.) — (Bree — pbz: + vôn) = 0, (XII.1) 
Dh ia 2 —0 (XII.2) 


The other boundary conditions for the problem are those 
given in (VII.9)-(VII.11). 


Here, as in Ch. VI, the index "1" will designate the 
upper and the index "2" the lower half-space (half-plane). 
If one of the fluids has a finite width (depth), then the 
acceleration potential will satisfy the additional condi- 
tion on the limiting surface 


09,—0, Ze Bu (XII.3) 


In studying the unsteady-state flows we will, as in 
Ch. XI, analyze such unsteady motions which are character- 
ized by a finite steady-state forward velocity and infi- 
nitely small unsteady-state velocity increments, periodi- 
cally varying with time. 
If Betz, y, 2. 6,5, 4,2) + n(x, y, 2e" is the total acceleration [485 
potential, then the potentials 939 06 y, 2) will be deter- 
mined by the boundary conditions (XII.1), (XII.2). For de- 
determining the potentials ô j (x, y, Z), the conditions at 


the interface will be in the following formi: 
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1 
d 2i«(1— IB, — vill — 2ip) 8, + Ran] — 


y? 
Ja 8 1-206, Selen 
l 0, = Be (XII.^) 


The methods developed in Ch. VII-XI produce effective 
solutions for a wide variety of problems dealing with the 
motion of lifting surfaces near the interface. In this 
chapter, the prime attention will be directed at the deri- 
vation of the general expressions for the Green function, 
the velocity potentials, and general integral equations. 


For establishing the general patterns and obtaining 
simple formulas, an approximate solution of the lifting 
line equation for the hydrofoil with the elliptical distri- 
bution of circulation in an infinite flow is derived. This 
Solution is used in all chapters discussing the hydrody- 
namics of the finite-span submerged hydrofoil. This solu- 
tion is, to some extent, a universal solution making it 
possible, also in this chapter, to use the expansion in 
parameter T, formulas and tables for the Ggp(A) functions, 


and to avoid time-consuming calculations. 


The integral equations corresponding to Weissinger 
theory approximations can easily be obtained from the gen- 
eral integral equations for the arbitrary lifting surface, 
if we draw together the chord to a point and assume that 
x- é = -a(y) (a is the half-chord of the foil). Therefore, 
we will not consider them separately; we will analyze only 
the integro-differential equations for Prandtl's lifting 

ine. 


12.1. Motion of the Lifting Surface Above the Interface 
of Fluids with Different Densities 


Let us examine the problem of steady-state motion of 
a lifting surface above the interface of fluids with dif- 
ferent densities. 


Using the Fourier method the following equation was ob- 


tained for the potentials of a three-dimensional source lo- [486° 
cated at the point ¢ in the upper half-space: 
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From the general formulas (VIII.3)-(VIII.33) we obtain 
the expressions for the potentials 64 and oi 








tT Oy 
sug HO He) 
Tal yO) ECH pen. (e sec dad — 
— 
T T aoten, (cost 6 — v) 
J4 $ —— 
x Ke? e a UP 
2 Reiv® E sioe) — 
p, — 20 b sec? 6d@ — 
1 i)" «t 14e Ta d 
=r 
Re Q yi do f Atetar _A cos? B dA Ids 8 
— Se csv | ain 
-ft 


| _ @-9  [«x—9 adi 
— KE — 
Ban ee 4n 1 Y (9) (y— y~n +e — tY aS RR — 


466 


+e 5 
—Rev(l—a) | e sec? 6d8 + 


-,1" d 


b 


Gaai 
a dë C AHHH eoe) — v) 
sel | cos 8 IU 





+ lin ds, (XII.9) 
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From formula (XII.9) it is easy to obtain the following: 
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the general integral equation will then be 
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+ Rev (1—a) | e sech 0d8 + 
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Using the lifting line theory we can obtain the inte- 
gro-differential equation in the form 


+1 | 
FG) - p [40 — 5; Trol *66—3]. 
—! 
where function G(y - 7) is defined by the formula 


G(y—1) = Re [ša [pe-a fie, m rac, 


eeh (XII.13) 


With ds E the integro-differential equation 
e 


(XII.13) transforms into the equation for an airplane wing. 


Let us write the function G(y - T") in such a form from 
which the following result follows easily: 
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eM! sin A (y — m) dd. (XII.14) 
With 3-0 | 

Odyn) o — of etin (yn) dd, (XII.15) 
with o — œ 


468 


[489 


Cua G7) = — [e sind. Gid. 
6 


It is clear that functions Go(y - Di and Ggly - %) 


have the same sign and differ only by a factor "a", which 
for air and water is close to unity. It follows then that 
the characteristics of the hydrofoil of finite span will 
be close to those of the hydrofoil near a solid wall. 


The equation (XII.13) can be solved by the methods 
used in Ch. VIII by developing the expansion of the func- 


tion G(y - ñ) in powers of parameter T. This expansion 
can also be written in the form given in (VIII.33), by us- 


ing the function Gg, p( =) instead of Gg, ei? LV The functions 
Gg, p(£ ) are expressed by the formula 


a. a-9et(2]7 -b Eti d-i 
a (S) = aee e Q+) A dì (XII.16) 
0 


and are related to the function Gg p(=) by the following 
formulas ` 


o (2) — -a|s,, (2) + | —1. (XIII.17) 


For a hydrofoil with the elliptical distribution of 
circulation in an infinite fluid, the solution of equation 
(XII.13) can be obtained by the methods which were discussed 
in the preceding chapters. If the coefficients of the lift- 
ing force and drag in an ideal liquid are determined by 
formulas (VIII.39), then the function ( can be determined 
from the formula similar to that given in (VIII.40) 


With à co, the formula (XII.18), which corresponds to [490 


the case of a hydrofoil moving near a solid wall, is in the 
form 


bo 1— (0,512 + 0,257! + 0,0625:* 4- 0,0469:* ++ 
 0,02379* + 0,018871 +...) (XIII.18) 


With 0-0, fo is determined by the formula 
bo => 1—a— at... (XII.19) 
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12.2. Motion of the Lifting Surface Below the Interface 
Between Fluids with Different Densities 


The solution of this problem is developed in the same 
manner as was done for the problem in Section 1- 


Again, the expression for the potential of the three- 
dimensional source, located at point ¢ in the lower half- 
Space, is 


R = ET e 
E 2i v TE | 
G, (x, Y, 2, E, m DÄ = — aL f en sec*0d6 -+ 
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Be. xr — Idi, (XII.20) 
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The expressions for the eegenen have the following 
formi EE 
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With a = 1, 42 is transformed into the expression 


(VIII.8) for the potential of the hydrofoil submerged under 
the free surface. 


The induced vertical velocity in the lower half-space 
is given by the formula 
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— Re N erem ds. (XII.26) 
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The integral equation of the lifting surface arbitrary 
in shape will be found from the expression (XII.16) as 


follows: 
— cu —-1 = 
x fho [gap s (Vex V x— e + G—n) )* 


i 
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+ Re v*(1 + a) be eg" ee) sechüdB + 
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(XII.27) 
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From the lifting line theory, the regular part of the 
nucleus of the integro-differential equation of the form 


given in (VIII.15) will in this case have the following 
formi: 


G (y — n) = Re |: (I-4-a)i i ie Po Vu SHE 
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aach (XIII.28) 


or 
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The expansion of the nuclei (XII.28) and (XII.29) in 
powers of the parameter can also be written in the form of 


(VIII.23) by using the functions vg (2) instead of dE 
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Be determining the characteristics of the hydrofoil 
with the elliptical distribution of circulation in an in- 
finite fluid we will arrive at the formula (VIII.40) for 


Cm, in which we should use the functions G,, (2) instead 
of Gp (4). With ù >æ, the function L will be determined 
from the formula (VIII.41), while with 90-0 


bo = 1 -+ a (0,513 + 0,25«* + 0,0625:* 4- 0,0469: + 
-+ 0,02371" + 0,018S¢'9), (XII.31) 
For a = 1, all the results of this problem will corre- 


spond to those of the problem of a hydrofoil submerged under 
the surface of a heavy fluid. 


12.3. Motion of a Hydrofoil System Near the Interface [494 
Between Fluids of Different Densities 


The problem of interaction of hydrofoils moving through 
different fluids is of great theoretical and practical in- 
terest. The solution of this problem for a two-dimensional 
parallel flow is given in Ch. VII. 


Now we will examine a three-dimensional problem of mo- 
tion of two foils in fluids of different densities.. 


We will look for the acceleration potentials in the 
following form: 


04 = 044 + 92. (XII. 32) 


where 04: - the harmonic function everywhere in space, with 
S the exception of the surface Sj; 


0253 - the harmonic function in the j-th half-space. 


When crossing the Sj surface, the potentials 0134 ex- 
perience a jump! 
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Bu. — 9,4 = — «y, (0). 


Using the known jump y;(@), one may determine the 
function 04, from the following expressions: R 


6,3 | | u6,0. y. z 6 » 0 ds, (XII.33) 
sj ° 


where Gy(x y,2,§ 7,0) is the harmonic function in the i-th 


half-space, with the exception of points 6,(&.1¢) on the sj 
surface. 


Let us find functions 02; in the following form: 


Oy = ix ME (8) G, (x, y, z, E, wj. tds. (XII.34) 
7 


For the steady-state motion 0j are related to the 


value = by an expression in the form 


0, = — >. 
We obtain the expressions for the velocity potentials 
by ere the integrals given in the expressions 
X 


(XII.33) and (XII.34), which satisfy the condition ahead, 
at infinity: 


9, = dz M v, (9) f Gul, Ys 2 Eu Np ) dtds + 


+ Ss IN Y; (8) I (/, y, 2, 5,5 6) dids. (XII.35) 
Ir e 
j= 1,2 


The functions Goals, Ys 2, t£, N, £) are related to 
Gj (x, Ys Zs Dr Njo 63) by the expressions 
Gi le y 2 Ep np 5) — G(X y 2; 6, n C), 
' (XII.36) 
G,, (x, y, 2, $, Tu b) = SCH G, (x, y. 2, Er "n 9 


We obtain the system of integral equations for this 
problem from the condition (31): 
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) 7 j=1,2 (XII.37) 


The system of integral equations (XII.37) together 
with the relations (XII.5), (XII.6), (XII.20), (XII.26) 
and (XII.36) solves the problem of motion of a system of 
arbitrarily-shaped foils near the interface. 


As was already mentioned, it is very unlikely that one 
can obtain the analytical solution of the system (XII.37) 
for an arbitrarily shaped hydrofoil; however, with the aid 
of high-speed computers the solution can be obtained using 
the numerical methods. For the special shapes of hydrofoils 
the system can be simplified by making additional assump- 
tions which would make it possible to achieve the solution 
to the problem in a simpler way. For foils with larger 
spans we can introduce the assumptions which are valid in 
the lifting line theory. 


Let us write the system (XII.37) as follows: 
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It follows from Ch. VII that when y(0) = y(£) and the 
span tends to infinity the first two terms in the equation 
(XII.38) describe the two-dimensional parallel flow, while 
the remaining terms will, according to the lifting line 
theory, define the flow downwash at the point x = E, 
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Determining the first terms by using the hypothesis of 
plane sections, we obtain 


T0 7 noten | s t + 
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j 
apj is determined from the formulas in Ch. VI. 


Performing computations on the system (XII.39), we ob- 
tain the following system of integro-differential equationst: 
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From the system (XII.41) the integro-differential equa- [498 
tions for foils above and below the interface are easily 
obtained: 





LG) = lr o- Era pattie) (At! 
2x (y) (^ — on — Bp mE 


, gato] Gi y rrr g d — 


For the hydrofoil above the interface we have to use 
the minus sign in the equation (XII.42), while for that be- 
low the interface the plus sign. 


For the upper foil when a = 1 we obtain, from equation 
(XII.42), the equation for a hydrofoil near a solid wall, 
while for the lower hydrofoil, we obtain the basic integro- 
differential equation for a hydrofoil submerged under the 
free surface. 


We can show that with a = 0, the system (XII.41) trans- 
forms into a system of equations which describe the motion 
of a biplane in an infinite fluid. This result follows 
easily from the system (XII.41) written in a different way: 
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The system of equations (XII.41) can be solved by the 


iethods presented in Ch. X. 


Let us introduce the following definitions: 


E rj * NL 
G, (y) == Re |: (1 —a)i pro ~uit,) dh— 
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The expansion of the function G,(y) in powers of the 


parameter Ty dE 1-— 2x can be written as follows: 
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“oë, (XII. 45) 


(XII.46) 


z |. (XII. 44) 
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For the hydrofoil with the elliptical distribution orf 
circulation in an infinite flow we will obtain a simple 
approximate solution of the System (XII.41). This solution 
makes it possible to examine the type of interaction of the 
system, and this will be sufficient for the majority of 
practical problems. 


As in Ch. X we will look for the solution of the sys- 
tem (XII.41) in the form of D =0;,V 1—7. 


Let us take the function LG : Vip —f* and integrate 


the equations with respect to y from A to 4*1. Then, from 
the system of (XII.41) we obtain a system of algebraic 
equations as follows: 
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where 
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The coefficients of the lifting force and drag for 
the hydrofoil system are defined by the formulas 
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Then, by using the results (XII.47)-(XII.49) we can 
write 
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- 0, 
O= 5, . 


The functions D and lo determine the effect of the 


interface on the hydromechanical coefficients of hydro- 
foils, while the functions £j, determine the interaction 


of hydrofoils in the System. 


As in Ch. VI, it is easy to evaluate the order of the 
interaction functions: 


with . 
Po Quo, Ll, 
Q WW 
then | 
duc Duc gë 
and Lu 3 21 4 


ba FORD tut. (X11. 56) 


It follows then, that for the three-dimensional case 
of fluid flow we obtain the same result as for the two- 
dimensional case. 

For the motion of the system near the air/water inter- 
face the effect of the lower foil will be negligibly small, 
while the effect of the upper foil on the characteristics 
of the lower foil is considerable. 


We obtain the final formulas for the function € by us- 
ing the expansion (XII.45) as follows: 


tj 1+ GL (Gl, — 0,7501) vl + (1,501, — 961, + 


+ 1,562561 ) x + (261, — 7,561, + 9,375G!, — 3,828091) 1$ + 
4 2,56], — 1561, ,4-32,812561, ,—30,6247201, ,+ 10,3358761, ) 11° 
+ (261, , — 26,2501, , + 87,561, a— 137,8112401,. + 
+ 103,3587G!,  — 29,7773361, ) +, |^ — (XII. 57) 
Rp = 05618, + (01 — 0,7561) d, + (1,5613? — 30142 + 
+ 1,562501?) x8, + (204? — 7,5014 + 9,375141 - 
— 3,828096, ) 1$, , + (2,56143 — I5G[42 + 32,8125G/42 
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— 30,62472Gi4? + 10,335870123) v! , + (6/41 — 26,250121-- 


+87,5G{}3 — 137,81 1Git2 4-103,3586/124-29,7773G142:8 ,— (XII. 58) 


In conclusion let us examine the limiting cases of 
motion. With 





— +0 -Gh p = ~G, Gap = +a, C= — Gate 
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Let us introduce the function N, by writing the ex- 
pression 


N, =0,5t2 +0,25r4 4-0,0625:5 4-0,0469c8 4-0,02377°4-0,0188e"4... (XII. 59) 
For T,» 0 N,—0, for cz, 1 N,- 1. 


Then the formulas for the functions ¢ in the form of T e 
may be written as ` 


51N; Es 0; IS (XII.60) 


The formulas (XII.60) give the characteristics for the 
hydrofoils near a solid wall. The most interesting is the 


case when x -> 0 


6 l| —aN,, 6 l+ aN, 





n = Pre LN is : (XII. 61) 
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tuo Vb aM, + Ne (XII. 62) 
OG = BF 


For os 1 and a = O the formulas (XII.62) will deter- 


mine the characteristics of a biplane in an infinite flow 
as follows: 


483 


[504 


taml + ta = 1-4 NO. (XII.63) 


Of great importance is the significant increase in 
drag on the lower hydrofoil for low values of w. 
In determining the function (42 for a system moving 


near the interface between the air and water, we can neglect 
the term which takes into account the interaction, while 
for the function fo4 we will have the formula 


ba = 1+ Ny + 20N,, (XII. 64) 


It follows from formula (XII.64) that for No ~Ny and 
à *21 the function 021 and, consequently, the drag increases 
significantly. As an example, let us examine the case in 
which No = Ny. We have bo4 =1 +1 + 2(8)No, while for the 
hydrofoil near the free surface the function Ia will be de- 
termined from the formula (5 = 1 + No. 


The values of the (24 function for a number of para- 
meter values are presented in Tables 22-26 and their graphs 
are given in Figures 51-54. In Tables 22-26, b = he 


The results obtained in Ch. VI and XII concerning the 
interaction between the systems of hydrofoils near the in- 
terface of fluids with different densities allow us to draw 
some general conclusions. 


1. For a low relative density of the upper fluid, the 
hydrodynamic characteristics of the hydrofoil above the in- 
terface differ only slightly from those of the hydrofoil 
near a solid wall in all modes of motion. 


2. With a small relative density of the upper fluid 
the effect of the lower hydrofoil on the upper is negligible, 
while the effect of the upper hydrofoil on the lower is 
considerable. 


j. The upper foil lowers considerably the magnitude 
of the lifting force of the lower foil and affects the sta- 
bilization effect which was uscd as a basis for the shal- 
lowly submerged hydrofoil configuration and which is con- 
Siderable for the deep submergence of the lower hydrofoil 
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Fig. 52 


as well. The necessary longitudinal stability of the hy- [505 
drofoil can be achieved, in this case, with deep submergonce. 


4, As a result of the interaction between the hydro- 
foils in the three-dimensional flow the drag of the lower 
foil increases considerably. 


12.4. Motion of the Lifting Surface Above the Interface 
Between Fluids with Different Densities and with 


— — — 


the Lower Fluid Having a Finite Dopth 


Let us examine in greater detail the problem of motion 
of a three-dimensional source above the interface. 


Let the three-dimensional source be located at the 
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Fig. 54 


point p(0, 0, 4) in the upper half-space. [505 
We will look for the velocity potentials of the pro- 
duced motion in the form of 


0 


G4 = G4 + F(x, y» zl, 


where a? - the harmonic function in the upper half-space; 


F(x, y, 2) - the harmonic function in the upper half-space 
with the exception of the point p(0, 0, 6); 
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Go - the harmonic function in the region bounded by 
the surfaces z = 0 and z = -ho. 


Let us determine the function F(x, y. z) from the con- 


dition 
Fz = 0, Se H (XII.65) 
This condition is satisfied by the function [ 506 
LEE? et 
where 


r=Vk -9 + U= + e, 
r= V (x — 8) yn + ed tF I . 
From the conditions (XII.1)-(XII.3) for determining [516 


functions cQ and Go, we have the system of equations 
Q (Ciz — pls + VGia) — Gus — Oo, + VGu) = N (x, £) 
z= Q. 
Gi, = Gog Ec s ` 
Gu = 0, z= — hy 
N, = —O6 (Fis + vF,)’ 


(XII. 66) 


Let us use the integral expression for functions = 
and L, i l eo R 
1 ri xf. dà f eMle-O+lg, :z—g<0, 


i +n eo 
EE | do pee TE 
then we obtain 
An e i 
N —Q - dQ {ete cos?üdA.. (XII.67) 
—n 0 "ar (| ` 


Let us look for GP and Gp in the following form: 


dà l A (A, 0) ete Hold, 


CS +A ` ee : . e 
CR sl IO dëse ADHD ch ft Déi, (XII.68) 


then from the system (XII.66) we obtain 


Bü 6) 2 n AON o 
{E (4 cos*0 + ~v) -j- (& cos*8 + ip cos 8—v th Aho) cth AA,}shiA, 


A (A, 8) == — B (à, 8) sh Abee, 


Combining these results, we obtain 
E sd 
C, yz 68 0 -Ltm— | 
e 8 e  GCHIN Me) Acos0di — 
-£| dó Jagen GO cos!0 Li LD engt —ipcos 0—vth Aho) X » (XII.69) 
-g x cthi^,] 
C, (x. Y, 2, n, {) = 
+a 
g (ae AE 
T d SA gäe ch À (2 + ho) À cos*eda (XII.70) 
NE. J [o (A cos?8 +- v) + (A cos*8 -+ fp cos 8— v th Aho) eth Ata} 
l 


6 S 0 e LL. 








where 
== V (x — 8 + (y —n + (24-6 + 2h. 


Specific points of the integrand expressions (XII.69) 
and (XII.70) will be found as the roots of the equation 


v 1—0 e 
— ln ] th Aho = Ay. , 
The roots will be real with 
(XII.72) 


me ( 1—o ) 
35 (=> ]>l 
cos? \1 tha) ^. 


Separating the remainders at points Ag, the formulas 
(XII.69) and (XII.70) will be expressed as follows: 
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A(z 26s D= E H 








_@ -ifa eC (0-94, costüdA 
V — + v) + ( cosa — v th A, h) clh Ji] + ` 
+2 ; 
= e 0H EM), cos'8 sh Jt, ch e d3 di 
e2 — d XII. 
* R Y i ch?) f. a CQ: 24 4 Lob, (Ne con) 4- d- v) +’ 72 
: -+ € cost cà? AV sh Agh — vito} 
-3 
C, (x, Y, 2, $. Nk d = d [518 
E T a f O eMe cha (z+ hs) A cos'8dÀ 
n lo (À “Te (A cost8 + v). + v) -+ (A cos! — v SECH cth Mu o 


+ = . € A 
— Re 2i "^ eee -Mt ch Ao (2 + ft) Ào cos*8 sh 9 ch Ah, dd: 
. hie cost + Qe (Aq cos*d + v) + 
4 Q cos*8 hh, sh A oho — vig} - 
a 


The integration with respect to 0 in single integrals 
extends only to 04 which satisfy the conditions (XII.72) 


From formulas (VII.31) and (VII.34), after the trans- 
formation, we obtain the followings 


2 2h 
ipe] Usel -9 tt? 
ri. c 
Lu de s d m E ` 
+7 E 
do Re: dt HP cost O shi Aolo chA ede 
— Ich? A dto cos* + Q 4 elo (Ao cos? 8 + v) ES (3 i 
"a -+ ocos? 0 ch Mig sh Afto — vhol 
2 ` 


`y $ 


+n 


oo Y c 
D dB EOE as (XII.74) 
x [o (A cos? 04- 2 4- o cost — v th AUi) cth n | 

-n 


had nd m SON 
WË E E l em = Sta: x^ E GU 
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3 nes Mage -+ Ao) cost 0 sh An Ach Ae, _ 
[cb* Ach, hy cos? @ + Oho (Ae cos! 6+4-v) + 
of Qcos* 0 ch Auk, sh Alte — Vig] 





"x! —Re 2i 


B 
US 
+n e» 
_@ dà actuel ee ch (z 4- ho) Ao cost Bd) 
n 


Weed dief th Rohe) cth MA ds — (XII.75) 


— O0 


eet tr 


y- (—9' ter fy 





+ 


d C19 HUP, | cos? 6 sh Aohoch Adel ` 
[ch* AoAo cos? 8 -+ Oho (A, cos* 8 + v) + 
— + ocos? 8 ch Ah sh Ak, — vhol 


x Re 


FREUE MELT cos p 
“| fa af eo IE (XII.76) 
d J [9 (A-cos*8+v)+( cost 8 — v th Afi) cth Aho) 
ect 
— | "të 
ge S e^, s 
EN als 5 | cite eh LE eost sh Rohe Chih y 
; [ch* Ayo cos? BL 6 bierg +y) — 


* + gcos? 8 ch A fi, sh Aglty vho) 
+n co l R 
ce M 
`x do od ` GE — |ds, (XII.77) 
n Io cos? 8 4- v) 40 cos? 8— v th AoAo) cth Aal 





The integral equation of the lifting surface of an 
me shape will bo in the form: 


(z—0 GH M. 
e aal, [o verese (“7-7 E 


+P 


-T= wero n at Ms _ 
e 
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ASCO cos? 8sh A fto ch Aghty [520 
* cht Äis cos! 8+ Lob de cos? U- v) --ocos*üchA, At, sh, — vh, " 
eu T. e 050-793 cos 0 dÀ ° 
x d5 + —— J dà ds=v,a. 
a Q(A cos? 4 v)--(À cos! à—v th Aoh) cth Ah, 


*c 


GN 





(XII.78) 


In the approximations of the Prandtl's lifting line 
theory the nucleus of the equation (VIII.15) will be as 
follows: 


G = v _ G- 
y¥—n= Gas ie + 
FF m 

+ 2eRe f eg HG mii? eo g x 


— 
3 


sh 21 ^, ch | BW ghted 


x cá Och COS? 0- Q2h o (Ag cos? 8 + e) +" (XIT.79) 
tocos? Och 2X4, sh 211, — Zalty] 


where Ag is the root of the EE 


o d A ~) tha h 22.75 = No. (XII.80) 
cos? 8 m +o th 21 t, — 
If we introduce a new variable 


SET 


Tuer ned y — QÀ th Mio | , 7 
E NR 
2v Ze. — Q} sh Alig ch Ab sing "n 
B d) 


—— HX + BORNE EE SR 


al » 
cos? 0 oe Ato -|- 5 ie J d Loch Ae sh Mio- "i 


then the expression (XII.79) can be written as follows [ 521 
ad (y— 1) _ SS 
"We we op 
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" e ah 247, sin My — v) Vi gä (1 — o) 


A VEeth2M, d, (XII.81) 


— — — — — — ——— — —— 
— X pe - : 
j — wth 244, (S) , 

| A ld ethan, HEU. i 





+ 2¢ 


where ko is the root of the equation (XII.81) with cos e = 
— 8^ 


With họ ~œ, the formula (XII.81) transforms into 
(XII.14). 


With à +œ, the function G (y - T) tends to 
Lo 0-9» . 
(y — n)? + 16h? 
Thus, with small velocities, the bottom does not affect 
the characteristics of the upper hydrofoll. However, the 
depth of the fluid alters the wave formation at the inter- 


face between fluids and in another limiting case the func- 
tion G(y - T) will depend on hg. For wW > 0, however, this 


function is of the order of e(o): 


n — Lf e~- EST m 
G, (y — 9) = — — M. ") +2 | ae Ce (XII.82) 





(y — n) + 16/2 1 + Qth2an, 


12.5. Motion of the Lifting Surface Under the Interface 
Between Fluids of Different Densities and with the 


Lower Fluid Having a Finite Depth 


This problem is solved, in general terms, in the same 
way as the preceding problem. 


The potentials of the three-dimensional source located 
at the point P(O, O, t) in the lower half-space will be 
found in the form of G4 and 


where G4 and GH are harmonic in the region limited by the 
planes z = O and z = -ho; Fo(x, y, z) is the harmonic func- 
tion in the upper half-space. 


Let us choose Fo(x, y, z) according to the condition 
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Foz, = O with z = - hg. Then, for determining functions Gi 


and c9 we will have a system of equations 
Q (C ias — Wm + 04) — (Ors — MÉ, t VG), o = Mx, p). 
Qu en Gu + Fan z= 0, Gy = 0, 2 = — ip (XII.84) 
where i r 
F o Ye = — — 
a(x, yz) rU m 
= V (z — +U — nF + GrtUr2h); 
Na (x, y, 2) = Frist v Fy. | 


Using the already known integral equations we obtain 





+n 
F. . y, 2) = = f dë SH e Meine H ch N de 4 T dà, 
=n 


2 | (XII.85) 
N, (x, y, 2) = — — rf dé f. E Pag M) (4, cos? 0 -- v) ch A LA). 


Let us look for the solution in the following form: 
tn e . 
; l D 
a= {4 d A0, 9e thee eMe rae (XII. (XII. 86) 
— 0 . 


+n 
I e 
d. sje lan 0e "Mat eru BACE hoch MEHM gy (XII.87) 


The expression (XII.87) satisfies the condition Go, = 
= 0 zZz = - hg, while functions Au UA, 0) and B2(3, 0) will 
be found from the first two conditions: 


; 25 — = 2 
— A cos? 8 — v th Abo - cos? 8 v) th AA 


—— — —— 














A cost 8+ iu cos 8 — v th Aft 4- ashe ead 
+ ip ot C 0 (XII.88) 
(A cos* 0-1-v) -|- vil —9 | 


A E 8-- ii cos 0 — v — vyth Ahat Q(4 cos? 8-- v) than, 


and thus Pünctiois G4 and G2 will be as follows: 


B n, n = 


4n œ 
anain t =g {a | eee a ena x 


— 0 
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Acos? 0(1 + th AA) (XII.89) 
Va a . 
"enit pent — vih Mu EGO cov +9) BM 


Gute, y.2.bn. 0 = + 08 (a — [523 


(.cosü-pv)chA(-rho ` ` a (XII.90) 
X Tha costO— «v 1 0-1-v) th Aol 
ch Mt, [A cos!  — v th Mi ko cos? 0-4-v) th Aio 
The specific points of the integrand expressions (XII. 
89) and (XII.90) will be found as the roots of the trans- 
cendental equation (XII.71). 


Determining the remainders at these points we obtain 


"On ZEE fe eee eh A CMe) x 


À cos? 8 (1 + th AA,) d — 
* cos? 8 — v th Aha +O cos? 0.4- v) th AA, 


X 
e etu 0 th Roh) ch Aghed® 
. — Red e e "ch pore ONCE ( au Achy) € dief , (XII.91) 
[ch* Agha cos? D Lobdhe cos? 6 +-v) + 
M: Te ocos? Och "en sh Aoko — Vio} ` 
G. = 1 4- JL — 1—e x.* 
d See x 
+n e Se 
x V do) centena eph) A cos? 8-Lv) ch eh A(Z AM d — 
ch Aho [À cos? 8 — v th Akg + Q(& cos! 8 + 
— 0 R "E v) th AA] 
| REB ugs 
Pj | 
— — WEE cos? *0+y)ch ch ids Ah ch TN s (XII.92) 
(ch? Ach, cos* 8 Los 7. cos? 0 +-v) + 
= A 4- 9.00870 ch Agh sit Agha — Sft] 


In the case of fluids moving with different velocities, 
N. Ye. Kochin [55] has obtained the following formula for [524 
the potentials of the three-dimensional sources 
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+a e 
GG nbn Dm +i | | [ro mee 


zéi 


X cos (à (x— E) cos 6 +4 (y — n) sin O gi café — hg] dAd0 A 
+F t` A : 


+ Re f [A, (9) e^ 0o +A, (8) e My hdscontt inion, dê. (XII. 93) 


— — 


. ^ * DETTO D 
O0, 9.z 5 0 tz Re f la Dis 1 x 
- — 


xch Me Mg NU Deos Hg misit didi — 
i Ge 
— Re f A, (0) (6^ — 1) € Ht Hiit d (XII.94) 
x A 


3 H 
n= Ve— PG — ay +e — 0, 
where 
` __ (mm, — m,) Acos? 84-v. 
8 (A, 8) = (m, — m) à cos* 0-4-v-4-(A cos* 8 — v) e"? 
mo S. . ge 
* QU 0,02," Gëf Ge 


The formulas (XII.93) and (XII.94) are satisfied by 
the boundary conditions of (XII.1) and (XII.2) for the ar- 
bitrarily selected function Ag(@). In the absence of dis- 


turbances, ahead at infinity, the functions Ag(0) will be 
found from the condition 
X — + 00 
If vo4 = vo2 and function AQ(0) is properly determined, 
formulas (XII.93) and (XII.94) can be transformed into 
(XII.91) and (XII.92). 
With e = 0, formula (XII.92) transforms into the for- 


mula for the potential of the thrce-dimensional source under 
the free surface of a fluid of finite depth, obtained by 
M. D. Khaskind [154] (see Ch. IX). 
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Let us write the expressions for Gj, 6;, %j as fol- [525 


lows: | 
eJ] d jal. EMAC the) x 


" * cos! äi ge Ahe) — 
À cos? 8 — v th Mte (À cos? 6+-v) th Ah, 
+7 
nl? EEN oho) cht Aghgd 8 


[ch'A iocos 8 rof Acoste t y+ je (X11.95) 


-2 +908" 8 ch At, sh AJ, — vig] 
0 = CAMS — 
rt rt 
+x œ l 





(1 — o) — sh (+h) ch A(z hal cos? OE) gn 


< D ch Aho D cost 8 — v th Ah, + 
T Loi cos? 8 4- v) th Ag] 
+F eheheh, sh, (Ct hg) ch Aol hax 
1 ReX( A A SN : X (Ma cost 0-1- v) ch Acht (XII.96) 


[ch* A Jt, cos? 0 — o, (A, cos? 8-4- v) +” 
n J-Qcos* 8 ch Afo sh Ay — vhe! 


zm | 
deet CARE ' 


— — — — — — 


ai e Meee sh (Eh he) A Cos (I -- th M) 
dë di— 
Acoste — vth Aft, Lo Alto Lo ot cos? 8 |- v) th A/, 


L) 
eal E TET sh X45 + ho) 2.90097 9 (14-th A gig) X 


» 


S x ch! Aofr. di 
— — — -= — — |. XII. 
A [ch* X Jt cos 0 -: - ob, (A, cos 0 t i v) 4 | OI. 97) 
, -2 4. Qcos? 0 cl: Ai, ih Aghty — vhol 
Ze 
L x—$ 
— «ffo |ui En Di: u [ 526 


2- "m 2h. | KE —-t. WÉI DER 
~ (y= tQ EF Zi)" IER 
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x tede a 
) ch Ah, (Acos? 8 — v th 4/t,4-Q (A cos" 8-- v) th M) 


t$ ac? s Cth) chath 7 
~ x {à cos* 8 -- v) ch Aho hs 
T S Eu | [ch* Agta cos? 8+ gh, (À cost 8 Li + a- 
ed +ecost Och Aghty sh Afi — vhol 


—AAX 
Re? (a a aa ch Az tho) Metta) (XII.98) 


mula (IX.8). The integral equation of the problem will be 


as follows: 
] z—f{ x—t a CENE: 
xj) Y (Q) |- z |(g-— w+ (z — ty i —l eur — : ^" 


yy Ted esq (nh 
~ +a eo i 
dë Coen sh A (51-4) sh A(Z +o) ( cos! 8 + v) dA a. A 
cos6 ) ch Ah, [A cost 8 — v th Aho + o (A cost 0+ v) — 
-n “ 0 
| S i E. T dëi hg sh Ao (L+ ho) sh A, (Eh) X. 
l "e (Ag cost 8-pv) chA t dO ` NE i? 
ae Aa à "ch! Ae, cos? 8 Lob, (Ag cos! Bt vk: 


With Q - O, formula (XII.98) transforms into the for- 











` 2n 5. ' 4 gcos? Ocha A, sh Aolte — vhol 
eah MN ch A (bho) sh «(2 + ha) dh es Ud. (XII.99) 





—Re 2 (2 — sh Mig 


0 too 


The function G(y - N) of this problem in the equation 
(VIII.15) is as follows: 


(y — 1) 


n) = end 


(y — —7)?. ł- 16(/, —h ` 


a 
— Might e sh? 23 (fi, — in sin A (y — —1) =) na 
; sh X 
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| +H (3040495 h 21 (8, — Fx 
ee pe) 

-- Re 2(1—9) cht 2,5, cos" 0 -- 205, (A, cos? 8 Leit 

—$ — +acas*Och 2A, sh Bh — whe) 


and using the new variables (XII.100), 


» (XII.100) 


Da .9-9 — 
eë DESCENTE 


C e esht 23, (f, — Dein My — ai 
ir: eer gig Te 


e Ps? 23 (fe — Dén GÑ. 


i — I—o - 
+2130 ECH e NA nh) x 


e — —— 
— À 1 + gth 2h, 


x [rie mai, (zi) (XII.101 ) 











A 


With W œ, formulas (XII.100) and (XII.101) 
transform into the formula (IX.201): with 0 > O the func- 
tion G(y -"m approaches the value of 


GG—ma—- ELE 
ena at 


: EPA di, —7y ( — lx mE ) 
— da T ein A fad 
ch 244, . l —— 


42 


wif 


12.6. Motion of a System of Hydrofoils Near the Interface [528 


Botween Fluids of Different Densities, with the 


Lower Fluid Having a Finite Depth 


The problem of interaction of hydrofoils can be ex- 
tended to include the system of hydrofoils moving near the 
interface of fluids, with the lower fluid having a finite 
depth. 

The functions GIE? y, z t£, " C) in formulas (XII. 
35) and (X1I.36) will be determined by formulas (XII.72), 
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(XI1.7?;, (XII.91) and (XII.92). The system of integral 
equations of the problem is also given by formulas (XII. 


37 ). 


The System of integro-differential equations was ob- 
tained in the following formi: 


zs a j^ e ép: sl — 








r )e 
ig 2 
A 
--) Fn) GG — 5n. ` 
D E 
n.) = PPS "a zs | DO [teia] 
x D 
| -4.[rimao—aa ; (XII.102) 
where — VC ) 
ĝa EH E "Ss 
Gë een i 
pss th 21 ,sin A (y — 1) x 
.1—0 
m Fia dn xy. Za Le eis — 
| oi — I—q ` he art, 
d | ESA i B d 
u- _ 
o 
dach Guys RET 
_ fana sh? se zu ia — i sinh G — 7) 
A AE SE 
— Q9 (ech an, A Kä SE 29 
2(1 A h? 2:./ (I, Mun 2A kh L3 ath 2X, ) [5 
RN. ene ——————— EG, 
h 247g | { — 24h 2roltok x(— dcc. | | 
3 Eis Al A S 1 4- oth 2 az 


x sin A(y -aV ac S Dam LE a— — d d 
A(I4d-Qth22/) — ^ 
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E - ebe äeh 2 EUR, — KAUL --th 218) x 
ee 
6,G—9-2| Mitth AN A. 
(1-- C th 22,486) (i— th ahak) x 


Ka 1—90 
s x (=e) 
1 + eth 244 
e-20 sh 21 (hy — A,) sin À (y — n) x 


.— — — — 


xy 1-852 ( 1—e _ - 

Q RI c ee oa (XII.103) 
ami 2th aM 1-2 — 

e i A 1+0 th 2X. 

x(1-roth2A i) - ES 


For the hydrofoil with the elliptical distribution of 
circulation in an infinite fluid, formulas (XII.47)-(XII. 
55) will be valid if functions Gj(y - m) are determined 


from formulas (XII.103). 


Functions an, and ap, are determined from the solution 


of the two-dimensional motion problem for this system. We 
will obtain a system of integral equations for the two-di- 
mensional problem from ES 37). The potentials will be 


E von fe —— C) dn A 


L 


Tes 


2 | 
+f ses dt | Gu (x.z, Din,  (XII.104) 
L S =ð 
l te 
ma az vd de | Gar nb dn 
Li co —c — 
E (X11.105) 


The computations produce the following: 


qe sl vy. (5) [e arcte (=F <> | + uid ru) — 
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* ALt sin A (x — E) " 
) le A + v) th M, + (A — vthAAg]cth Ahe 

+ Sei = € 404) sh Aol, ch Ah, cos À (x — EI k t 
Wes Ae F Qh {A+ v)+ech* Age th Aoi, — vhe) 


lf. Aceh (Che) LOMA eB 
afro (- d A — v th M 4-Q (A+) th Aho ES 


4 on 5h left Ad (1+ th see) K Atrei 





VS eh Det v)-- gsh Aft, ch Agh — vhe 


$ 


Aal meer) tee a ` 


a e^ sh À (5. + Ay) ch À (24- ho) ) (A+-¥) (1 — o) sin (x—E)' d — 





le (A+) th Aha + (A — v th AA J]cth Ah, 


L ga hs (athe) sh A ede ho) Bet W) ch Asho cos ho (2—8) | s y 
| Ich? Ay, +- Qt, (or W+Q ch? Ah, th Ach — vhol Ao 
E UR ni e chA (z + he) sind (x — 8) dà 
T P e (a e S RAEV thah, +  — vIBAR)]Ch Ah, 


(XII.107) 


— e Mech An (2 + t) ch Ais COS Aalt — E) ` We 
(ch? WE 4- eh, Asty) +e ch? aJ d WI? At — vhi] 


At this point it is easy to obtain a system of inte- 
gral equations - 
x—€ — ' 
fr (6) LA E 6—) 3 4 HR) S 


en sin A (x — E) À dà 
[o (A + v) th AA, + (A — v th à fi)] cth Ab, 


Ing e, sh A Jio ch A Mts cos A, (x — H SA 
WG Ada + Oho (Ao-I- v) H- e sh As ch Agha — vhol 


4 fy (5) (+ J sh A (ho — ha) (1 + th Aho) sind (x—§) ` 
- į Va dir 22. a 




















e (^ + v) th Alt; + (4 — v th Ah) 


—2n- 








— — — —— —— "en — 


[ch* Jt, + oft, De + ve ch Ai, sh Ato — Vig) 
e: — 2n (x), 
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eg Mee-Mu) sh Au (hy — fy) (1 + th th At.) eh? Acos A (x—E) g dt = 


[531 


€ Dc (x— T R 
be = Reggie 


S (^ + v) (1 — g) sin (x — DdÀ = 

S lea +v) tha, + A—vthahch Ah, ,, 

21e ^ sh? À (he — h) (À + v)ch Ah, cosa (x — DN de 
— eb! Aet ga + v) + ech? Ah, th Ah, — vitu] 


C cx sh Mhy—ha) sin A (x —t — L 
* (ugi SOL v) th Aho + (A— v ih Ah) ich M, 


2ne—Mı sh A (he — Ay) ch Ah, cos À (x — D EE 
- [ht Mot alte (A + v)-+@ sh AA, ch AA, - via) 
= — 2nvf; (9. * (XII.108) 


where Ag is the real and positive root of the equation 


d'St — 


Precisely this system solves the problem of the sys- 
tem of hydrofoils moving near the interface of fluids with 
different densities. 


From the system (XII.108) we can obtain a series of 
new special cases studied earlier. 


1. The hydrofoil under the interface of fluids of 
different densities, with the lower layer having a finite 
depth: 


li L (x—8) 
f " LA GEET ? f — (t — h) x 


EN t - v) (1- —- Q) siti (x — B 


o iQ (A 4- v): In Alt A3 vith VA ch Ah, 
220^ sh?) (hy — Kl Eich Mis cos À (x— b 
- (ch! At, -F oho (A Li v iA, th Ah, — vito] 
` —Q22aud' (x). (XI1.109) 


With @ = O we obtain from this equation an equation 


for a hydrofoil submerged under the free surface of a fluid 
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of finite depth (XI.116). 


2. 


The hydrofoil above the interface of fluids of 
different densities, with the lower layer having a finite 
depth: ` 


any ZC 
[pof SEL d 


ES €? sin À (x — E) Add 
d (Q(& + v) th Ab - (4 —- v th Ml cth Aha 


2000 Züge ns sh Ato ch Ai cos ha (x - Aa (x — -b Le. 
(ch? Alb Lë, (Ao + y) + Q sh? Agttg ch Aff — vio] 


= — 2nvef’ (x). (XII.110) 


For hg > œ the equation (XII.110) will describe a hy- 
drofoil moving above the interface of fluids with the lower 
layer of infinite depth: 


` (2) I s—t | 2o (e? sin (x—E) A dicm 
ME D zara tie) LE 


— Bake" ^ feb ja- am o (XII.111) 


The system of foils near the interface of fluids 
with different densities (hg > œ 


[533 
| : ey} 20 e? sink Le EI m t)A F 
E E A —* d 
Ly 
| D s Meas ¥ (x — d dij 
o. Femme. 
fuel; zn — 
be 0 ` | 
i — — cos v (x — È) Je- = — 2nvJ (0). (XII.112) 
m | 


j Yi (9) A ta | ome CH sin A (x — £) dÀ— 
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— Ce le: 


¢ 


dg Perm sine) 


nr menta maso (XII.112) 
Q 


With this we will conclude our study of the steady- 
State motion of lifting systems near the interface of flu- 
ids with different densities. For solving the systems of 
integral equations derived we can use the methods discussed 
in Ch. I and II. 


12.7. The Potentials of Moving and Pulsating Three- 
Dimensional Sources Near the Interface of Fluids 


with Different Densities 


The velocity potentials of a moving and pulsating 
source, located at point p(0, 0, ) in the upper half- 
Space, may, as in the case of the steady-state motion, be 
found in the following form: 


Gi (xX, y, 2) = Gy (x, y, 2) + Fy (x, y, z) and Go(x, y, 2), [534 


where G9 (x, y, z) and Go(x, y, z) are the harmonic functions 
in the upper half-space; F4(x, y, z) is the harmonic func- 
tion in the upper half-space, with the exception of point 
p(o, o, 2). 

Selecting F4(x, y, 2) from the expression Fyz = 0 
with z = O we obtain 
1l, 


Fi (X, y, 2) = L + n 


From the condition at the interface wo have the 
following: 

D | T? 

Q l G?, — 2it, A — if) G9. —, (1 " 2i) G? 4- E. o, — 


S 
= D ES 2it, (1 = ip) Gaz — NI (1 -— 2iß) 6. -|- — = 


^ 


512 


= QN, (x, y, 0), (XII.114) 
a G? = Gin . 
where z 


^ L 
a 


; ée 2 
M 0) — pen be eet (ré cos ice 
= 


From the expression (XII.114) 
n 


G, (x, UE 2, E, T], t) = L + - + x — | d8 el 7070-0) x 
Wi 





d 
i! 
= A? cos? 8 — 2t, cos 8A + v, 
X p M —  — di. (XII.115) 
= A? cos! 8 — 2r, (1—iB)cos§—Aa-+ v,(1—2iB) 


to" 


M G4 (x, y, Z, E. m 0 — S — 
EN a. o EO 
q? 
— — At cos?8 — 2r, cos 0A + À -- v 1 dr 
x | d3 ö— — — —⸗ — —. (XII.116) 
EM cos? 0 — 2m, (1 — (B) cos 0A — Aa +y (1 — 2p) 





weit 
For the three-dimensional source below the interface 
of fluids, the potentials G4 and G2 were obtained as fol- 
lows! i e 
Sege 
x (1-F Q) 


eo 
He e 2-040) 2 d cos* + 21,c05 8 4- v +4 


G, (x, y, 2 1,0) = 


— — M. (X11.117) 
Lm — An cos &À — Aa -p vi(1 + 2ip) 


Ga (x, t js bn. Nats i up e 


8 


etti Deet Zeen GA A. Vic LA 
x ah a dh. (XII.118) 
Zeit — 2 (1 — if) cos DA --- Aa 4- ol — 2if). 


The specific points.of the expressions (XII. 114)- (XII. 


118), located on the positive side of the real axis, are 
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determined as the roots of the equation 


vt Atcos*@ — 2r, (I — iB) cos 8A — Aa + v, (1 — 2f) = 0. (XII.119) 


ma 
L 


These roots are in the form 
a--2x cos 8 (1 — ip) 4- 
— Va? + 4x, cos ta — 4128* cos! Ea — 4x cos 6a 
T  *exwü ———— ———— 


or more accurately 


: vB, Vat 4t, cos Pa +a 
Aug = Aia — E eee 
, *cos0 — l/a* + åt, cos ta 
` v € ` ` p Pe e ee eg -- o 
Au = duco (a + 2¢cos0 + Va + 4ccos ta), (XII.120) 


from which 
Sign Im A, = —Sigacos0, Slgn A, e — I. 


With cos @ > 0, the roots 14,2 will be real for all [536 
values of To» while with cos 0 « O the roots 14,2 will be 
real only for%< i 


With cos 0 < 0, it is necessary to bypass the specific 
point A from above along the path I4, while with cos 0 < 0 
from below along the path Lo. The specific point Aa is by- 
passed from above along the path I4 with both positive and 


negative values of cos 0. By separating the remainders we 
can transform the formulas (XII.115)-(XII.118) into another 
form. 


With k = O, formulas (XII.117), (XII.118), (XII.91) 
and (XII.92) are congruent. In determining the velocity 
potentials for the moving and pulsating source near the in- 
terface of two fluids with different densities and with the 
lower layer having a finite depth, it is necessary to use 
the boundary condition at the bottom. The potentials G4 


and Go for the source above the interface of fluids can 
also be found in the form of (XII.113), where functions 

GD (x, y, 2) and Go(x, y, 2) will be harmonic in the region 
bounded by the planes z = O and z = h. 
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The function F4(x, y, z) can be selected from the ex- 
pression F43 = 0, 2 = 0 or Fyg = 0, 2 = "ho, Let us take 
the function Fiz from the condition Fiz = 0, z s -ho. If 


one uses the integral expression for the function above 


and takes L in the form of E then the F4 function will 


be as follows: 


a 
A en 


* : 
Fy (x, y,2) = l dë ) e— e ch (2 + de 


-~R 


The function N(x, y, 6) in the relationship (XII.114) 
will be determined by the formula 


4n eo 
N= sl dð | g- MU ghia ch A (z +h) x 
—A 0 


2 
x E À* cos? 8 — 21, cos 8 + th AAA + »)4 
A 8; d : 


Let us look for the solution in the following fort: 


+n 
Gt = + | dô | A (À, 6) e^- +040 dads, 
Ta d 


A 


+A e 
Ga sl dë E (A, 8) e M^vF9 eiu chà (z+ ho) dA. 
a 0 . ii 


and in the regular way we obtain for the functions A(A, 0) 
and B(A, 0) the following: 

x? 

0 
eM sh dh, E A? cos? 0 — 214 cos 8 4- v, — X th AN) (1 ~Q) 


Se eg 


* T? 


(2. atcos 8 — 2c, (1 — if) A cos 0 EM x 





A(A, 0) = 








— — — (t 


X (1 —gthåh) — (1 — Q) th AA, 


_{ à | | 
| Q P A? cost 9 — 21,X cos 0 + v,)(1 4-th AA) 
IO e 


SN cos? 9 — 2r, (1 — if) A cos 8 + v.(1 — 20) x 








Xx (1 4- Qthah,) —A(1— o) than, 
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Then, the potentials G4 and Go will be in the form 


+n eo 
G (nbn oL L n'x x | a etter on 8 


^ 


e~e sh AE — M cos? 6 — 2x cos 8 + v, — À th Aha) (1 —9 


X , (XII.121) 





KEES X 
= x(g th Ah) —A(1—9Q) th Aho 


- +R em 
G: (x,y, 2,5 7,0) = ral — A(z + he) x 


-A 


^ 
v, ^ cost — 20) cos 0 4- vi | (1 à: th Mu) 
x eee Reet lad. E (XII.122) 


È rae — if) A cos 0 + v,(1 — pls 
| X (1 +q th Ah) — A (1— g) th," 


where — 


(rm Y (6 HOF Gaal Y GE. 


The potentials of the moving and pulsating source under [538 
the interface with a finite layer are obtained in the form: 
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Let us examine the roots of the equation: 
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From here we obtain two equations for determining Au and [539 
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With cos 0 » O, the roots of the equations will be 
real and positive for all values of To; when cos 0 < O the 


roots will be real only for those values of Ty whose upper 
limit is given by the cquation 


IT Ee — (XII.128) 
(1 — 9) (1 —e@}4rcosdl)’ 


and then from equations (XII.126) and (XII.127) follows the 
second condition for the existence of the real roots: 
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Using the same technique as in equation (XII.119), we 
obtain 


Sign Im A; = — Sign cos8, Signa = — 1, 


and then the direction for bypassing the specific points 
will be determined in the same way as in the case of the 
fluid of infinite depth. 


The general problem of the unsteady motion of the 
lifting surface near the interface of fluids with different 
densities can also be thoroughly studied by using the me- 
thods developed in this book. From the general formulas 
one may obtain the expression for the potentials 6 and 9, 
and then proceed to the general integral equations and 
various approximations. 
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